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ABSTRACT. We study Radon measures on the space of measured lami-
nations on a hyperbolic surface that are invariant under non-elementary
subgroups of the mapping class group. Given a divergence-type sub-
group, we show that its action on the associated space of recurrent
measured laminations is uniquely ergodic by explicitly constructing the
ergodic measure. This generalizes Lindenstrauss—Mirzakhani’s result
and Hamenstadt’s result for the full mapping class group, in which case
the ergodic measure is the Thurston measure. We also show that for a
convex cocompact subgroup, every invariant ergodic Radon measure on
the space of all measured laminations is either the unique measure on
recurrent measured laminations, or a counting measure on the orbit of
a non-recurrent measured lamination.

Our method is geometric and does not rely on continuous or homo-
geneous flows on the ambient space or a dynamical system associated
with a finite measure space. This leads to a unifying approach for vari-
ous metric spaces, including Teichmiiller spaces and partially CAT(—1)

spaces.
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1. INTRODUCTION

Let S be a connected orientable surface of genus g and with p punctures,
where 3g — 3 +p > 1, i.e., S is a finite-type surface which is not a sphere
1
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with at most 3 punctures or a torus. The Teichmiiller space T = T(5) is
the space of all marked Riemann surface structures on S, or equivalently,
the space of all marked hyperbolic structures on S. The mapping class
group Mod(S) is the group of isotopy classes of orientation-preserving self-
diffeomorphisms of S. The Teichmiiller space T is equipped with a natural
metric called the Teichmiiller metric, under which the natural action of
Mod(S) is isometric. The Mod(.S)-action is properly discontinuous, and its
quotient M := Mod(S)\7 is the moduli space of Riemann surfaces.

In Thurston’s theory on surfaces ([FLP79], [Thu22|), the mapping class
group and the Teichmiiller space of .S are closely related to measured lami-
nations on S. Fixing a complete hyperbolic structure on S of finite volume,
a geodesic lamination on S is a compact subset of S foliated with simple
geodesics. A measured lamination is a geodesic lamination equipped with a
transverse measure. This notion generalizes simple closed curves.

The space of measured laminations on S is denoted by ML = ML(S).
Endowing ML with the weak*-topology, it turns out that ML is home-
omorphic to S%=7+2P x (0,+00) ~ R%9-6+2P { {0}, where the (0,+o00)-
component corresponds to the scaling of transverse measures on each geo-
desic lamination. Here, the unit sphere S®9~7+2 ig identified with the space
PML = PML(S) of projective measured laminations on S. The space
PML can be regarded as the boundary of 7.

Another interpretation of ML is given by the celebrated theorem of Hub-
bard and Masur [HM79]. Fixing a Riemann surface structure x € 7, the
Hubbard—Masur theorem asserts that the space ML is homeomorphic to the
space of holomorphic quadratic differentials Q(S, z) on the Riemann surface
(S, x). Each quadratic differential ¢ € Q(S, x) determines a Teichmiiller ge-
odesic ray emanating from x € T and the projective class [¢] € PML of the
measured lamination £ € ML corresponding to ¢, given by the Hubbard—
Masur theorem, is accumulated by this Teichmiiller geodesic ray.

The space ML admits a natural Mod(.S)-action, which encodes the global
geometry and dynamics of the Teichmiiller space. Indeed, the induced
Mod(S)-action on PML is a continuous extension of the Mod(S)-action
on 7. Using the train track coordinates on ML, or a natural symplectic
structure on ML, Thurston defined the Mod(S)-invariant measure

purhn on ML

which belongs to the Lebesgue measure class [Thu22]. The measure pry
is now called Thurston measure, and the Mod(S)-action on (ML, pry) is
ergodic as shown by Masur [Mas85, Theorem 2]. The Thurston measure has
been a central object in the study of the geometry and dynamics of Mod(S)
and 7. For example, many authors including Mirzakhani [MirO8b], Athreya—
Bufetov-Eskin-Mirzakhani [ABEM12], and Erlandsson-Souto [ES16] stud-
ied counting and equidistribution of Mod(X)-orbits using the Thurston mea-
sure. It also played a major role in Mirzakhani’s ergodic theory of Thurston’s
earthquake flow [Mir08a).
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1.1. Measure classification for full Mod(S): finite covolume. It is
natural to ask whether the Thurston measure is the only measure on ML
that is suited to the study of the dynamics of Mod(S). Lindenstrauss and
Mirzakhani [LMO08], and Hamenstadt [Ham09], independently classified all
Mod(S)-invariant ergodic Radon measures on ML. While the Mod(S5)-
action on ML is not uniquely ergodic due to the cuspidal feature of Mod(S)
or of M = Mod(S)\7, the Thurston measure turns out to be the unique
Mod(S)-invariant Radon measure on the region where the Teichmiiller geo-
desic flow shows interesting dynamics.

More precisely, using the identification ML = Q(S, z) provided by the
Hubbard-Masur theorem, we define the recurrence locus for Mod(.S) as the
set Ratod(s) C ML of all measured laminations £ € ML such that the Te-
ichmiiller geodesic ray determined by the corresponding quadratic differen-
tial gc € Q(S, x) recurs to a compact subset in the quotient M = Mod(S)\T.
One of the main steps in the measure classification by both Lindenstrauss—
Mirzakhani and Hamenstadt is as follows.

Theorem 1.1 (JLMOS], [Ham09]). Let 1 be a Mod(S)-invariant Radon mea-
sure on Ryod(s)- Then w is a constant multiple of pry.

In the exceptional case when S is a once-punctured torus or a 4-punctured
sphere (i.e., 3¢ —3+p = 1), homogeneous dynamics comes into play. In this
case, the Teichmiiller space is equal to the hyperbolic plane H? and Mod(S)
is equal to SL(2,Z). Then the Mod(S)-action on ML corresponds to the
SL(2,Z)-action on the horospherical foliation of the unit tangent bundle
TYH?, or the unipotent flow (or horocyclic flow) on PSL(2,7Z)\ PSL(2,R).

Furstenberg first proved that the unipotent flow on I'\ PSL(2, R) is uniquely
ergodic with respect to the Haar measure when I' < PSL(2,R) is a uni-
form lattice [Fur73]. This was extended by Veech to uniform lattices in
semi-simple Lie groups [VeeT7]. Generalizing these results, Dani proved for
lattices in reductive groups that the Haar measure is the unique invariant
ergodic Radon measure on the recurrence locus ([Dan78], [Dan8&1]).

1.2. Measure classification for subgroups: infinite covolume. Given
Theorem one can seek an analogous measure classification on ML for
general subgroups of Mod(.S), as remarked by Lindenstrauss and Mirzakhani
[LMO8, Remark 1.4(2)]. We aim to study this question in this paper.
Before we proceed, let us remark two important ingredients for both
Lindenstrauss—Mirzakhani’s and Hamenstadt’s complete measure classifica-
tion for the full Mod(S)-action. First, the Mod(S)-action has finite covol-
ume with respect to the Masur—Veech volume form on the fiber bundle Q7T
of unit-area holomorphic quadratic differentials over 7 ([Mas82al, [Vee82]).
The bundle QT can be regarded as the unit cotangent bundle over 7, and
the Masur—Veech volume is also induced from the Thurston measure. Sec-
ond, the Teichmiiller horocyclic flow on the quotient bundle Mod(S)\ Q7T
exhibits some non-divergence, as proved by Minsky and Weiss [MW02].
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On the other hand, the quotient F\Ql’T has infinite volume for a general
subgroup I' < Mod(S), and it is hard to expect the non-divergence of horo-
cyclic flows on F\QlT. Even for the case that S is a once-punctured torus
or a 4-punctured sphere, when 7T is the hyperbolic plane, neither holds true.
They serve as obstructions to applying the arguments of [LMOS] or [HamO09]
to subgroups of Mod(.S).

On the hyperbolic plane H?, the first infinite-covolume examples studied
for this problem is due to Burger [Bur90]. Burger considered a convez co-
compact subgroup I' < PSL(2,R) whose critical exponent is strictly bigger
than 1/2 and showed that there exists a unique I'-invariant ergodic Radon
measure on the recurrent horospherical foliation of H2. This was latter gen-
eralized by Roblin [Rob03] for discrete groups of isometries on CAT(—1)
spaces whose Poincaré series is divergent at the critical exponent.

Let us get back to the Teichmiiller space 7. Before presenting our precise
statements that require the construction of a specific Radon measure, we
summarize our measure classification results as follows:

(1) For non-elementary I' < Mod(.S), there exists at most one I'-invariant
Radon measure on ML supported on the recurrence locus for I'.

(2) For non-elementary I' < Mod(S) of divergence type, the I'-action on
the recurrence locus is uniquely ergodic

(3) For non-elementary convex cocompact subgroups I' < Mod(S), we
classify all I'-invariant Radon measures on ML.

As we will see later, we in fact develop machineries for a general metric
space with a partial hyperbolicity, without any assumption on its global
geometry. We use them to deduce versions of (1) and (2) in that setting.

1.3. Main statements. We mainly consider a non-elementary subgroup
I' < Mod(S), i.e., I' is not virtually cyclic and contains a pseudo-Anosov
mapping class. There exists 0 < dr < 400, called the critical exponent
of I', so that dr is the abscissa of convergence of the Poincaré series s —
> ger e—d=:9%) for (any) x € T. The finiteness of the critical exponent is
due to Kaimanovich and Masur [KM96], and its positivity is by McCarthy
[McC85]. We say that I' is of divergence type if the Poincaré series diverges
at s = ép. Otherwise, I is said to be of convergence type.

Generalizing the ergodicity of the Mod(S)-action on (ML, uty) due to
Masur [Mas85], we construct a Radon measure for non-elementary subgroups
of Mod(S) and show its ergodicity.

Theorem 1.2 (Ergodicity). Let I' < Mod(S) be a non-elementary subgroup
of divergence type. Then there exists a nonzero, I'-invariant Radon measure
ur on ML such that

the I'-action on (ML, ur) is ergodic.

1By unique ergodicity, we mean that there exists a unique ergodic invariant measure
up to a constant multiple.
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Theorem [I.2] also applies to certain normal subgroups of a divergence-type
group, which are not necessarily of divergence type. See Section [9.2

The measure ur is very explicit. Delaying its construction, we first dis-
cuss unique ergodicity. Similar to Rypoq(s), we define the recurrence locus
Rr C ML for a subgroup I' < Mod(S) as follows: fixing x € T,

Teichmiiller geodesic ray given by ¢¢ € Q(S, x)}
recurs to a compact subset in T'\7"

Rr = {SGML:

where g¢ € Q(S5, x) is the quadratic differential on the Riemann surface (S, z)
corresponding to £ € ML, given by the Hubbard-Masur theorem. This set
is I-invariant and does not depend on the choice of x € 7. We construct
ur so that it is I-invariant and is supported on the recurrence locus Rr.
Moreover, we show that this possesses unique ergodicity.

Theorem 1.3 (Unique ergodicity). Let I' < Mod(S) be a non-elementary
subgroup. Suppose that there exists a nonzero, I'-invariant Radon measure
woon ML that is supported on Rr. Then I is of divergence type and

W 1s a constant multiple of ur.

In other words,

(1) if T is of convergence type, then there does mot exist nonzero, I'-
inwvariant Radon measure on Rr.
(2) if T is of divergence type, then

the T-action on (Rr, ur) is uniquely ergodic.

The full mapping class group Mod(S) is of divergence type thanks to
[Mas82a] and [Vee82]. Thus, Theorem extends Theorem

Farb and Mosher [FM02] introduced another important family of divergence-
type subgroups. A finitely generated I' < Mod(\S) is called convex cocompact
if it has a quasi-convex orbit in 7. We establish a measure classification for
I" on the entire space of measured laminations.

Theorem 1.4 (Convex cocompact subgroups). Let I' < Mod(S) be a non-
elementary convexr cocompact subgroup. Then every I'-invariant ergodic
Radon measure on ML is either

ur or Z Dgy.¢ for some £ € ML\ Rr
gel

up to a constant multiple, where D.¢ is the Dirac measure at g-§ € ML\Rr.

In Theorem [10.1] we also obtain the classification of I'-orbit closures in
ML. This is equivalent to considering the quotient I'\Q'7 and classifying
stable manifolds under the Teichmiiller geodesic flow.

Our complete measure classification for convex cocompact I' is based on
explicit understanding of the I'-action on ML\ Rr. It would be of indepen-
dent interest to understand such an action for a general subgroup, which is
also relevant to the structure of limit sets in the Thurston boundary PML.



6 INHYEOK CHOI AND DONGRYUL M. KIM

Remark 1.5.

(1) Our focus on non-elementary subgroups is justified by a theorem of
McCarthy and Papadopoulos [MP89, Theorem 4.6]: a non-virtually-
cyclic subgroup I' < Mod(S) is dynamically irreducible (i.e., ad-
mits a unique minimal closed set on PML) if and only if T' is non-
elementary.

(2) When a non-elementary subgroup I' < Mod(S) has purely exponen-
tial growth, i.e., #{g € T : d(x,gz) < R} =< ¢’ as R — 400, for
(any) x € T, it is easy to see that I' is of divergence type. This is
indeed the case for Mod(S) [ABEM12], Theorem 1.2] and for convex
cocompact subgroups [Gek13, Theorem 1.1].

This motivated the studies of Schapira and Tapie [ST21], and
of Yang [Yanl9], on strongly positively recurrent (SPR) groups,
also known as statistically convex cocompact (SCC) groups. These
groups are known to have purely exponential growth [Yanl9, The-
orem B] (cf. [ST21, Theorem 7.26]). We will not define the notion
of SPR=SCC groups, but let us mention that there are non-convex-
cocompact examples which are SCC [Yanl9, Proposition 6.6]. Our
theory applies to these examples as well.

1.4. Explicit construction of invariant Radon measures. We now ex-
plain the construction of the measure upr for non-elementary I' < Mod(S).

Fixing a basepoint x € 7T, a Borel probability measure v on PML is
called a dp-dimensional conformal measure of I if for every g € T,

or
dg.v B Ext, ()
dy ([&]) = ( Ethx(f)> for a.e. [¢] € PML

where Ext,(§) denotes the extremal length of £ € ML on the Riemann
surface (S, x) (see Equation for the precise definition). Such a measure
was constructed by Athreya-Bufetov—Eskin-Mirzakahni [ABEM12| for I' =
Mod(S), by Gekhtman [Gek13] for I' convex cocompact, and by Coulon
[Cou24] and by Yang [Yan24] in general.

As we fix a basepoint x € T, we can explicitly write the homeomorphism
ML — PML x (0,+00) using the Hubbard-Masur theorem as follows:

& (I8 V/Bxta(©)) -

For a non-elementary subgroup I' < Mod(S) and a dp-dimensional conformal
measure v of I' on PML, we define the Radon measure p,, on ML by

(€)= (VExto(©)" - dv(lg) dLebs (VEXT(9))

It follows from the conformality of v that p, is [-invariant. Moreover, while
the conformal measure v depends on the choice of x € T, the measure p,, is
independent of x since the above map ML — PML x (0, +00) also depends
on x.
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When I' < Mod(S) is a non-elementary subgroup of divergence type,
Coulon [Cou24] and Yang [Yan24] showed that the dp-dimensional conformal
measure v of I' is unique. Hence, we write

pur = p, on ML

in this case. Furthermore, ur is supported on the recurrence locus Rr.

1.5. Horospherical foliations of CAT(—1) spaces. Before discussing the
proof, we present an application to CAT(—1) spaces.

Let X be a proper geodesic CAT(—1) space. Following [Rob03], the space
S X of isometries R — X serves as the role of unit tangent bundle over X.
It admits a geodesic flow SX v R, which we denote by a; : SX — SX
for t € R. For u € S X, its stable horosphere (or stable manifold) is the set
H™(u) of v € SX such that the distance between ua; and va; tends to 0 as
t — 4oo. Stable horospheres form a foliation on S X, called horospherical
foliation of X. The space of its leaves is denoted by H, and admits a natural
action of the isometry group Isom(X).

Roblin studied measure classification for discrete subgroups of Isom(X),
acting on ‘H. The notions of non-elementary and divergence-type subgroups
are defined analogously. For a discrete subgroup I' < Isom(X), its recurrence
locus Rr C H is also defined similarly:

Rr :={H (u) € H : ua; recurs to a compact subset in '\ X as ¢t — +o00}.

We say that I" has non-arithmetic length spectrum if the stable translation
lengths of elements in I' generate a dense additive subgroup of R.

Theorem 1.6 (CAT(—1) spaces). Let X be a proper geodesic CAT(—1)
space and T' < Isom(X) a non-elementary discrete subgroup. Suppose that

(1) T is of divergence type, and
(2) T' has non-arithmetic length spectrum.

Then

the I'-action on Rr is uniquely ergodic.

An analogous problem was extensively studied for rank-one symmetric
space; see Burger [Bur90], Roblin [Rob03|, Sarig [Sar04], Ledrappier—Sarig
[LS07], Landesberg-Lindenstrauss [LL22], Landesberg—Lee-Lindenstrauss—
Oh [LLLO23] etc. For a general CAT(—1) space, this was proved by Roblin
[Rob03] under a stronger assumption that I" has a finite Bowen-Margulis—
Sullivan measure. The unique ergodic measures are called the Burger—Roblin
measures in these settings.

Our novelty in this CAT(—1)-setting is removing such a finiteness assump-
tion, which was possible because we do not rely on mixing of continuous flows
or certain dynamical systems with finite measures.
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1.6. More examples. Let us mention one interesting families of examples,
in addition to the mapping class groups and CAT(—1) groups. In [GS19],
Genevois and Stocker considered a geodesically complete proper CAT(0)
space X with a point with a CAT(—1) neighborhood, and a non-elementary
subgroup I' < Isom(X) acting geometrically on X. They proved that T’
contains a contracting isometry whose quasi-axis passes through the afore-
mentioned CAT(—1) neighborhood several times. In fact, this contracting
isometry is squeezing. Meanwhile, since I' acts non-elementarily and geo-
metrically on X, it is necessarily of divergence type [Yanl9l Theorem B].

1.7. Metric spaces with squeezing isometries. Our proofs of Theo-
rem Theorem and Theorem are based on the special geometric
feature of the axis of a pseudo-Anosov mapping class and the axis of a
loxodromic isometry on a CAT(—1) space, which we call squeezing property.

In the rest of the introduction, let (X,d) be a proper geodesic metric
space. For a geodeic v C X, we denote by 7,(-) the nearest-point projection
map onto . We consider two notions of hyperbolicity for .

e We say that a geodesic v C X is contracting if there exists K > 0
such that, for every geodesic n C X, points that are K-deep in the
convex hull of 7, (n) is K-close to 7.

e We say that a geodesic v C X is squeezing if for each € > 0 there
exists K = K(e) > 0 such that, for every geodesic n C X, points
that are K-deep in the convex hull of 7, (n) is e-close to 7.

We say that an isometry g € Isom(X) is contracting (squeezing, resp.) if it
admits a contracting (squeezing, resp.) axis. The squeezing property can be
regarded as a quantitative version of the contracting property. See Figure
for a rough sketch, and Section [5] for precise definitions.

FIGURE 1. A contracting geodesic (left) and a squeezing ge-
odesic (right)

It is well known that every geodesic in a CAT(—1) space is squeezing.
Hence, every loxodromic isometry is squeezing there. Furthermore, in the
mapping class group viewed as the isometry group of Teichmiiller space,
every pseudo-Anosov mapping class is contracting due to Minsky [Min96],
and moreover, it is squeezing. See Section for further context.

We prove the aforementioned results for Teichmiiller spaces and CAT(—1)
spaces by studying ergodic theory under the presence of squeezing isometries.
We mainly consider a non-elementary subgroup I' < Isom(X), i.e., a non-
virtually-cyclic subgroup with a contracting isometry acting properly on X.
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The notion of divergence-type is defined analogously to the one for subgroups
of Mod(S). We say that the squeezing spectrum of T’

Specg, (') := {translation length of g : g € I is squeezing} C R

is non-arithmetic if Spec,, (I') generates a dense additive subgroup of R.

It remains to define an object corresponding to the space of measured
laminations on a surface and to the horospherical foliation of a CAT(—1)
space. We consider the product spaceﬂ

H:=0"X xR

where 0" X is the horofunction boundary of X. Each point in "X is iden-
tified with a 1-Lipschitz cocycle on X, and this induces a natural Isom(X)-
action on the space H: the action on the R-component is given by the cocycle
determined by the 9" X-component. See Section for details.

Theorem will follow from the following more general statement.

Theorem 1.7 (Ergodicity). Let (X,d) be a proper geodesic metric space
and let T' < Isom(X) be a non-elementary subgroup. Suppose that

(1) T is of divergence type, and
(2) the squeezing spectrum Specy,(T') is non-arithmetic.
Then there exists a nonzero, I'-invariant Radon measure ur on H such that
the T'-action on (H, ur) is ergodic.

Remark 1.8. As for Theorem [I.2] our ergodicity result applies to normal
subgroups of a divergence-type group, which are not necessarily of divergence
type (Theorem [8.2)).

As in the setting of Teichmiiller spaces, the measure ur is explicitly con-
structed, and it turns out that ur is supported on the region corresponding
to the recurrence locus. This region is given by

Ae(D) xR C H

where A.(T') C 9" X is the conical limit set of T' (Definition [5.17). Delaying
the construction of ur, we state the unique ergodicity theorem, from which
Theorem and Theorem follow.

Theorem 1.9 (Unique ergodicity). Let (X,d) be a proper geodesic metric
space and letT' < Isom(X) be a non-elementary subgroup such that Spec,(I")
is non-arithmetic. Suppose that there exists a nonzero, I'-invariant Radon
measure (1 on H supported on A.(T') x R. Then T is of divergence type and

W 1s a constant multiple of ur.

In other words,

(1) if T is of convergence type, then there does not exist a nonzero, I'-
invariant Radon measure on A.(T") x R.

2We use the same notation as in the CAT(—1) case, because this is precisely the
horospherical foliation when X is CAT(—1).
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(2) if T is of divergence type, then
the T'-action on (A(T') X R, ur) is uniquely ergodic.

1.8. On the proof. Our proof is motivated by Hamenstadt’s argument us-
ing the Patterson—Sullivan theory. Initially formulated by Patterson [Pat76]
and Sullivan [Sul79], the Patterson—Sullivan theory provides a powerful tool
to relate growth, orbit counting, and conformal densities for groups act-
ing on hyperbolic spaces. The general framework for CAT(—1) spaces is
due to Roblin [Rob03]. Coornaert studied the Patterson—Sullivan theory for
Gromov hyperbolic metrics that may not be CAT(—1) [Co093|. Recently,
Roblin’s and Coornaert’s theories were generalized to metric spaces with
contracting isometries, independently by Coulon [Cou24] and Yang [Yan24].

Another main step is to relate conformal measures with ergodic invariant
measures on ML. The key ingredient we borrow from Teichmiiller geome-
try for this purpose is that pseudo-Anosov mapping classes have squeezing
Teichmiiller axes. In particular, our proof does not directly make use of
the theory of train tracks, the curve complex, or the dynamical properties
(ergodic theorems, minimality, mixing, equidistribution, etc.) of the geo-
desic/unipotent flows on the Teichmiiller space.

We note that non-arithmeticity of the squeezing spectrum is essential.
In general, the horospherical foliation is not uniquely ergodic without non-
arithmeticity: there are uncountably many mutually singular invariant mea-
sures on the horospherical foliation of a standard Cayley graph of a free
group. For non-elementary subgroups of mapping class groups, the non-
arithmeticity was proved by Gekhtman |Gekl13| and is elaborated in the
work of Gekhtman and Ma [GM23]. In this sense, we use not only the “par-
tial hyperbolicity” of Mod(S) but also certain features of Mod(S) shared
with Zariski dense subgroups of Lie groups.

1.9. Non-geodesic spaces. There is an important class of metric spaces
that we will not discuss in detail. Let I" be a non-elementary relatively hy-
perbolic group. Let m be a finitely supported, admissible, symmetric proba-
bility measure on I'. There is a left-invariant metric d,, on I" associated with
m, called the Green metric. This metric is quasi-isometric to the word met-
ric and is Gromov hyperbolic, but is not geodesic in general. Nonetheless, it
is roughly geodesic. In a sense, every loxodromic element of I" is a squeezing
isometry with respect to d,,, even if it does not possess an axis. Hence, un-
der the non-arithmeticity assumption, we expect that there exists a unique
nonzero, I'-invariant ergodic Radon measure on the d,,-horospherical folia-
tion. This unique measure is in the class of (m-stationary measure) x Lebg.

In order to apply our theory to Green metrics, one needs to replace
geodesics with rough geodesics. We leave it for future studies.

1.10. Organization. In Section [2, we present a brief overview of the Te-
ichmiiller space, especially about its boundary. We define the Hubbard-
Masur coordinates for the space of measured laminations in Section |3} In
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Section 4 we discuss some aspects of pseudo-Anosov mapping classes, in-
cluding contracting and squeezing properties of their axes. We discuss the
geometry of a general metric space with contracting and squeezing isome-
tries in Section[5} Section [6]is devoted to the Patterson—Sullivan theory with
squeezing isometries. In Section m we prove the unique ergodicity (Theo-
rem . The ergodicity (Theorem is proved in Section |8 In Section
[0, we deduce our measure classifications on the space of measured lami-
nations (Theorem u, Theorem and Theorem . Our orbit closure
classification is presented in Section [I0}
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2. TEICHMULLER THEORY

In this section, we review basic Teichmiiller theory. Our explanation is
minimal and we refer interested readers to [Mas09], [FM12] and [GM23].

In the rest of this paper, let S be a connected orientable surface of genus
g and with p punctures with 3¢ — 3 + p > 1. Recall from the introduction
that the Teichmiiller spcae 7 = T (5) is the space of all marked Riemann
surface structures on S. More precisely,

T {(X 1 X is a Riemann surface and }/ N
T 2 f S — X is a diffeomorhism (marking)
where (X, f) ~ (Y,h) if ho f~! : X — Y is isotopic to a bi-holomorphic
diffeomorphism. We equip 7 with the Teichmiiller metric dr, defined as

1 . uasiconformal ¢ : X — Y
(X, ), (V. 1)) = 3 logint { K (¢) ; Sieontormal o 5 V)

where K (¢) > 1 denotes the quasiconformal dilatation of ¢. The metric dr
is Finsler, proper, uniquely geodesic but not Riemannian. The Teichmiiller
space 7T is homeomorphic to R69-6+2p,

The mapping class group Mod(S) of S is the group of isotopy classes of
orientation-preserving diffeomorphisms of S. It acts on (7,d7) by

g- (X, f)=(X,fog™l) forgeMod(S)and (X, f) e T.

We note that Mod(S) is more or less the full isometry group of (7,dr),
as shown by Royden [Roy71], Theorem 2] and by Earle and Kra ([EK74a],
[EK74b]). See also Ivanov’s work [Iva0l]. The quotient

M = M(S) := Mod(S)\T
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is the moduli space of Riemann surface structures on S.

Note that in the exceptional case when 3g —3 4+ p = 1 (i.e., S is once-
punctured torus or 4-punctured sphere), 7 = H?. Hence, the major case of
our interest is when 3g — 3 +p > 2.

2.1. Thurston boundary. Recall the space ML = ML(S) of measured
laminations on S, which is homeomorphic to R%=6+2 < {0}. We denote by
PML =PML(S) the space of projective measured laminations on S, where
the projectivization is given by the scaling of transverse measures. The space
PML can also be identified with the unit sphere in ML ~ R%9~-7+2P \ {0},
and hence PML ~ S69=7+2P Thurston compactified the Teichmiiller space
using PML and showed that the Mod(.S)-action on 7 continuously extends
to the compactification 7 U PML. In this regard, PML is also referred to
as the Thuston boundary of T ([Thu8§|, [Thud7]).

There is another notion called measured foliation on surfaces. The space
of measured foliations (up to equivalence) on S is denoted by MF =
MUF(S), and we also denote its projectivization by PMF = PMF(S).
In fact, PML and PMF give rise to the same compactification of 7. By
this we mean that not only the two spaces are homeomorphic via a map
PML — PMF, but also that the convergence in T U PML is equivalent
to the convergence in 7 U PMF.

While we stick to measured laminations throughout, they are interchange-
able with measured foliations depending on readers’ preference.

2.2. Gardiner—Masur boundary. Gardiner and Masur proposed another
compactification of the Teichmiiller space using the so-called Gardiner—
Masur boundary 0S™T in [GM91]. This compactification 7 U d9MT is
now called the Gardiner-Masur compactification. The Mod(S)-action on T
continuously extends to 7 U 0“MT as well.

Both the Thurston compactification and the Gardiner—-Masur compacti-
fication are obtained by embedding 7 into the space R‘EO of functions on
the set S of isotopy classes of essential simple closed curves on S, and then
taking the closure in the projective space P(RS,). Recall that 7 can also
be viewed as the space of all marked hyperbolic structures on S, Thurston
embedded 7T using the hyperbolic length, and Gardiner—-Masure embedded
T using the extremal length (see Equation (3.1)). In this regard, Gardiner
and Masur proved that the Thurston boundary PMJL sits in the Gardiner—
Masur boundary M T as a proper subset [GM91, Theorem 7.1].

2.3. Uniquley ergodic laminations and boundary comparison. A
measured lamination is called uniquely ergodic if the underlying geodesic
lamination admits a unique transverse measure up to scaling. We denote by
UE = UE(S) C PML the subset of projective classes of uniquely ergodic
measured laminations on S.

On the subset UE C PML, the accumulation of points in T is well-
behaved: if (] € UE, then for each = € T, there exists a unique Teichmiiller
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(geodesic) ray 7, : [0, +00) — T based at = such that lim;_, o 72 (t) = [¢] in
the Thurston compactfication ([HM79], [Mas80], [Mas82b]). Furthermore,
for every z,y € T, two rays v, and -, are asymptotic, i.e., there exists
T € R such that limy_, 4o d7(72(t), 7 (t +T)) = 0 [Mas80].

Moreover, while the identity map 7 — 7T does not continuously extends
to an embedding of the Thurston compactification into the Gardiner—-Masur
compactification, it extends to a homeomorphism

TUUE ——— TUUE
(2.1) N N

TUPML Tuo“MT

as proved by Masur [Mas82b|] and recoverd by Miyachi [Miy13].

Thanks to these facts, we can regard UE as a topological subspace of
PML and as a topological subspace of M T at the same time. As M T
is identified with the horofunction boundary of (7, dr), this enables us to
employ the theory of horofunctions in studying Radon measures on ML
that are supported on uniquely ergodic ones.

A sufficient condition for a measured lamination to be uniquely ergodic
is the recurrence of the associated Teichmiiller geodesic ray to a compact
subset in the moduli space M = Mod(S)\7. Namely, the Masur criterion
due to Masur [Mas92, Theorem 1.1] asserts that for a Teichmiiller geodesic
ray v : [0,400) — T, if there exist a compact subset K C M and a
sequence t, — +oo such that v(t,) € T projects into K C M for all n € N,
then ~ converges to a uniquely ergodic lamination in both the Thurston
compactification and the Gardiner-Masur compactification.

2.4. Busemann cocycles. For z,y € T, the function dr(z,-) —dr(y,-) on
T may not continuously extend to the Thurston boundary PML. Never-
theless, Miyachi showed that if £ € ML is uniquely ergodic, then for every
sequence {z, }neny C T converging to [£] € UE the limit

BE(J:) y) = nEI-fI—loo d’]’(.’[‘, Zn) - dT(y) Zn)

exists and is independent of the choice of {2, }nen [Miy13] Corollary 1]. The
function g is called the Busemann cocycle. Indeed, it satisfies the cocycle
relation: for w,xz,y € T,

Be(w,y) = Be(w, ) + Be(z,y).
Moreover, for g € Mod(S), it is easy to see

Bge(97, gy) = Be(z,y).

Although S¢ only depends on the projective class [£], not &, we use the
notation 3¢ for a later purpose.
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3. HUBBARD—MASUR COORDINATES FOR MEASURED LAMINATIONS

In [HMT79], Hubbard and Masur proved that given a point zg € T, the
space Q(S,xg) of holomorphic quadratic differentials on Riemann surface
(S, xp) is homeomorphic to ML, where the homeomorphism is given by the
vertical measured foliation of a given holomorphic quadratic differential on
Zo.

This enables us to consider certain coordinate systems on ML, which we
call Hubbard—Masur coordinates, by specifying a homeomorphism

ML ~PML xR.

For this, we employ the notion of extremal lengths.

3.1. Extremal lengths. Given a point z € 7 and the isotopy class « of
a simple closed curve on S, the extremal length of o on Riemann surface
(S, x) is defined as

ga(0)2
3.1 Ext =sup ————
( ) X $(a) 3p Area(o_)
where the supremum is over all metrics o conformally equivalent to x, and
lo(0) is the length of a in the metric 0. The extremal length continuously
extends to the function
Ext, : ML >R

such that Ext,(t&) = t2¢ for all £ € ML and t > 0, by Kerckhoff [Ker80,
Proposition 3].

Miyachi [Miy13, Corollary 2] and Walsh [Wall9 Section 6] showed that
for [(] € UE and z,y € T, the following holds:

1. Extg(§)

(32) Belay) = los

3.2. Hubbard—Masur coordinates. Fixing a basepoint xg € T, we now
define the Hubbard-Masur coordinates for ML (with respect to xg) as fol-
lows:

HM : ML — PML xR

1
§— ([g]a 9 log Extg, (£)>
which is a homeomorphism. We define the Mod(S)-action on PML x R by

for g € Mod(S), £ € ML, and t € R. Note that this is well-defined inde-
pendent of the choice of £ € ML.

By Equation , this can be rephrased in terms of the Busemann func-
tion. For a uniquely ergodic lamination £ and a mapping class g,

g ([€]. 1) = (gl€], t + Belg™ wo, x0)).

We now show the equivariance of the action.
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Proposition 3.1. The map HM : ML — PMLXR is Mod(S)-equivariant.
Proof. Let g € Mod(S) and £ € ML. Tt follows from the definition that

HM(g6) = (gle], 1 logExtuy(9-6)).
Since Exty, (g€) = Exty-1,,(£), we have

Eth—1x0(€)> 0
Etho (g) '

3.3. Liu—Su and Walsh’s coordinates on the horofunction bound-
ary. Liu and Su proved in [LS14] and Walsh proved in [Wall9] that the
horofunction boundary for (7, dr) is equal to the Gardiner—-Masur bound-
ary. In both works, fixing a basepoint xy € T, the authors constructed a
continuous injection

TUuoMT {1-Lipschitz functions on 7 vanishing at z},

HM(gE) = (gfe), J log Bxteg(€) + § log

and its restriction to the Gardiner—-Masur boundary
d“MT — {horofunctions on T vanishing at o}

is a homeomorphism. See Section [5.6] for more discussion on horofunctions.

4. SQUEEZING PROPERTY OF PSEUDO-ANOSOV AXES

We now discuss elements of Mod(S), the mapping classes of S. The
celebrated Nielsen—-Thurston classification ([Thu88|, [FLP79]) asserts that a
mapping class ¢ € Mod(S) is either

e periodic, i.e., "™ = id for some n € N,
e reducible, i.e., there exists a multicurve on S invariant under ¢, or

e pseudo-Anosov, i.e., there exists a pair of transverse measured lam-
inations £*,6~ € ML and A > 1 such that

(1) PE) =€ and (€)= £

The measured laminations £ and ¢~ are called unstable and stable
measured laminations respectively, and the constant A > 1 is called
the stretch factor of .

Among the three categories we are particularly interested in pseudo-
Anosov mapping classes. Let ¢ € Mod(S) be a pseudo-Anosov mapping
class. We summarize some standard facts:

(1) It follows from Equation that the unstable and stable measured
laminations of ¢ give two fixed points [€1],[€7] € PML in the
Thurston boundary. Moreover, on the Thurston compactification
T UPML, ¢ exhibits the north-south dynamics.

More precisely, for each compact subset K C (TUPML)~{[¢"]},
we have " K — [£T] asn — +o00. Similarly, for each compact subset
K C (TUPML) N {[¢T]}, we have o"K — [£7] as n — —oc.
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(2) The projective measured laminations [¢1],[€7] € PML are called
attracting and repelling fixed points of ¢ repsecitvely, and they are
in fact uniquely ergodic, i.e., [€T],[£7] € UE.

(3) There exists a unique bi-infinite Teichmiiller geodesic v C T whose
endpoints are [¢¥] € PML in the Thurston compactification. More-
over, v is invariant under ¢, and the action of ¢ on « is the transla-
tion by log A, where X\ is the stretch factor of .

The invariant geodesic vy is called the azis of pseudo-Anosov .

The first two items are part of Thurston’s proof of the Nielsen—Thurston
classification using the Thurston compactification. We refer the readers to
Thurston’s exposition [Thu88| and textbooks ([FLP79], [FEM12]). The last
item is proved in [FLP79|, [GM91, Theorem 3.1], and [MS93|, Theorem 9.2].

4.1. Contracting property and squeezing property. The two central
dynamical notions in this paper are contracting and squeezing properties of
isometries. In [Min96], Minsky proved that Teichmiiller geodesics precom-
pact in the moduli space M = Mod(S)\7T are contracting. More precisely,
for each compact subset K C M, there exists D = D(K) > 0 such that
every geodesic in 7 that projects into K C M is D-contracting.

Recall that a pseudo-Anosov mapping class has the invariant Teichmiiller
geodesic, called axis, which descends to a closed loop in M. Therefore, axes
of pseudo-Anosov mapping classes are contracting. They in fact enjoy a
stronger property, squeezing property, thanks to their peridocity. This es-
sentially follows from Minsky’s contraction theorem in [Min96] and Masur’s
stability theorem in [Mas80]. We give a proof for completeness.

Proposition 4.1. The axis of a pseudo-Anosov mapping class is squeezing.

Proof. Let ¢ € Mod(S) be pseudo-Anosov and denote by v C 7T its axis.
We fix a unit-speed parametrization v : R — 7. Suppose to the contrary
that ~ is not squeezing. Then there exists € > 0 such that for each n € N,
there exist sequences {zy}nen, {Un}tneny C T and {t,}nen C R such that
Y(tn — an) € my(xy) and y(t, + by) € 7y(yn) for some ap,b, > n while
d7(Y(tn), [Tn,yn]) > €. Since ¢ acts on v by a translation, we may assume
that t,, is bounded.

By [Min96, Contraction Theorem]|, ~ is contracting. Hence by applying
[CCT25, Lemma 2.2] (see Lemmal5.2)), there exists C' > 0 such that for each
n € N, there exist wy, 2, € [Tn, yn| satisfying

o dy(wn,Y(tn —an)) < C,

o dy(zn,y(tn +by)) < C, and

® [wy, 2| is contained in the C-neighborhood of ~.
Since an,b, — +o0o and t, is bounded, after passing to a subsequence,
[wn,, 2| converges to a bi-infinite geodesic contained in the 2C-neighborhood
of . Since both endpoints of v are contained in U&, it follows from [KM96),
Lemma 1.4.2] that the limit of [wy,, z,] is the bi-infinite geodesic between
endpoitns of ~y, which must be ~.
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On the other hand, ¢, is bounded and d7(v(t,), [wn, 2,]) > € for alln € N,
which is a contradiction. This finishes the proof. O

The squeezing property can be considered as a version of CAT(—1) prop-
erty along special directions. It is sensible to generalize some dynamical
phenomena in CAT(—1) spaces to metric spaces with squeezing isometries.
For example, in [Cho24| the first author studied continuity and differentia-
bility of the drift of a random walk on the Teichmiller metric using the
squeezing property of pseudo-Anosov mapping classes.

Remark 4.2. Tt was pointed out by Minsky that the same argument as in
Proposition [.1] works for precompact geodesics as well.

5. CONTRACTING AND SQUEEZING ISOMETRIES

In the previous sections, we reviewed basic Teichmiiller theory and related
it to the study of metric spaces with squeezing isometries. In this section,
we study squeezing isometries further.

Throughout this section, let (X, d) be a proper geodesic metric space and
fix a basepoint g € X. For z,y € X, we denote by [z,y] C X an arbitrarily
chosen geodesic connecting z to y. For w, z € [z, y|, we intrinsically assume
[w, z] to be a segment of [z,y|. Every parametrization of a geodesic is of
unit speed. We denote the isometry group of X by Isom(X).

We say that two geodesics v1,v2 C X are C-equivalent if their Hausdorff
distance is at most C' and if their beginning/ending points are pairwise C-
close. When two reals a,b € R differ by at most C, we write a =¢ b.

5.1. Contracting subsets. For a closed subset A C X, we denote by
7a(-) : X — 24 the nearest point projection. That means, we define

wa(x) = {a € A:d(x,a) = inf d(:n,z)} :
z€A
Definition 5.1. Let C > 0. We say that a closed subset A C X is
C-contracting if for every geodesic v C X with d(y,A) > C we have
Diam7a(y) < C. We say that A is (strongly) contracting if it is C-
contracting for some C' > 0.

By definition, if A C X is C-contracting, then Diammy(z) < 2C for
all x € X. It is also easy to see that if A C X is C-contracting and
x,y € X are in the C-neighborhood of A, then [z,y] is contained in the
2.5C-neighborhood of A.

As an example, every geodesic in a d-hyperbolic space is C'(d)-contracting
for some C'(0) > 0 depending only on 4. In particular, geodesics in a simpli-
cial tree or H? are contracting with a uniform contracting constant. More
generally, every (K, B)-quasigeodesic in a d-hyperbolic space is C(d, K, B)-
contracting for a constant C(d, K, B) > 0.

The following is a reminiscent of the Morse lemma in a Gromov hyperbolic
space. We use the version in [CCT25|] due to its conciseness, but we note
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that similar results were already observed in ([CDP90), Proposition 10.2.1],
[Sis13, Lemma 2.4, 2.5], [ACT15, Proposition 2.9, Lemma 2.10, Lemma
2.11], [Yan14, Proposition 3.1]).

Lemma 5.2 (J[CCT25, Lemma 2.2]). Let v C X be a C-contracting geodesic
and z,y € X. Suppose that Diam . ([x,y]) > C. Then there exist points
D, q € [x,y], with p closer to x than q, such that

7 ([z,y]) and [p, q] are 4C-equivalent,

Diam(my [z, p]) U {p}) < 2C,

Diam(m, ([q,y]) U{q}) < 2C, and

for each «' € my(x) and y € m(y), [«',y] and [p,q] are 10C-
equivalent.

The following is an immediate corollary of Lemma [5.2

Corollary 5.3. Let v C X be a C-contracting geodesic. Then the following
holds.

(1) The map m(-) is (1,4C)-Lipschitz: for each x,y € X,
Diam 7, ({z,y}) < d(x,y) + 4C.
(2) Let x € X and y(t) € my(x). Then for every s € R, we have
(5.1) A, 1(5)) =sc da, (1)) + 1t — 5]
5.2. Contracting isometries.

Definition 5.4. We say that an isometry g € Isom(X) is azial if there
exists a bi-infinite geodesic v : R — X invariant under g such that

g-(t)=~(t+71y) forallteR

for some 7, > 0. We call v an axis of g and 74 the translation length of g.
An axial isometry g € Isom(X) is called C-contracting for C' > 0 if it has
a C-contracting axis.

Given an axial isometry g € Isom(X), note that

d n
7, = lim 7(%9 z)
n—4o0o n

>0 for each z € X.

Then we can observe the following:

Ty = l}g‘( d(r,gr) and T = |k|T, for each k € Z.
For each h € Isom(X), hgh™" is also axial and 7,5,-1 = 7.
5.3. Squeezing isometries.

Definition 5.5. We say that a bi-infinite geodesic v : R — X is squeezing

if for each € > 0 there exists L = L(e) > 0 such that for each x,y € X and

t € R with y(t —a) € my(z) and v(t +b) € 7, (y) for some a,b > L, we have
d([z,yl,7(1) < e

We call an axial isometry g € Isom(X) squeezing if it has a squeezing axis.
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By definition, squeezing isometries are contracting. Note that both squeez-
ing and contracting properties are invariant under conjugations. If an isome-
try g € Isom(X) is squeezing, then it has a unique axis (up to reparametriza-
tion). We denote it by A,. For h € Isom(X), Ajg,-—1 = hA,.

As we will see later, squeezing geodesics are well-suited for studying ho-
rofunctions due to the following lemma.

Lemma 5.6. Let v : R — X be a squeezing geodesic. Fix € > 0 and let
L = L(e) > 0 as in Definition . Let x1,x2,y1,y2 € X and suppose that
for some t € R, we have

my(xi)y ((—oo,t — L)) #0  and  my(y)) vy ([t + L, +00)) #0  fori=1,2.
Then we have
d(z1,y1) — d(x1,y2) =sc d(22,y1) — d(22, y2).

Proof. Let i € {1,2}. By the squeezing property, there exists p € [x;,y1]
and ¢ € [z;,y2] that are e-close to y(t). By the triangle inequality, we have

d(@i,y1) — d(i, y2) =4c d (¥(0), 1) — d (7(0), y2) -
This gives the desired estimate. U

5.4. Alignment. We denote the closed K-neighborhoods by Nk ().

Definition 5.7 (Alignment). Let w,z,y,z € X. For a geodesic [z,y] C X
and K > 0, we say that the sequence (w, [x,y]) is K -aligned if

Ty (W) C N ().

Similarly, we call that the sequence ([z,y],z) is K-aligned if (z,[y,x]) is
K-aligned.

Finally, we say that the sequence (w,[z,y],z) is K-aligned if both se-
quences (w, [x,y]) and ([z,y], z) are K-aligned. See Figure

w z
v ‘
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A\ 7
W ‘1
W ‘1

\ ‘\ ,’ ’
\\ \ , II
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F1cURE 2. Alignment of geodesics and points.

The following is immediate.
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Lemma 5.8. Let v C X be a geodesic of length L > 0, let 0 < D < L and
let x € X. Then (v,x) is not D-aligned or (x,v) is not (L — D)-aligned.

If two closed sets are within finite Hausdorff distance, the contracting
property of one set implies that of the other ([ACTI5, Lemma 2.8], [Yan19,
Proposition 2.4.(2)]). Furthermore, every subsegment of a contracting geo-
desic is contracting with a uniform contracting constant ([BF09, Lemma 3.2],
[Yan20, Proposition 2.2.(3)]). These facts have the following consequence,
whose proof is included for completeness.

Lemma 5.9. Let g € Isom(X) be a contracting isometry with an azis -y :
R — X and let xo € X. Then there exists C = C(g,v,x0) > 0 such that the
following holds.

(0) ~ is C-contracting.

(1) [:no,g xg| is C-contracting for all k € Z.

(2) d(g*zo,y(14k)) < C for all k € Z.

(3) Let k e N, let x € X, and let K > C. Then

( [0, g x0)] ) is not K-aligned =— 7w, (z) C v (K —C,+00)).
(4) Let ke N, let x € X, and let 0 < K < 1,k — C. Then
(ZL’, [a:o,gk;ro]) is K-aligned = 7 (x) C v ((—o0, K +C]).

Moreover, C can be chosen so that C(g,v,x0) = C(g*,v,20) for all k € N
and C(g 1,7, x0) = C(g,7,x0) where 7 is the inversion of .

We often write C(g) = C(g,7,xo) by implicitly choosing its axis .

Proof. By definition, there exists Cy > 0 so that v is Cp-contracting. Item
(0) holds for all C' > C. Item (2) is also immediate for any C' > d(xg,7(0)).
Let

D = 10(Co + d(20,7(0)) ).
We will see that C = 100D plays the desired role.

We first show Item (1). By Lemma (20, g% 0] and ([0, 74k]) are D-
equivalent for each k € Z. It suffices to consider k € N with 7,k > 98D. Fix
such k € N and observe from Corollary [5.3(2) that for = € X,

o if my () Ny((=00,0)) # 0, then 7, i) () € Nsp(7(0))-
o if ., (z) Ny((7gk, +00)) # 0, then 7, ky1(T) C N5p(v(Tgk)).
o if 7y (2) N ([0, 7gk]) # 0, then mp kyo(2) C Nsp(T, ().

Let n C X be a geodesic such that d(n, [xo, g¥z0]) > 100D. We have two
cases. First, if Diam 7, (n) > D, then there exists a subsegment of 1 that
is 4C-equivalent to m,(n). In this case, 7y(n) cannot intersect v([0, 74k]);
otherwise we have d (1, ([0, 74k])) < 4C and d (n, [z, g"z0]) < 2D, a con-
tradiction. Hence, either 7, (n) C v((—00,0)) or my(n) C Y((14k,+00))
holds. By the above observation, we have Diam 7, or,01(1) < 100D.
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If Diam 7y (n) < D, then we again have Diam mp, r,.1(7) < 100D by the
above observation. Therefore, Item (1) holds for C' = 100D.

We now show Item (3). Let k& € N, let K > 100D and suppose that
(z, [0, g"x0]) is not K-aligned. Recall that [zg,g¥xo] and ([0, 7,k]) are
D-equivalent. Hence there exist p € mp, gk (%) and ¢, € [0, 74k] such that

d(zg,p) > K and d(p,v(tp)) < D.
Note also that d(xp,v(0)) < D. We then have
t,> K —2D.
If there exists t € (—oo, K — 6D] such that v(t) € 7 (x), then
d(x,7(tp)) = d(z,y(K = 6D)) +t, — (K —6D) = D
> d(z,v(K —6D))+ 3D

by Corollary 2). Since 0 < K — 6D < t, < 7.k, and since [zg, g*z¢] and
v([0, T4k]) are D-equivalent, we have

d(x,p) > d(z,(t)) = D = d(z,y(K — 6D)) + 2D > d(x, [xo, ¢"zo]) + D,
which contradicts to p € mp ory01(2). Therefore,
7 (2) © (K — 6D, +00))
and hence Item (3) holds for C' = 100D.

For Item (4), let k € N and 0 < K < 75k — 100D, and suppose that
(z, [r0, gFx0]) is K-aligned. Then ([zg, g*xo],2) is not (d(xo,g¥z0) — K)-
aligned by Lemma Note that

d(z0, g"20) — K > 1,k — K > 100D.
Hence, we can apply (a symmetric version of) Item (3) and deduce that

() © (09, 7k — (Ao, 6°20) — K) +6D)) € ((~00, K + 6D)).
Therefore, Item (4) holds for C' = 100D as well.

The “Moreover” part is straightforward. O

5.5. Non-elementary subgroups of isometries. The class of subgroup
we mainly consider is the following:

Definition 5.10. A subgroup I' < Isom(X) is called non-elementary if

e [ is not virtually cyclic,
e the I'-action on X is proper, and
e ' contains a contracting isometry.

We say that two contracting isometries g, h € Isom(X) are independent if
their orbits {g’wo}icz and {h'z};cz have infinite Hausdorff distance. This
is equivalent to saying that {g'zo}icz and {h’zq}icz have bounded nearest-
point projections onto each other.
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These two notions are related by the following well known fact: see [BF09),
Proposition 6.5], [Sis18, Corollary 4.4], [ACT15, Lemma 2.23] and [Yanl19,
Lemma 2.11, Lemma 2.12]

Lemma 5.11. Let I' < Isom(X) be a non-elementary subgroup. For a
contracting isometry g € T, there exists h € T such that hgh™" and g are
independent. Moreover, there are infinitely many pairwise independent con-
tracting isometries in T.

The following is a variant of the so-called eztension lemma of Yang. We
include the proof of this variant for the sake of completeness.

Lemma 5.12 (Extension lemma [Yanl9, Lemma 1.13]). Let I' < Isom(X)
be a non-elementary subgroup. Then for each contracting isometry ¢ € T,
there exist a1, az2,a3 € I' and k = k() > 0 such that

o [xg, p"xg] is k-contracting for alln € N and
e for each x,y € X, there exists a € {a1, a2, a3} that makes

(z,a- [z, " x0],ap™a-y) k-aligned for all n € N.
Moreover, k can be chosen so that k(%) = k() for all k € 7.

Proof. Note that the “Moreover” part is straightforward. Hence we prove
the first claim. Let v : R — X be an axis of ¢, which is contracting. By
[Sis18, Corollary 4.4] and [Yanl9, Lemma 2.11], the set

E(p) :=={h €T : {p'z0}icz and h{p'zo}icz have finite Hausdorff distance}

is a finite extension of (¢) and 7 (hy) has finite diameter for every h ¢ E(yp).
Since I' is non-elementary, it is neither virtually cyclic nor a union of two
virtually cyclic subgroups. Hence, there exist h,h’ € T' such that m,(vy)
has finite diameter for every distinct pair of elements u,v € {id, h, h'}.
Let C = C(p,7,z0) be as in Lemma We choose £ > 100C' such that
e Diam{xg, hxg, h'zp} < 0.01x and
o Tuy(vy) C uy([—0.01k,0.01k]) for distinct w,v € {id, h, h'}.
Now let € X. Suppose (z, [zo, " x0]) is not k-aligned for some m € N.

Claim. Then (z, h[zg, ¢"x0]) is k-aligned for all n € N.

To show this, suppose to the contrary that (z,h[zg, p"x0]) is also not
r-aligned for some n € N. Then 7y, onao) () is at least 0.9x-far from haxo,
whereas [y onao) (T0) 18 2d(wo, hag)-close to hxg, i.e., it is 0.02k-close to
hzy. Lemmal5.2tells us that [z, z] has a subsegment [p, g] that is contained
in the 0.04x-neighborhood of h[zg, ¢"x], and such that d(p,q) > 0.8x and
d(xo,p) < d(zo, hxo) + 0.02k < 0.05x. Similarly, [xo,z] has a subsegment
[P/, '] that is contained in the 0.04x-neighborhood of [zg, p™x¢], and such
that d(zo,q’) > 0.8k and d(xo,p’) < 0.05k.

Then two subsegments [p, ¢] and [p/, ¢'] of [z¢, 2] have an overlap of length
at least 0.7k. Hence, there exist points P € [xg, " zo] and Q € h[xg, ¢"xo]
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that are 0.65x-far from zg and are 0.08x-close to each other. We can take
P’ € ~ that is 0.01k-close to P and Q" € hy that is 0.01x-close to . Then
d(P',Q") < 0.1k and 7,(Q") is 0.2k-close to P’. Since d(zo, P') > 0.64k,
7y (hy) contains a point that is 0.44x-far from .

On the other hand, ., (hy) C v([-0.01x,0.01x]) and d(zo,~(0)) < 0.01x.
This is a contradiction. Therefore, (x, h[zg, " z¢]) is k-aligned for all n € N.

Similarly, we conclude that (x, h'[x, ¢"x¢]) is k-aligned for all n € N. The
same argument applies after replacing id with h or h’. We conclude that
there exist at least two elements a € {id, h, '} such that (z,a[zg, ¢"x0]) is
100x-aligned for all n € N. Likewise, for every y € X, (a=[p "x0, 0], y) is
100x-aligned for all n € N for at least two elements a € {id, h,h'}. Hence,
we can choose a € {id, h, '} that works for both x and y. O

5.6. Horofunctions and cocycles. Let Lip!(X) be the space of R-valued
1-Lipschitz functions on X and let Lipglg0 (X)) be its subspace vanishing at
the basepoint x, i.e.,

Lip!(X) := {f : X = R: f is 1-Lipschitz},
Lipy, (X) := {f € Lip"(X) : f(xo) = 0},

equipped with the compact-open topology. Here, Lipi0 is closed in Lip! (X).

Recall that X is separable as it is given a proper metric. Therefore,
Lip,, (X) is compact, Hausdorff, and second countable [MT18, Proposition
3.1]. Hence, it is completely metrizable and is Polish. We identify Lip!(X)
and Lip} (X) x R via the homeomorphism

(5.2) feLip"(X) = (f = f(wo), f(z0)).

The group Isom(X) naturally acts on Lip'(X) by g- f := fog™! for
g € Isom(X) and f € Lip' (X). However, this action does not leave Lipg, (X)
invariant.

Due to this subtlety, we identify Lipglm(X ) with the space of R-valued
1-Lipschitz cocycles on X, i.e., ¢: X x X — R such that |¢(z,y)| < d(z,y)
and c(z,2) = c(z,y) + c(y, ) for all z,y,z € X. For each f € Lip'(X), we
define the associated cocycle By : X x X — R by

Br(x,y) = f(x) — f(y).

Its restriction to Lipj, (X) gives the homeomorphism between Lip,, (X)
and the space of all R-valued continuous cocycles. Then the identifiaction
Lip' (X) ~ Lipglm(X) x R in Equation (5.2)) can be rephrased as

f = (B, f(x0))-

The Isom(X)-action on Lip!(X) is now given as follows: for g € Isom(X)
and f € Lip*(X),

g+ (Bs, f(20)) = (Bg.gs f (o) + Br(g " w0, 0))-
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Note that on the first component, which corresponds to Lipglco (X), we have
By = By
There is a natural embedding ¢ : X < Lipg, (X), defined by
t:zeX —  [f() :=d(-,2) — d(zo,2)].
The closure of «(X) C Lipy, (X) is called the horofunction compactification

of X and is denoted by X" The complement B GRN ((X) is called the
horofunction boundary (or horoboundary) of X and is denoted by 9" X.

As the space Lip‘,}:0 (X) is identified with the space of 1-Lipschitz cocycles,
we also regard elements of 0" X as Busemann cocycles, by identifying

fed"X «— Bl
Using this identification, the Isom(X)-action on 9" X is given by
Bt(y) = Byys(,-) for g € Isom(X) and f € O"X.
This is the continuous extension of the isometric action of Isom(X) on X

in the following sense. Let {z},eny C X be a sequence such that f,, — f €
Lip;, (X). Then for every g € Isom(X), we have

d(-, 9z;) — d(wo, 92;) = d(g7 ' (-), 1) — d(wo, ) + d(x0, ) — d(9™ ' z0, 2i)
= flg™'()) = flg~ 2o)-
This implies
Br., () = Bgg().
In terms of the identification Lip!(X) =~ Lipglc0 (X) x R, the subspace of
Lip!(X) corresponding to 9" X is the space

(5.3) H:=0"X xR,

which is Isom(X)-invariant. As a subspace of Lip!(X), H does not depend
on the choice of the basepoint g € X. What depends on the choice of
xg is the description of Isom(X)-action on H in terms of the identification
H=0"X xR.

We call elements of 3" X x R horofunctions. Horofunctions that differ by
an additive constant correspond to the same Busemann cocycle.

Both "X and H = 0" X x R are Polish. Hence, every locally finite Borel
measure on these spaces is Radon, i.e., it is both inner and outer regular on
Borel subsets.

We now extend the notion of alignment to horofunctions.

Definition 5.13. Let £ € 0"X and v C X be a compact geodesic. For
K > 0, we say that (&,) is K-aligned if for every sequence {z;};eny C X
converging to &, (z;,7) is K-aligned eventually (i.e., for all large ¢ € N). We
define the alignment for (v,£’) and (£,7,¢’) similarly for & € X"

By abuse of notation, for a Busemann cocycle ¢ that corresponds to
¢ € 0" X, we say that (Be,7) is K-aligned when (§,7) is K-aligned. Lastly,
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for an element f € H, we say that (f,~) is K-aligned if (8¢, ~) is K-aligned.
We define the alignment for triples similarly.

For contracting geodesics, we observe the following:

Lemma 5.14. Let v C X be a C-contracting compact geodesic for C' > 0.
Let £ € 0"X and {z;}ien C X be a sequence converging to &. Then we have

limsup Diam U my(2) < 9C.
N—+o0 E>N

Proof. Since 7 is compact and z,, — £, there exists N > 0 such that
d(x, zx) — d(y, zi) =01c d(z,z1) —d(y,z) for all k,i > N and x,y € .

Now suppose to the contrary that Diam(m,(z,) U 7, (%)) > 9C for some
k,l > N. Then by Lemma there exist p, q € [z, 2] such that

Diam({p} Um,(z;)) <2C and Diam({q}U (%)) < 2C.

Note that d(p,q) > 5C. Let p’ € my(2;) and ¢’ € m(%) be arbitrary points.
We then have

d(zk,p') < d(zk,p) + 20 < (d(zk, q) — 5C) +2C < d(2,q") — C.

For a similar reason, we have d(z;,q") < d(z,p’) — C. This contradicts the
condition for k,l > N. O

The following version of extension lemma can easily be deduced from
Lemma [5.12 and Lemma [5.14}

Lemma 5.15 (Extension lemma). Let I' < Isom(X) be a non-elementary
subgroup. Let ¢ € T' be a contracting isometry, and let k = k(@) > 0 and

a1,a92,a3 € I' be as given in Lemma . Then for each &,& € Yh, there
exists a € {ay, a2,az} such that

(& a - [zo, "0, ap™a - &) is 10k-aligned for all n € N.

Remark 5.16. There is a way to extend the the nearest-point projection
7y () to X" (cf. [Cou24, Definition 3.8]). For & € 9" X, we can define

mo(h) = { € 7+ Bl o) = inf Bely, o)

Then one can show that if {z;};eny C X is a sequence converging to & € 9" X,
then 7,(z;) = m,(§) up to a uniform error. One can define alignment in
terms of this extended nearest-point projection as well.

5.7. Conical limit sets. We finish this section by defining conical limit
sets, which are also called radial limit sets.

Definition 5.17. Let I' < Isom(X) be a subgroup acting properly on X.
A point £ € "X is called a conical limit point of T if there exist K > 0 and
an infinite sequence {gy, }neny C I' such that

Be(x0, gnro) > d(x0, gnxo) — K for all m € N.
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We denote the conical limit set by A.(T') C O"X.

For example, given a geodesic ray v C X whose K-neighborhood contains
infinitely many poitns in a I'-orbit, the horofunction made as a limit point
of v is conical. One can see that A.(T") is I'-invariant.

6. PATTERSON—SULLIVAN THEORY WITH SQUEEZING ISOMETRIES

In this section, we review Coulon’s and Yang’s extensions of the Patterson—
Sullivan theory about conformal densities ([Cou24], [Yan24]). Continuing
the setting of Section [5, we let (X,d) be a proper geodesic metric space.
Given a non-elementary subgroup I' < Isom(X) with a squeezing isome-
try, we focus on a certain subset of the conical limit set of I' and study its
properties from the viewpoint of theories of Coulon and Yang.

In the rest of this section, we fix a basepoint zg € X. The notion of
conforaml density plays an important role.

Definition 6.1. For I' < Isom(X) and 6 > 0, a family of Borel measures
{vz}rex on O"X is called a §-dimensional conformal density of T' if

o (I'-invariance) for every g € I' and z € X,

9xVg = Vgg,
e (0r-conformality) for every =,y € X, two measures v, and v, are in
the same class and
dvy

i, (€)= e TP@Y)  ge. and

e (normalization) v, (0"X) = 1.

Note that the normalization is only for convenience, in order to have
uniqueness of a conformal density in a certain case.

In our setting, Coulon and Yang constructed conformal densities, extend-
ing the construction of Patterson [Pat76] and Sullivan [Sul79] for the case
that X is a real hyperbolic space. For a subgroup I' < Isom(X) that acts
properly on X, the critical exponent dr > 0 of I is defined as the abscissa
of convergence of the Poincaré desires s — der e~ sU@97) g X,

Proposition 6.2 ([Cou24, Proposition 4.3], [Yan24, Lemma 6.3]). Let I' <
Isom(X) be a non-elementary subgroup such that dp < +oo. Then there
exists a dr-dimensional conformal density of I.

6.1. Guided limit sets. The following notion is a variant of Coulon’s con-
tracting limit sets [Cou24] and Yang’s (L, F)-limit sets [Yan24].

Definition 6.3. Let I' < Isom(X) be a non-elementary subgroup. Let
¢ € I' be a contracting isometry and let C'(¢) > 0 be as in Lemma [5.9 and
fix K > C(p). We say that £ € "X is a (o, K)-guided limit point of T if
for each sufficiently large n € N, there exists h € I' such that

(zo, hlxo, p"x0],&) is K-aligned.
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The collection of (¢, K)-guided limit points of I' called the (¢, K)-guided
limit set of I'. We denote it by Ay x(I").

Later, ¢ € I' is often assumed to be squeezing. In such cases, we give
special names to (¢, K)-guided limit points and the (¢, K)-guided limit set,
(¢, K)-squeezed limit points and the (¢, K)-squeezed limit set, respectively.

We first discuss some properties of guided limit sets.

Lemma 6.4. Let I' < Isom(X) be a non-elementary subgroup. Let ¢ € T
be a contracting isometry and let C' = C(yp) > 0 be as in Lemma . Then
for each K > C,

Ago,K (F) = Atp,C (F)
Moreover, A, o(T') is I'-invariant.

Proof. Let v : R — X be an axis of ¢ chosen for the constant C' = C(yp) in
Lemma [5.90 Fix K > C. We then set

N = [(K +100C)/7,].

Now pick an arbitrary { € Ay, g (I') and let {z;}ien C X be a sequence
converging to &. Since £ is (¢, K)-guided, for each large enough n € N there
exists h € T such that (zg, h[xg, ¢" 2N x|, 2;) is K-aligned for all large i € N
Since d(xg, p" N xp) > (n +2N)7, > K + C, Lemma (4) tells us that

Thy(w0) C hy((—o0, K + C])  and
Thy(2i) C hv([(n +2N)1, — K - C, +oo)> for all large ¢ € N.
We now show that
(20, ho™ [z0, @"x),£)  is C-aligned.

Suppose to the contrary that (zg, hp™ [zg, ")) is not C-aligned. Then by
Lemma |5.9(3), we have mp(x0) C h7y ([7,N,4+00)). Since K + C < 1,N,
this is a contradiction. Therefore, (xg, h¢™ [0, "x¢]) is C-aligned.
Similarly, using (n 4+ 2N)7, — K — C > (n + N)7,, we deduce that
(hgaN [a:o,go”wo],zi) is C-aligned for all large ¢ € N. Since this is the case
for arbitrary sequence {z;}ien C X convering to &, (zg, he™ [x0, " x0], £) is
C-aligned. We conclude ¢ € A, ¢(T"), proving the first statement.

We now show that Ay, c(I") is T-invariant. Fix & € A, () and g €
I'. Then for each sufficiently large n € N, there exists h € I" such that
(xo, hlzo, p"x0], &) is C-aligned. It is clear that (gxo, gh[zo, ¢"x0], g€) is
C-aligned. By Corollary [5.3(1), this implies that (zo, gh[zo, ¢"z0o], g€) is
(5C + d(xo, gxo))-aligned. Hence, g¢ is a (¢, 5C + d(xg, gxo))-guided limit
point of I', and therefore g¢ € Ay, o(I") by the first statement. This shows
the desired I'-invariance. O

Definition 6.5. We say that a non-elementary subgroup I' < Isom(X) is
of divergence type if r < +o0o and its Poincaré series diverges at dr, i.e., we
have > e~ Ord(@o.970) — | o0,
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As a part of their generalizations of Hopf—Tsuji—Sullivan dichotomy, Coulon
and Yang proved the following:

Proposition 6.6 ([Yan24, Theorem 1.14], [Cou24, Theorem 1.4]). Let I’ <
Isom(X) be a non-elementary subgroup of divergence type. Let ¢ € T' be a
contracting isometry and let C = C(y) > 0 be as in Lemma . Then for
every dp-dimensional conformal density {v;}zex of T' and for every x € X,
Ay.c(T) is vg-conull.

6.2. Squeezed limit sets and ergodic properties. As mentioned above,
we call the guided limit sets for squeezing isometries the squeezed limit sets.

Definition 6.7. Let I' < Isom(X) be a non-elementary subgroup containing
a squeezing isometry ¢ € I'. Let C(p) > 0 be as in Lemma and fix
K > C(p). We say that £ € "X is a (p, K)-squeezed limit point of T if for
each sufficiently large n € N, there exists A € I' such that

(o, h[zo, p"x0],&) is K-aligned.
The collection of (¢, K)-squeezed limit points of I" called the (¢, K)-squeezed
limit set of I. We use the same notation A, g (I") for this.

This notion of squeezed limit sets play a key role in this paper. Impor-
tantly, the following observation leads us to have ergodicity of conformal
densities on 0" X, as we will see. In the following, we regard points in 9" X
as horofunctions X — R vanishing at xg.

Lemma 6.8. Let I' < Isom(X) be a non-elementary subgroup containing
a squeezing isometry ¢ € I'. Let C = C(p) > 0 be as in Lemma . For
£,CedX, if¢e Ay c(T) and ||€ — (|l < 400, then & = (.

Proof. Let v : R — X be the unique axis of . Let &,¢ € 9"X given
as in the statement, regarding them as horofunctions vanishing at xg. Let
B :=||{ — (]|oo < +00. This implies that for every x € X we have

(6.1) £(x) =5 ((2).
We fix an arbitrary z € X and an arbitrary ¢ > 0. Our goal is to prove

that &(x) = ((z). Let L = L(0.01l€) > 0 be as in Definition for ~, and
let n € N be a sufficiently large integer such that

100(L B+d
. 00(L+C+ B+ (a:o,x))'

T

Now, let {z;}ien C X be a sequence converging to &. Since £ € Ay, o(T),
there exists h € I' such that (xo, hlxo, p"x¢)], 2;) is C-aligned for all large
i € N. Since n7, — C > C, Lemma [5.9(4) tells us that

Thy(20) C hy ((—00,2C]) and

Thy(2i) C hy ([nTy, — 2C, +00))  for all large i € N.

Since 7 () is (1,4C)-Lipschitz by Corollary [5.3(1), we have
Thy(2) C hy ((—00,6C + d(xg, x)]) .

(6.2)
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By Corollary [5.3|2), Equation implies that

(6.3) d (2, hy(nty, —2C)) —d (2, hy(nt, — 19C — 2B)) =3¢ —(2B+17C).
Now let {z]}ieny C X be a sequence converging to (.

Claim. We have

(6.4) Thy (7)) C hy ([nT, — 20C — 2B, +00))  for all large i € N.
Suppose to the contrary that, passing to a subsequence, we have

(6.5) Thy(2;) C hy ((—o0,n7, — 18C — 2B])  for all i € N.

Here, the fact that 7y, (2]) is 2C-small is used. By Corollary (2), Equation
(6.5) implies that

d (2, hy(nt, — 2C)) — d (i, hy(nty, — 18C — 2B)) =s¢ 2B + 16C.

Comparing this with Equation (6.3]), we observe that £(a) —£(b) and ((a) —
¢(b) differ by more than 4B for two points a := hy(nr, — 2C) and b :=
hvy(nt, —19C — 2B). This contradicts Equation (6.1)). The claim follows.

Hence, Equation (6.4) holds. Therefore, for each large enough i we have
Thy(20), Thy(2) C by ((—00,6C + d(wo,z)]) and
Thy(2i), Thy(25) C by ([T, — 20C — 2B, 4+00)) .

Since nr, —20C'—2B > 6C+d(xo, 2)+2L, we conclude from Lemmal5.6|that
d(zo, zi)—d(x, z;) =¢ d(z0, 2;)—d(x, z}). Since both £ and ¢ are horofunctions
vanishing at xg, taking the limit i — 400 yields £(x) =, {(z). O

To discuss ergodicity of conformal densities, Coulon [Cou24] considered
conformal densities restricted to the reduced horoboundary instead of the
usual horoboundary. Yang [Yan24| considered another notion encompassing
the reduced horoboundary, namely, the reduced convergence boundary.

Instead of defining these objects precisely, let us point out that Coulon’s
and Yang’s ergodicity results are formulated in terms of saturated Borel
subsets of 0"X, that is, £ C O"X with a property that if ¢ € F and
¢ € 0"X satisfy [|€ — (|lo < 400, then ¢ € E. Hence, by Proposition
and Lemma their ergodicity results can be stated as follows:

Proposition 6.9 ([Yan24, Theorem 1.16], [Cou24, Theorem 1.5]). Let I <
Isom(X) be a non-elementary subgroup containing a squeezing isometry, and
let {vy }zex be a op-dimensional confomal density of . If T is of divergence
type, then the T-action on (0"X,v,) is ergodic for all x € X.

The above ergodicity indeed implies the uniqueness of dp-dimensional
conformal density when I' is as in Proposition Indeed, if {v,;}zex and
{V} }zex are dp-dimensional conformal densities of I', then {(vy +1)/2}zex
is also a dp-dimensional conformal density of I'. Since v, is absolutely con-
tinuous with respect to (v, + v/)/2 for each x € X, the ergodicity applies
to their Radon—Nikodym derivatives which are I'-invariant due to the con-
formality. Therefore, v, = v/, for all x € X.
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7. RIGIDITY OF ERGODIC INVARIANT RADON MEASURES

Let (X,d) be a proper geodesic metric space. In this section, we prove
the rigidity of ergodic invariant Radon measures (Theorem [1.9)).

7.1. Candidates for measures. We first define a Radon measure which
will be the unique measure with desired properties in our rigidity theorem.
To do this, we fix a basepoint zg € X and identify # = 9"X x R as in
Equation (5.3). Recall that the Isom(X)-action on # is written as follows:
for g € Isom(X) and (&,t) € H, we have

g(‘£7 t) = <g§7 t+ 6&(9713307 1’0))
Via this identification, we define a Radon measure on H as follows:
Definition 7.1. Let I" < Isom(X) be a non-elementary subgroup contain-

ing a squeezing isometry and v := {v, },cx be a dp-dimensional conformal
density of I'. We define a Radon measure p,, on H = 0"X x R by setting

dpy (€,1) == et - du,, (€) dt.
When I is of divergence type in addition, we write
Hr = .
Remark 7.2. Tt follows from the conformality of v that p, is I'-invariant.
Moreover, considering H as a subspace of Lip! (X), the measure ur does not
depend on the choice of zg € X. When I is of divergence type, there exists

a unique dp-dimensional conformal density {v, }.cx of I' by Proposition
and Proposition This is a reason for writing ur = p,, in this case.

To present a precise statement, we also consider the following notion for
the distribution of translation lengths of squeezing isometries.

Definition 7.3. For a subgroup I' < Isom(X), its squeezing spectrum is
Specy,(I') := {7y € R: g € I is a squeezing isometry}.

We call that the squeezing spectrum is non-arithmetic if it generates a dense
additive subgroup of R.

7.2. Rigidity of measures. Let us restate Theorem our main rigidity
theorem. Recall the notion of conical limit set from Definition

Theorem 7.4. Let I' < Isom(X) be a non-elementary subgroup with non-
arithmetic squeezing spectrum. Suppose that there exists a I'-invariant Radon
measure (1 on H supported on A.(T') x R. Then T is of divergence type, and

1 1s a constant multiple of ur.

The rest of this section is devoted to the proof of Theorem [7.4 We
prove the theorem by establishing a robust relation between invariant Radon
measures and squeezed limit sets. Note that due to ergodic decompositions,
it suffices to consider invariant ergodic measures.
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7.3. Concentration on squeezed limit sets. We first show that invariant
ergodic Radon measures on H are charged on squeezed limit sets.

Theorem 7.5. Let I' < Isom(X) be a non-elementary subgroup, let ¢ be a
contracting isometry in T and let C = C(yp) be as in Lemma .

Let p be a T-invariant ergodic Radon measure on H supported on A.(T')x R.
Then the measure p is supported on

A%C(F) xR CH.

Proof. Let k(¢) > 0 and aq,a2,a3 € T' be as in Lemma for T'. Let
C(p) > 0 be as in Lemma [5.9|for g = . We set Cp := 10(k(p) + C(¢)).
For each K > 0 let

o 3 an infinite sequence {g;}ien C T s.t. }
M= {60 €1 S dgen) K oral <11

Then I' - Hx C H is I-invariant. Moreover,
A(T) xR= [ J I Hg.
K>0
Since A.I' x R has positive u-value,

I'-Hg has positive p-value for all large K > 0.

We fix such K > 100Cy + 2 2?21 d(xo,a;xg). Then it follows from the I'-
invariance of p that pu(Hg) > 0. For each R > 0, we set Hx = {(&,1) €
Hi : —R <t < R}. Since Hxg = UR_; HK R:
w(Hrx g) >0 for all large R > 0.
We fix such R > 0.
Now we pick n > 100(Co + K)/7, and k > 0. We define a map
F = ka : 'H}gR —H
as follows. For each = € Hg g, there exists g € I" such that
(7.1) d(zo,g9z0) >k and f=(xg,gx0) > d(z0, gx0) — K.

Among many such ¢’s, take the one with minimal d(x¢, gxg) and call it gEH
Then the map E € Hg r — g= is Borel measurable. By Lemma there
exists az € {a,az,as} such thatﬂ

(7.2) (moa gz - az[zo, " x0], 9= - az¢"az ~g§15) is Cp-aligned.

This map Z — az is also Borel measurable. We now set
1

—_
—
—

F(E) :=g=-az¢"az - g2
Let
3
D :=100 (Co +7on+ Y d(wo, a¢x0)> .
i=1

3There exists a technicality when several candidates tie. An easy rescue is to first
enumerate I' = {g(l), g?, .. .}, and we choose the earliest whenever there is a tie.
4Again, when more than one of {a1,a2,as} do the job we choose the earliest.
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Claim. We have that
(7.3) F is at most 3-#{g € I : d(zg, gzro) < D}-to-one.

To prove this claim, suppose that we have 2,2 € Hy r with the same
image F(Z) = F(Z') =: (£,1p) € "X x R.
Let {u;};en C X be a sequence converging to &. Up to a subsequence,

(xo, g=az[xo, " xo),u;) is Cp-aligned for all ¢ € N.

Here, note that d(zo, ¢"xo) > 7,n > 100Cy. It follows from Lemma [5.2|that
for each i € N, there exists P € [z, u;] such that d(gzazzo, P) < 3Cp, and
similarly, there exists Q € [zo, u;] such that d(g=ra=zz9, Q) < 3Cy. We have
three cases.

(1) If d(zo, g=0) < d(zo,g=rx0) — 0.5D: In this case, along [xo, u;], P is
closer to z¢ than @ is, and d(P,Q) > 0.5D — 6Cj. For convenience
we write 1 := g=az[zo, ¢"xo]. Note that by Corollary [5.3)2),

d(ui,n) > d(u;, g=azxo) — d(g=azwo, gzaz " xo)

> d(ui, P) — 3Co — d(z0, ¢"70)

> d(u;, Q) +0.2D

> d(ui, g=razx0) + d(az o, To) + Co
> d(ug, g=x0) + Co.

This implies that d(n, [u;, g=rz0]) > Cp. Since n is Cy-contracting,
Diam 7y ([u;, g=rxo]) < Co. Since (xo,n,u;) is Cop-aligned, we also
have that

(7.4) (xo,m, g=rxo) is 2Cp-aligned.

Denote by & € 9" X the Busemann cocycle component of Z' and
let {z/}ien C X be a sequence converging to &'. We claim that

(7.5) (n,z1) is (K + 30Cy)-aligned for all large i € N.

Suppose to the contrary that, passing to a subsequence, (1, z}) is
never (K + 30C))-aligned. We choose

p € my(z0), q€my(zl), and 7€ m,(g=zo).

By Equation (7.4)) and the assumption that (1, z}) is not (K +30Cy)-
aligned, r is closer to g=a=¢"xg than p and g are. Moreover, we have
d(p,r),d(q,r) > K 4+ 25Cy. Now, it follows from Lemma that
d(zo, %) < d(zo,n) + d(p,q) +d(n, 2}),
d(gE’$05 ZZ/) =8Cp d(gE/an 77) + d(?", Q) + d(na Z;)7 and
d(.%'(], 95/330) =8Co d(.ﬁU(), 77) + d(p) T) + d(na gE’$O)-
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Then we have
/

d(zo, g=rw0) + d(g= 0, 2,) — d(x0, 2})
Z 2d( =/ X0, 77) +2 mln(d(pa T)7 d(Qa T)) - 1600
> 2K + 34Cy

In particular, d(zo, 2) —d(g=rzo, 7)) < d(zo, g=rxo) — K —Cy. Taking
the limit ¢ — 400, we have

BE’(angE’xO) < d(.To,ggxxo) - K — (.

This contradicts the definition of g=/, and therefore Equation ([7.5))
follows.

By Lemma it follows from Equation ([7.4) and Equation (|7.5))
that [z, z]] passes through the 4Cp-neighborhood of g=azzy, for all

large ¢ € N. This implies
Bz (20, g=azx0) > d(wo, gzazwo) — 8C).
Since K > 100Cy + 2 2?21 d(xo,a;x0), we have

= (w0, g=w0) = Pz (20, g=azT0) + Bz (9=a=w0, g=70)
> d(z0, g=azwo) — 8Cy — d(azzo, o)
> d(wo, g=0) — 8Co — 2d(azz, o)
> d(xg, g=x0) — K.
Meanwhile, we also have k < d(xg,g=r9) < d(xo,g=709) — 0.5D.
This contradicts to the definition of g=/ that d(zg, g='z¢) is minimal
among the elements of I' satisfying Equation ([7.1)).
(2) If d(zo, g=rx0) < d(zo, g=xo) — 0.5D: In this case, one can obtain a
similar contradiction as in (1).
(3) If d(zo,9=x0) =05 d(x0,9='70): Recall that for each fixed i € N,
we have P, Q) € [x¢,w;] such that d(g=azxg, P), d(g= a=z9, Q) < 3Cp.
Hence, we have

d(gzxo, P),d(g9=/0, Q) < 0.1D.

Since both P and @ belong to the geodesic [z, w;], this, together
with d(zo, 9=20) =050 d(z0, g='70), implies

d(g=z0, g=rxo) < D.

Now when Z is given (and hence ag, g= are given as well),

/ 1

2 = gzraz' ¢ "az/ (92 9= )az¢"agz

—_
—
—

is determined by gg,l gz and a= € {aj,a2,a3}. The number of these
choices is at most 3 - #{g € I' : d(zo, gxo) < D}.

Therefore, Equation (7.3) follows.
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We simply write M :=3-#{g € I" : d(z¢,gro) < D}. Then we have

W(F(Hr)) = p U  FUEeHknr:g==g,az=a})

g€l ,a€{ai,a2,a3}

Z p(F({E € Hixr: 9z =g,az = a}))

g€l,ac{a1,a2,a3}

> n(gap"ag {E € Hkr gz = g,az = a})
g€l ae{a1,a2,a3}

> w({E€Hknr:gz=gaz=a})
g€l ,ae{a1,a2,a3}
1

= MN(HK,R)'

Now to see the image of F, let ZE = ({,t) € Hk, r. For simplifity, write
g :=g= and a := az. Then

F(2) = (gag"ag™ "€, t + Be((gap"ag™") " zo, 20))
For each sequence {u;};eny C X converging to gap™ag™'¢ € 0" X, we have

v
<[~

S

S

ﬁf((ga@nag_l)_lxm -’EO) = ﬁgag&”ag—lf(ajmga@nag_le)
= lim d(xg,u;) — d(gap™ag  xg, u;).

i—+00
By Equation and Lemma we have for all large ¢ € N that
Be((gap™ag™") " o, x0) =150, (2o, gaxo) + d(zo, ¢"x0) + d(gap"xo, u;)

— d(gap"ag ™" o, u;)
=c, d(z0, gaxg) + d(xo, p"x0)

+ Byapnag-1¢(9a@" o, gap"ag o)
=d(wo,azo) 4(T0, 920) + d(x0, " x0)

+ Be(ga™ o, gzo) + Be(gwo, xo)
=d(zo,az0) 4(T0, 9Z0) + d(w0, 9" x0) + Be(g20, T0)
=g d(zg, ¢"x0).

Therefore,
t+ ﬂg((gacpnag_l)_lxo, x9) € [-R— D,R+ D].

In addition, by Equation , we have d(zg, gaxo) > k — 2?21 d(xo,a;xo)
and that (xg, galzg, " xo], F(Z)) is Cp-aligned.
This implies that F'(Hg, r) is contained in
—R—-—D <s< R+ D and 3h €T such that
Biy =< ((,8) € H:  d(xo, hxo) > k — Z?:l d(xo,a;xo) and
(w0, hlzo, ¥"x0], () is Co-aligned
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Hence, we have

#(Biin) = m(Hi,r) /M > 0.
Note that the set By, is decreasing in k. Since p is a Radon measure and
By C "X x [-R — D, R + D] which is compact, we have p(Bi:n) < 400.
Therefore, setting

B, = ﬂ Bk;nv
k>0
we have

p(Bn) = Jim_p(Brin) > p(Hic.p) /M > 0.

Now, I' - B, is a I'-invariant set of positive u-measure. Hence, by the
I'-ergodicity of u, we have that I' - B,, is p-conull, and therefore

m I'- B, is p-conull.
n

We then show that for each (¢, s) € (),,I'- By, we have ( € Ay 2c,(I"). This
finishes the proof by Lemma [6.4]

Let (¢,s) € (), I - Bn. Then for each large enough n € N, there exists
ho € T" so that

(o, h[xo, p"x0], hglC) is Cp-aligned for infinitly many h € T.
In other words,
(hoxo, hoh[zo, ©"x], () is Cp-aligned for infinitely many h € T
Among infinitely many such h € ', we can choose one such that
d(hozg, hoh[zo, ©"xo]) > d(x0, hozo) + Co

and hence
d([hoo, zo], hoh[zo, " x0]) > Co.

Since hohl[xg, " x| is Cp-contracting, we now have that (xq, hoh[xg, " x0])
is 2Cp-aligned. Therefore,

(o, hoh[zo, " x0], () is 2Cp-aligned.
Since this holds for all large n € N, we conclude ¢ € Ay 2¢,(I). O
Theorem applies to each contracting isometry of I'. We thus define:

Definition 7.6. Let I' < Isom(X) be a non-elementary subgroup. For each
contracting isometry ¢ € I', let C'() > 0 as in Lemma We then define

Ay (D) = N Ay o) (D).
@€l, contracting

In other words, every point in Ay, (I') is a (¢, C(¢))-guided limit point of
I" for all contracting ¢ € I'.
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Remark 7.7. The set Ay (I') is closely related to the Myrberg limit set. A
point & € 0" X is a called a Myrberg limit point of T if there exists ¢ > 0
such that for each g1, ge € I', there exists h € I such that

hlz, &) is c-close to hxy and hgxy, with hzy coming earlier.

The Myrberg limit set is the set of all Myrberg limit points of T

When I' < Isom(X) is non-elementary, Yang proved in [Yan24, Corollary
4.17] that the Myrberg limit set of I is equal to the intersection of (p, C(p))-
guided limit sets for all contracting isometries ¢ € T

Considering Lemma [6.4], Theorem implies that:

Corollary 7.8. Let I' < Isom(X) be a non-elementary subgroup. Let p be
a T-invariant ergodic Radon measure on H supported on A.(T') x R. Then
the measure | is supported on

AMyr(F) xR CH.

7.4. Neighborhoods in squeezed limit sets. We have seen that the
squeezed limit sets is the genuine region for invariant ergodic measures.
Let us now introduce a notion of neighborhoods of squeezed limit points.
For g, € Isom(X), C > 0, and n € N, we set

Uc(g: p.n) = {€ € 9"X : (w0, glzo, 9" 0], ) is C-aligned} .
The interesting case is where ¢ is a squeezing isometry.

Lemma 7.9. Let T’ < Isom(X) be a non-elementary subgroup containing a
squeezing isometry @ € T', and let C = C(¢p) > 0 be as in Lemma . Then

{UC(gHOan) rgeline N}
forms a basis for the topology of Ay, c(T') C ohX.
In other words, for each & € A, c(T'), for each open set O C 0" X with
& € O and for each N € N, there exist g € I', n > N, and an open set
V C "X such that
eV cUc(g;p,n) CO.

Proof. Let v : R — X be the unique axis of ¢. We fix £ € A, ("), an open
set O C "X containing ¢, and N € N,

Let us first recall that 9" X is given a compact-open topology. Hence, the
set of the form

Ore:={C€"X : |¢(x) — C(z)| < e for all z € Nr(xo)} for R,e >0

forms a local basis for £. Fix R,e > 0 such that Og . C O. We may assume
that e < C.

Let L = L(0.01¢) > 0 be the constant as in Definition for v. Let
R := [%SOCW and L' := [%], and take k € N such that

k>R + L +[100C/7,] + N.
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Let {zi}ien C X be a sequence converging to £. Since { € Ay, o(I'), there
exists h € I such that £ € Uc(h; p, k), i.e.,

(wo, h[zo, p*x0), zi) is C-aligned for all large i € N.
Since 7,k > 2C, Lemma [5.9(4) tells us that
Thy(20) C hy ((—00,2C])  and
Thy(2i) C hy([Tpok — 2C, +00))  for all large i € N.
By the (1,4C)-Lipschitzness of 74, () in Corollary (1), we have
(7.7) Thy(2) C hy ((—00,6C + R])  for all € Ng(zo).
In view of Equation and Lemma (3)7 (z0, ho™ [0, ¥ x0)) is C-

aligned. Similarly, (ho™ [xg, " 0], 2) is C-aligned for all large i € N.
Therefore,

(7.6)

¢ € Uo(he™s9,1)).
Now let ¢ € Ua(hg™; p, L') and take a sequence {2/ };eny C X converging
to ¢. Then by Lemma (4),
Thy (7)) C by ([(R'+ L)1 — 2C,400))  for all large i € N.

Combining this with Equation (7.6 and Equation (7.7)), we can apply Lemma
and conclude that for each x € Ng(xp),

d(z, z;) — d(z0, 2i) =/2 d(z, 2;) — d(xo, ;) for all large i € N.
This implies that |£(z) — ((z)| < € for all z € Ng(zp), and therefore
¢ € Uc(hp™;p.L') C Ope € O.

Now, set
Vi={¢e€d"X :|¢(x) — ((x)| < e for all @ € hy([0, ,k])}

which is an open neighborhood of €. We then show V' C Ug(he™ ¢, L),
which finishes the proof.
Let ¢ € V and {z]}ieny C X a sequence converging to .

Claim. We have
(7.8) Ty (2) C by ([rpk — 20C, +00))  for all large i € N.
If not, then after passing to a subsequence,
d (i, hy(rpok — 2C)) — d (2, hy(1,k — 20C)) =g¢ 18C' for all i € N

by C0r0112). On the other hand, by Equation , it follows from
Corollary [5.3((2) that after passing to a subsequence,
d (zi, hy(Tok — 20C)) — d (2, hy(1pk — 2C)) =g¢ 18C  for all i € N.
These imply that
Be(hy(tok — 2C), hy(1.k — 20C)) =3¢ 18C'  and
Be(hy(Tok — 20C), hy(t,k — 2C)) =g¢ 18C.
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Equivalently,
C(hy(tpk —2C)) = ((hy(T,k — 20C)) =g¢ 18C'  and
§(hy(rpk — 2C)) — §(hy(Tpk — 20C)) =sc —18C.
This contradicts the fact that |£(z) — ((z)| < € for all € hy([0, 7,k]).
Hence, Equation holds, and Lemma[5.9(3) tells us that

(o, hQDR, [z, goL/mo], ¢) is C-aligned.

This shows ¢ € Uc(he™; ¢, L), and therefore V C Ug(he™; o, L) as de-
sired. H

7.5. Quasi-invariance under translations. For a € R, consider a map
T, : H — H given by (&,t) — (&,t + a). For a Radon measure p on H, we
consider its pullback measure T u: for each Borel subset E C H,

To(E) == (T E).

For a contracting g € Isom(X), we simply write T, := T7,. We show that
invariant ergodic measures on H are quasi-invariant under this translation.

Theorem 7.10. Let T’ < Isom(X) be a non-elementary subgroup containing
a squeezing isometry. Let u be a I'-invariant ergodic Radon measure on H
supported on A.(I') x R. Then for a squeezing isometry ¢ € T, there exists
A > 0 such that

dljp

dp

Proof. Let ¢ € T" be a squeezing isometry and let C' = C(¢) > 0 be as in
Lemma [5.9] with the choice of axis v : R — X. Note that for every n € N,

Ton = n - T, and C(¢™) = C(p). Since T, commutes with the I'-action on
AT (T 1)
©

= €>\ a.e.

H, T;,n p is also I-invariant and ergodic. Hence, if —Z TR eM and
p—n
dT 1 (T2 ) dT
n+1 _ .
“"dT*—jM" = ¢ for some Ai, \a € R, then % = e*~ M Therefore, it

suffices to consider the case that
T, > 100C.
We first aim to show that
(7.9) (T2)(E) = v(E)

for each Borel subset £ C H. By Corollary p is supported on Ay, o(I7) x
R.

Step 1. First consider the case that £ = K x I for a compact subset
K c A, c(I') and a compact interval I C R.

We fix some open subset O C 9"X such that K € O and € > 0. Let
L = L(0.001¢) > 0 be as in Definition for v. By Lemma for each
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€ € K, there exist an element g(§) € I' and n(§) > (2L +100C) /71, + 4 such
that
£ € Uc (9(8);e,n(E)) C O.

Let U :={Uc (9(£);o,n(§)) : £ € K}, which is a countable collection of sets.
For convenience, let us enumerate U based on their distance from x, i.e, let

U={U,U,,...}
where U; := Uc(g;; ¢, n;) for each ¢ € N so that
d(z0, 919" 0) < d(z0, g2p"? o) < -+ .
We will now define a subcollection
V= {Un),Uia),---} CU

by inductively defining (1),4(2),.... We let i(1) = 1. Now, having defined
i(1),...,i(NN), define i(N + 1) as the smallest j € N such that U; is disjoint
from Uz(l) U---u UZ(N)

For each [ € N, we set

(7.10) C):= Ui(l) U U {Uk; k> i(l), Ur N Ui(l) # (D} .

Then {C; : | € N} is a covering of K contained in O. Indeed, for k > 1, if
k #i(l) for all | € N, then Uy intersects U;yy U - - - U Uy() where i(lp) is the
maximal index less than k.

Claim. For eachl € N,
(7.11) Cr C Uc (giwys s iy — 1) -

To see this claim, let & > i(l) be such that Uy = Uc(gx; w,nx) and Uy
have a common element £. Then for every z € X close enough to £ in Yh,
(7.12) (20, gipy [0, "W 2], 2)  is C-aligned.

By Lemma there exists ¢ € [z, 2] that is 3C-close to g;;)¢" @ xg. Sim-
ilarly, by the condition £ € Uy, [z0, 2] contains a point p that is 3C-close to
grp™ xo. Since k > i(l), our enumerating convention tells us that

d(o,p) = d(z0, gre"* x0) — 3C > d(x0, gi1)" "V x0) — 3C > d(w0,q) — 6C.
In other words,
d(z,p) < d(z,q) + 6C.

If d(z,p) < 10C, then we have d(z, g™ xo) < 13C. By the (1,4C)-
Lipschitzness of ng(w[xo,w’?(,)wo](') in Corollar 1), we have

Diam ﬂ-gl(l) [Cbo,goni(” xo] ({27 gk(pnkxo}) S 170
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If d(z,p) > 10C, then we take a point p! € [z, p] such that d(p, p") = 10C.
Then Diam[p', 2] = d(p, z) — 10C, and hence

d (gz‘(l) [0, " o], [p', Z]) > d (g [wo, ¢ x0], z) — Diam[p', 2]
>d(z,q) —3C —d(z,p) + 10C
> C.

By the C-contracting property of g;)[zo, 9" x|, we have
Diam ng(z)[ﬂcoytpni“)wo]({z’pT}) =C
Since d(p, gre™ x0) < 3C, we have d(p', g™ x¢) < 13C, and hence
Diam ng(w[xo,soni(”wo]({z’gkwnkm}) < 18C

by Corollary [5.3{1).
Hence, in any case, together with Equation (7.12]), we have that
(7.13) (20, gi(1y [0, " O 0], grp™ o) 18 19C-aligned.

Now let ¢ € Uy be arbitrary. Then for every z’ € X close to ¢ in Yh,
(w0, gr[z0, ™" x0],2") is C-aligned

and hence [z, 2'] passes through the 3C-neighborhood of g™ x( as before.
Hence, we have

Diam ﬂ-gi(l) [$07@"i(l) 0| ( [1'0, Z/] ) > d(gl(l) Zo, g’t(l) Soni(l) Q?(])

— Diam (ng(l)[mw"i(z)xo} (o) U {gi(l)iﬁo})
— (d([xo, 2], gee™ x0) + 4C)

— Diam (ﬂ9i<z)[:vo,so"i<l)xo} (g™ x0) U {gi(l)(pni(lm()})
> 100C — C — (3C' +4C) — 19C
> 70C
where we applied Corollary (1) in the first inequality, and Equation ([7.12]),

Equation (7.13), and that d([zg, 2], grp™ x0) < 3C in the second.
We then apply Lemma and obtain two points u, v € [z, 2] such that
[u,v] and 7

(1) gi(l>[a:o,sa”i(’)$0]([x0’ 2']) are within Hausdorff distance 4C,

(2) Diam (7, o o7y (0, 1)) U {u} ) <26,

(3) Diam (wgm[wni(w([v, U {U}) <20, and

(4) for each u’ € 7rgi<l)[x07¢niu)zo](xo) and v’ € T s 20,10 ) (2"), [u/, V]
and [u, v] are within Hausdorff distance 10C'.

Since d([zg, 2], g™ x0) < 3C, it follows from Equation (7.13) and Corol-
lary [5.3|(1) that there exists w € [z, 2’] such that

(7.14) Diam (7, 0 )5 () U {gi)#" O 0} ) < 26C.
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By the condition (2) above, Equation (7.13)), and d(zq, ™V zy) > 100C, we
must have w ¢ [z, u], and hence w € [v, 2/] or w € [u,v].

o If w € [v,2'], then it follows from (3) above that

Diam <7Tgi(l)[xo7¢ni(l)xo](z/) U {gi wa);co}) < 28C.

o If w € [u,v], then it follows from (4) above that for each pair of two

. / / /
points v’ € ﬂgia)[a:o,w"i(”xo](xo) and v/ € ﬂgi(l)[x07<ﬂni(l>-1’0](z ), there

exists w’ € [u/,v'] such that d(w,w’) < 10C. We then have

Diam ( (w)U {w'}) <20C.

T gswylzo," iV 2o]

Together with Equation (7.14), Diam{w’, g;;y¢"*® 2o} < 46C. Since
v’ is inbetween w’ and g;;yp" W xg, and v’ € T s 20,10 ) () is
arbitrary, we have

Diam <ng(l)[x07@ni(l)zo](z/) U {gi(l)gom(l)$0}) < 46C.

Therefore, (g;[z, " O x0], 2') is 46C-aligned.
By Lemmah(ll), we have

ng(zw(z/) C giwY ([T@ni(l) —47C, +oo))
C giyy ([mo(nigy — 1) + 3C, +00)) .

By Lemma (3)7 this implies that (gi(l)[.r(),goni(l)_lxg],zl) is C-aligned.
This is the case for every 2’ close to ¢ € Uy, so we conclude

(7.15)

¢ e Uc (g o miqy — 1) -
The claim is now established.
For each | € N we now define a map F; : C; x I — H. For g = g;;) we let
(7.16) F:Ew gpg 2.
We have p (Fi(Cy x I)) = u(Cy x I) as p is T-invariant.
Claim. We have
(7.17) Fi(Cy x I) C Uy x (e-neighborhood of I + 7).

To see this, we simply write g = g;q) and n = n;;) — 1. We then fix
E = (¢ t) € Cp x I. Note that

F(2) = (gpg &t + Be(gp g 20, 20))-

Let {z;};en C X be a sequence converging to &.
We first show that gpg— 1€ € Ui, which follows once we show that

1

(z0, glzo, " o), gpg1z) is C-aligned for all large i € N,
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Since Uy # 0, we already have that (zq, g[zo, " '20]) is C-aligned. Now

suppose to the contrary that (g[zo, " wo], g0g '2;) is not C-aligned for

large ¢ € N. By Lemma [5.9|3), we have
Tgy(2i) C g7v((—00, n7y)).
This contradicts Equation (7.15)). Therefore, gpg~1¢ € Uiy-
For the second component, it suffices to show
(7.18) Be (g™ g™ wo, 20) — 7| <€

Note that

1 1

Be(gp g™ o, 2;) — d(wo, ;).

By Equation ([7.11)),
(x0, g[zo, ¢"x0],2i) is C-aligned for all large i € N.
Hence, for all large i € N, it follows from Lemma [5.9(4) that

z0,70) = lim d(gpg™

(7.19)  mgy(xo) C g7 ((—00,2C]) and 7y (2:) C g7y ([nTp — 2C, +00)) .
Since nt, — 4C > 2L and g7y is squeezing (Definition , there exists
p € [z, zi] such that

d(p, gy(n7,/2)) < 0.001e.
Meanwihle, note that (ggo_lg_lxo,g[xo,gonazo]) is also C-aligned; other-
wise, we have 7y, (g0 19 mo) C g7([0,+00)) by Lemma [5.9(3), and there-
fore mgy(xo) C g7v([7y,+00)) which contradicts Equation (7.19). Hence, it
follows from Lemma [5.9(4) that

Ty (99 g @0) C g7 ((—00,2C)).

Together with Equation (7.19) and nr, — 4C > 2L + 27, the squeezing
property of g7y implies that there exist q1, g2 € [gpg~ ‘w0, ], with ¢; coming
earlier than ¢s, such that

d(q1,97v(n7y/2 — 7p)) . d (g2, g7(n7,/2)) < 0.001e.
Now we have
d(ge g wo, 2:) — d(wo, 1) = (d(gp~ "9 w0, q1) + d(q1, q2) + d(q2, 2:))
— (d(zo,p) + d(p, 2i))

=0.006¢ d (99~ g7 20, gv(n7p/2 — 7))
+d (97(”7'30/2 - Tso)7 g'Y(nTso/Q))
+ d(g7(n7y/2), i)
— d (w0, 97(n7p/2)) — d(97(n7p/2), %)

=d (97(n7<p/2 - Tcp)7g’7(n7'<p/2)) = Tp-

Taking the limit ¢ — 400, Equation ((7.18) follows. This completes the proof
of the claim.
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Now by the above claim and disjointness of U;(;y’s, we have

p(O x (e-neighborhood of I+ 7,)) > p (U F(Cy x I))
l

= " u(F(C % I))
l

= u(Cr x 1)
l

> u(K x I).
Note that (O x (e-neighborhood of I + 7)) < 400 since ;1 is Radon. Since

€ > 0 and an open set O D K are arbitrary, we have
(L) (K x 1) = (K % (T +7,)) > p(K x I,

Step 2. Consider the case that E = A x B for Borel A ¢ 9"X and an
interval B C R. Since p is supported on A, o(I") x R, we may assume that
A C Ay (). By the inner regularity of p and T3, there exist compact
subsets F1, Fo C E such that

(W(E) = w(Er)| <e and  [(Top)(E) — (Top)(E2)| <e.
Considering projections of E1 U Fy to A and B, we obtain compact subsets
K C A and I C B so that

W) = (K x D] < € and [(T2)(E) — (To)(K % 1| < e

By taking the convex hull of I (recall that B is an interval), we may assume
that I is a compact interval. Applying Step 1 to K x I, we have

(Tou)(E) > p(E) - 2.
Since € > 0 is arbitrary, (T;u)(E) > p(E) follows.
Step 3. When E C H is a finite union of open sets of the form O x Os
for open sets O; C 0" X and open intervals Oy C R, F is a disjoint union of

finitely many Borel subsets of the form A x B, where A C 9"X is Borel and
B C R is an interval. Hence, (T;1)(E) > pu(E) follows from Step 2.

Step 4. When E C H is an open set, E is a countable union of open sets
of the form O; x Oy for open sets O; C 9"X and open intervals Oy C R.
Hence, (T;u)(E) > p(E) follows from Step 3.

Step 5. Finally, suppose that £ C H is a Borel subset. Then it follows
from Step 4 and the outer regularity of y and T that

(Tor)(E) = p(E).

Now we have shown Equation (7.9)). Hence, we can consider the Radon—

du dy
dTgp” > dTSp

I-invariant as well. By I'-ergodicity of T3 u, d;é—‘:u is constant T u-a.e., which
©

is

Nikodym derivative Since both p and TZp are I'-invariant
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. . dT*
must be positive. Hence, there exists A € R such that dzu = ¢ p-a.e., and
moreover, A > 0 by Equation ([7.9)). This completes the proof. O

7.6. Proof of the rigidity. Let us now prove Theorem

Proof of Theorem|7.4]. By ergodic decomposition, it suffices to consider a
I-invariant ergodic Radon measure p on H supported on A.(T') x R.
Let

ary
A= {a € R:3\(a) € R such that daH =M@ a.e.} .
w

It is straightforward that A is an additive subgroup of R and A : A — R is
an additive homomorphism. Moreover, by Theorem [7.10]

Spec,, (I') C A.
Hence, it follows from non-arithmeticity of Spec,,(I') that A C R is dense.
Claim. There exists 6 > 0 such that
AMa)=06-a forallac A

To see this claim, choose a nonzero a € A and set § := A(a)/a. By
Theorem we can choose a € A so that § > 0. It suffices to show that
for every nonzero @’ € A, A(a’)/a’ = § as well. There are two cases.

(1) If a and o' are are commensurable, i.e., ma = na’ for some m,n € Z,
then the conclusion follows from

mM(a) = A(ma) = A\(nd') = n\(d).
(2) If a and @’ are not commensurable, then suppose to the contrary
that ¢’ := \(a’)/a’ is distinct from 6.
Let R > 0 be large enough so that O := 9"X x (R, R) satisfies
0 < u(0) < +00. Let K C O be an arbitrary compact subset. Then
there exists € > 0 such that K C "X x (R — ¢, R +¢).

Since a and o’ are not commensurable and § # ¢, there exist
N, M € Z such that N > 657“' and |[Ma— Na'| < e. Then setting

la’l[o—o"
s:=Ma — Nada' € A, we have
[A(s)] = [MA(a) — NA(a')]
=|(Ma— Na')é + (6 — §')Nd/|
> 10— &'||d'|N —ed > 1.
Replacing s with —s if necessary, we may assume that A(s) > 1.
Then we have

#(0) = p(TK) = (T2 ) (K) = XOu(K) > ep(K).
Since K C O is arbitrary, we have ;(O) > ep(O), which is absurd.
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Therefore, the claim follows.

Now consider an arbitrary a € R. Since A C R is dense, there exists a
sequence {a;};en C A converging to a. Let U C H be an open subset and
K C U a compact subset. Then for all large : € N, T, K C T,,U, and hence

WTU) > WL, K) = MK = i p(K).

Taking the limit i — +oo, we have u(T,U) > e u(K). Since K C U is
arbitrary, this implies pu(T,U) > *®u(U). By the same argument, we also
have p(U) > e %u(T,U). Hence, we have (T u)(U) = % u(U). Since this
holds for any open subset U C H, we have

Tip=e"p.

This implies that there exists a finite Borel measure vy on "X so that y is
decomposed on H = 9"X x R as follows:

du(€,t) = e - dug(€) dt.
By the I'-invariance of u, it is easy to see that for each g € T,

dg«o

y () = e 9Pe(970.0)  for po-a.e. EedX.
Y0

Then for z € X, define the measure v, on "X by setting
676/6’5 (z,x0)
(0" X)

This is well-defined, and moreover the family {v,},cx is a J-dimensional
conformal density of I". Since {v,},cx is supported on A.(T"), § = or and

that I is of divergence type as a result of the generalized Hopf-Tsuji—Sullivan
dichotomy ([Cou24l Corollary 4.25], [Yan24, Theorem 1.14]). Therefore,

1
w= W T Hr,
which completes the proof. O

dv,(€) = dvy(§).

8. EXISTENCE OF ERGODIC INVARIANT RADON MEASURES

We continue the setting of Section In this section, we prove the er-
godicity of the invariant Radon measure defined in Definition [7.1] This was
stated as Theorem [L.7] in the introduction.

Theorem 8.1. Let I' < Isom(X) be a non-elementary subgroup with non-
arithmetic squeezing spectrum. If I is of divergence type, then

the I'-action on (H, ur) is ergodic.

Moreover, p is supported on Ao(T') x R C H. Furthermore, up to scalar, y is
the unique I'-invariant Radon measure on H that is supported on A (T") x R.
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Note that u being supported on A.(T") X R is due to Coulon [Cou24] and
Yang [Yan24] (Proposition . In addition, the unique ergodicity follows
from Theorem [7.4] once we show the ergodicity. Hence, it suffices to show
that pr is I'-ergodic. This is a special case of the following, together with

Proposition

Theorem 8.2. Let I' < Isom(X) be a non-elementary subgroup of diver-
gence type. Let T'g <T' be a normal subgroup such that

e Specy,(['o) is non-arithmetic and
e the Ty-action on O"X is ergodic with respect to the dp-dimensional
conformal density of T'.

Then,
the To-action on (H, pr) is ergodic.

To prove the ergodicity, we consider the notion of essential subgroups,
which was introduced by Schmidt [Sch77]. For a conformal density v =
{Vz }zex, all measures in the family v are in the same measure class. Hence,
in discussing positivity of a Borel subset, we simply use the notation v.

Definition 8.3. Let I' < Isom(X) and let v be a conformal density of T.
We define the subset E,(I') C R as follows: a € E,(I") if for each € > 0 and
a Borel subset £ C "X with v(E) > 0, there exists g € I' such that

v (E Ngeg 'EN{tecd X : |Be (w0, gpg ' o) — al < e}) > 0.

It is easy to see that E,(I') is a closed subgroup of R. We call E,(T") the
essential subgroup for I' and v.

The size of the essential subgroup plays a role of criterion for the ergodicity
of actions on H. The following was proved in [Sch77] for abstract measurable
dynamical systems, and more direct proof for a particular case of CAT(—1)
spaces was given in [Rob03|. The same proof works in our setting as well.

Proposition 8.4 ([Sch77], [Rob03, Proposition 2.1]). Let I' < Isom(X) and
let v be a conformal density of I'. Then the I'-action on (H, u,) is ergodic
if and only if the T-action on (0"X,v) is ergodic and E,(T') = R.

In this perspective, the following is the main step in the proof of Theo-
rem which was proved by Roblin [Rob03] when X is CAT(—1). The
CAT(—1) property was crucially used in [Rob03] to have a nice visual met-
ric on the boundary that guarantees Vitali covering relation of a specific
form. In our setting, the lack of Gromov hyperbolicity is an obstruction to
consider such a visual metric, and hence we present another proof that does
not require metrizing the boundary.

Lemma 8.5. Let I' < Isom(X) be a non-elementary subgroup of divergence
type and v a dp-dimensional conformal density of I'. Let o € T" be a squeezing
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isometry. Then for each ¢ > 0 and a Borel subset E C 0" X with v(E) > 0,
there exists g € I' such that

v (E Ngpg *tEN{¢ € "X : |55(330,g<,0g_1xg) — T, < 6}) > 0.
In particular, if Do < T is a normal subgroup, then
Specsq(FO) C EI/(FO)

Proof. Let C = C(¢) > 0 be as in Lemma By Proposition v is
supported on A, ¢(I"). Together with the inner regularity of v, it suffices to
consider compact subsets of A, o(T).

Let K C Ay c(I') be a compact subset and let € be a positive number
smaller than 7,. Suppose that for each g € I,

v (K Ngeg 'K N{€ € 0"X : |Be(wo, gg o) — 7| < €}) = 0.

Our goal is to show v(K) = 0.
To do this, let O C 9" X be an open subset containing K. We will then
construct a Borel subset E(O) C O such that

(8.1) V(KNE))=0 and v(E(0))>e . y(K).

Before we proceed, let us see how this leads to our goal. Suppose that we
have constructed E(O). By v(E(O) ~ K) > e 2r% . y(K) and the inner
regularity, there exists a compact subset K(O) C E(O) \ K such that

V(K(0)) > 0.5e~ 27 . y(K).

In particular, K(O) is disjoint from both K and "X \. O. Now we induc-
tively define

Ky =K (0"X) and K;=K (0"X~ (KU - UK; 1)) forieN.

Then K,’s are pairwise disjoint subsets with v(K;) > e2r™ . y(K) for all
i € N. Since v is finite, we must have v(K) = 0.

Hence, it remains to find a set E(O) C O satisfying Equation . We
revisit the proof of Theorem [7.10] considering the cover U and its subcollec-
tion V for K and O. Especially, for [ € N, we consider C; C O in Equation
and the restriction F; = gi(l)gpgill) : C; — "X of the map in Equation
, where g;;) € I is given there.

We now see that

E(0) := | JR(C/NK)

leN
satisfies Equation (8.1)). First, note that | J;c Fi(CiNK) C UJ;en Ci C O by
Equation ([7.17)).

It follows from ([7.18]) that for each | € N,

(82)  F(C) C {€€ "X : |Be(wo, giypgig)o) = 7ol < e} -



48 INHYEOK CHOI AND DONGRYUL M. KIM

We then have
KNnFE((CNK)

C K N giypg;) K N {€ € 0"X | Be(20, 90y 993 0) — 7| < €

and hence our hypothesis on K implies v(K N F;(C; N K)) = 0. Therefore,

V(KHUFZ(CZHK)) =0,

leN

showing the first claim in Equation ({8.1).
Now it remains to estimate v ({J,cn F1(Ci N K)). By Equation (8.2) and
€ < Ty, we have for each [ € N that

V(Fy(Cy N K)) = / 6*51"55(91'(1)v_lgf(ll)wo,wo)dy({) > 6—261“7@1/(0[ NK).
CiNK

By Equation (7.17), we also have that Fj(C; N K)’s are pairwise disjoint.
Therefore,

v (U F(Cin K)) = v(F(CNK))

leN leN

> e~ 2007y Z V(CINK)>e 20T .y (U(C’l N K))

leN leN

Since K C [J;eny €1 as in Equation (7.10)), this implies

v <U FCn K)) > e 2r7e .y (K).

leN
Therefore, the second claim in Equation ({8.1]) follows. O

Proof of Theorem[8.3 Let v be the dp-dimensional conformal density of T'.
By Lemma Spec,,(T'o) C E,(To). Since Specg,(I'g) is non-arithmetic and
E,(T'0) is a closed subgroup of R, we have E,(I'g) = R. By the assumption
that the I'g-action on (#,v) is ergodic, it follows from Proposition that
the T'g-action on (H, u,) is ergodic. By definition, u, = ur, and hence this
completes the proof. O

9. SUBGROUPS OF MAPPING CLASSS GROUPS AND
MEASURE CLASSIFICATION

In the rest of this paper, let S be a connected orientable surface of genus
g and with p punctures with 3g — 3 + p > 1. We apply results in previous
sections to the case that X is the Teichmiiller space 7 = T(S). In this
section, we deduce Theorem [I.2] Theorem and Theorem [T.4]
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9.1. Non-elementary subgroups of the mapping class group. For
I' < Mod(S), T is non-elementary if and only if I' contains two pseudo-
Anosov mapping classes with disjoint sets of fixed points in the Thurston
boundary PML. Since the axis of a pseudo-Anosov mapping class is squeez-
ing as in Proposition a non-elementary subgroup I' < Mod(S) is a non-
elementary subgroup I' < Isom(7) with a squeezing isometry in the sense
of Definition 5.10l

In fact, it follows from the Nielsen—Thurston classification that the class
of pseudo-Anosov mapping calsses are precisely the class of squeezing isome-
tries in Mod(.S). Hence, the following gives the non-arithmeticity of squeez-
ing spectra:

Theorem 9.1 (Non-arithmeticity, [GM23, Theorem 4.1]). Let I' < Mod(S5)
be a non-elementary subgroup. Then

Specy4(T') := {dr-translation length of v : ¢ € ', is pseudo-Anosov}
generates a dense additive subgroup of R.

The notion of divergence-type is defined similarly. Fixing a basepoint
xg € T, the Poincaré series of a non-elementary subgroup I' < Mod(S) is

Pr(s) := Z e~ 547 (x0,90)

gerl

Since Mod(S) has exponentially bounded growth [KM96, Theorem 1.3.2]
and contains a free subgroup [McC85, Theorem B|, there exists 0 < or <
+oo such that Pp(s) diverges for s < dr and converges for s > dp.

We call or the critical exponent of T'. If Pr(dr) = +oo, we say that I is
of divergence type. Otherwise, I' is of convergence type.

9.2. Ergodicity and Unique ergodicity. We first deduce Theorem [1.2
and Theorem from our theory in Section [5] Section [ Section [7, and
Section (8] by setting (X, d) = (T,d7). We keep fixing a basepoint xo € T.

Given a non-elementary subgroup I' < Mod(S), recall the notion of re-
currence locus for I' from the introduction:

Teichmiiller geodesic ray given by g¢ € Q(S, a:o)}
recurs to a compact subset in T'\7

Rr = {56/\45:

where g¢ € Q(S, xp) is the holomorphic quadratic differential corresponding
to & € ML, given by the Hubbard—Masur theorem.

In terms of the Hubbard—Masur coordinates we introduced in Section
it follows from the Masur criterion [Mas92, Theorem 1.1] that

HM(Rr) C UE x R.

Recall that UE sits in both PML and 0™ T, with the same topology
[Miy13 Theorem 2]. Hence, UE X R sits in both PML x R ~ ML via the



50 INHYEOK CHOI AND DONGRYUL M. KIM

Hubbard-Masur coordinates and M T x R ~ 9"T x R via the coordinates
in Section That means, the identification

LUEXRCML SUEXRCIT xR=H

is a homeomorphism. Hence, a Borel measure 1 on ML supported on UE xR
can be viewed as Borel measures on 9”7 x R supported on UE x R. Note
that ¢ preserves the R-coordinate. Combining altogether, we have that

(9.1) (Lo HM)(Rr) = Ae(T) x R C A,

Furthermore, if p is locally finite on ML, then ¢, is also locally finite on
OMT xR. Indeed, for a compact subset K C 9"T xR, the set {t : (£,t) € KN
(UE xR)} is bounded. This implies that the : =1 (KN(UE xR)) is precompact,
as it sits in PML x [~R, R] for some large R > 0. If u(t =1 (K N (UE x R)))
is assumed to be finite, then ¢, pu(K) is finite as well. In conclusion, locally
finite measures on ML supported on UE x R are also locally finite when
viewed on 9T x R. Since O"T x R is Polish, such measures are Radon.

Hence, if T is of divergence type, then we can pullback the measure ur on
Ac(T) x R defined in Definition via the embedding ¢ o HM. This gives
the measure on Rr which is the same as the one constructed in Section
also denoted by ur abusing the notation.

Therefore, together with the non-arithmeticity in Theorem the er-
godicity (Theorem and the unique ergodicity (Theorem follow from
Theorem [8.1] and Theorem [7.4] respectively. Note that as in Theorem
an analogous ergodicity theorem for normal subgroups can also be deduced.

9.3. Convex cocompact subgroups of the mapping class group. In
[FM02], B. Farb and L. Mosher introduced the following notion:

Definition 9.2. A finitely generated subgroup I' < Mod(S) is called convez
cocompact if T" has a quasi-convex orbit in 7T .

Some important features of convex cocompact subgroups are as follows:

Theorem 9.3 ([FM02, Theorem 1.1]). Let I" < Mod(S) be a convex cocom-
pact subgroup. Then

(1) T is a hyperbolic group,

(2) there exists a I'-equivariant embedding

o' - UE C PML

where OI' denotes the Gromov boundary of ", and

(3) denoting by A(T') C UE the image of the embedding in (2), T' acts
cocompactly on its weak-hull WH(T') C T, the union of all bi-infinite
Teichmiiller geodesics with endpoints in A(T).

We now discuss the divergence-type of non-elementary convex cocompact
subgroups. Theorem [9.3| asserts that every non-elementary convex cocom-
pact subgroup I' < Mod(.S) is Gromov hyperbolic when endowed with either
a word metric or the Teichmiiller metric on its orbit. By [Co093| Théoreme
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7.2], T has purely exponential growth, i.e., there exists C' > 1 (depending on
the choice of the basepoint xg) such that

1
565” < #{g €T : dy(wo,gr0) <7} < Ce™ forallr > C.

This implies that I' is of divergence type. In fact, Gekhtman studied in
[Gek13] the finiteness and the mixing property of the Bowen—Margulis—
Sullivan measure associated with I". As a result, he obtained that the
quantity e " #{g € T : dr(zo,gz0) < 7} converges to a finite limit as r
tends to infinity.

In addition, it follows from the work of McCarthy—Papadopoulos [MP&9]
that the set A(I') C PML is the unique minimal subset of I', and moreover
the I'-action on the complement PML ~\ A(T") is properly discontinuous. In
this regard, the set A(I') C PML can be viewed as the limit set of I,

Furthermore, the cocompactness in Theorem (3) and the embedding
in Equation give a characterization of the recurrence locus for I':

(9.2) Rpr = {€ € ML : [¢] € A(D)}.

Hence, the proper discontinuity of the I'-aciton on PML ~ A(T") implies
that the I'-action on ML \ Rr is properly discontinuous as well. Thus any
I'-invariant ergodic measure on ML \ Rr is a counting measure on a single
T'-orbit, up to a constant multiple. Since I is of divergence type, Theorem
[L.4! follows from Theorem

10. CLASSIFICATION OF ORBIT CLOSURES
In this section, we prove the following classification of orbit closures:

Theorem 10.1. Let I' < Mod(S) be a non-elementary convex cocompact
subgroup. Then for each & € ML, either

'€ is discrete or T'-&=TRr.

More precisely,

o if £ ¢ Rr, then I'- & is discrete.
e if£€Rp, thenI'- £ =TRrp.

As mentioned earlier, the I'-action on PML ~ A(T") is properly discon-
tinuous [MP89]. Hence, in the viewpoint of the characterization of Rr in
Equation , it suffices to show that the I'-action on Rr is minimal.

We do this by adjusting a standard argument of classifying horospher-
ical orbit closures for Kleinian groups, which is based on nice shapes of
horospheres in hyperbolic spaces. As we do not have such a well-shaped
horosphere in the Teichmiiller space, we use a recent theory of exapnd-
ing coarse cocycles for convergence group actions by Blayac-Canary—Zhu—
Zimmer [BCZZ24|] and an interpretation of the action of convex cocompact
subgroups as expanding coarse cocycles given by the second author and
Zimmer [KZ25].
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From the viewpoint of the characterization in Equation (9.2) and the
discussion in Section the minimality of the I'-action on R follows once
we show that the I'-action on A(I") x R given by

g- (Eat) = (géat + ﬁg(g_ll‘o,l'o))

is minimal, recalling that xo € T is a fixed basepoint.
Given a pseudo-Anosov g € Mod(S), we denote by g*, g~ € PML its
attracting and repelling fixed points, respectively.

Lemma 10.2. For each (§,t) € A(T') xR and a pseudo-Anosov g € T', there
exists s € R such that (g%,s) € T (&,t) or (g7, s) € T+ (&, t).

Proof. By Theorem [9.3](3), there exists a sequence {gn}nen C I' such that
gnro — & within a bounded neighborhood of a Teichmiller geodesic ray
towards £ € UE. This implies

(10.1) Be(gnzo, T9) = —00  as n — +00.

This also implies the conical convergence in the Cayley graph of a hy-
perbolic group I', identifying OI' = A(I") by Theorem [9.3(2). After passing
to a subsequence, we may assume that g, ¢ converges to some ¢ € A(T).
Suppose first that g~ # (.

Fix an open neighborhood U C A(T) of ¢ such that g~ ¢ U. Then there
exists a compact subset K in the Cayley graph of I such that every bi-
infinite geodesic with endpoints g~ € OI' and a point in U intersects K.
Passing to a subsequence, we may assume that g, ¢ € U for all n € N. This
implies

(10.2) ksupN\nglg(g*ka:o,xo) —d(g *xg, x0)| < +00
ne

(see [KZ25|, Proposition 12.6] and [BCZZ24, Section 5] for details).
Observe that for k,n € N,
9"9, 1 (€:8) = (9", '€, t + Be(gnwo, w0) + B,1 (g 2o, 0)).
Then by Equation (10.2)), for each n € N, we can choose k,, € N so that the

sequence
t + Be(gnwo, w0) + nglg(gfk"xo, xo) is bounded.

By Equation ({10.1)), we also have k,, — +o00 as n — +0o0.
After passing to a subsequence, we can set

s:= lim (t + ﬂﬁ(gnl'OafEO) + ﬁgglg(g_knl'Oal'O))'

n—-+0o
Since g, !¢ € U and g~ ¢ U, we have
gk“g,jlf —g" asn— +oo.

This finishes the proof in this case.
If g~ = ¢, then we have g% # (. Hence, we can apply the same argument
replacing g with ¢g—' and this completes the proof. O
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Proof of Theorem[10.1 For each s € R, consider the map
as: A(T) xR — A(T) xR
(&1) = (&t +s)

which gives the R-action on A(T") x R, commuting with the I'-action. Hence,
we can consider it as a right R-action. Note that this was denoted by 7% in
Section we use the new notation to consider it as an action on the right.

To prove the desired minimality, we fix (£,¢) € A(T') xR and € > 0. By the
non-arithmeticity in Theorem[9.1] there exist pseudo-Anosovs gq,...,gx €T
such that the additive subgroup (7g,,...,74) C R generated by their dr-

translation lengths is e-dense.
By Lemma after replacing g1 with g Lif necessary, we have

(gf,s1) €T - (€,t) for some 51 € R.
Then for every j € Z,

gilgr,s1) = (9f s 51+ Byt (917 w0, 0)) = (91, 81 +i7g0) = (91, 51)tjry,
belongs to '+ (g7, s1) C I - (£,t). This implies
T (g7, 81)ar,,) CT-(§1).

Applying the same argument to I"- (gfr ,51), we inductively obtain that for
some s € R,

L. (glj_u Sk)a<‘rgl,..,,7'gk) cr- (f,t)-
Now let (¢,s) € A(I') x R be arbitrary. Since the I'-action on A(T") is
minimal, there exists a sequence {hp},eny C I' such that hng,;Ir — ( as

n — +oo. Since (7y,,...,Ty,) is e-dense, for each n € N, there exists ¢,, €
(Tgis---,Tg,) such that

|s — (si + Bgl-:(h;lxo, xo) +tn)| < €.

Hence, after passing to a subsequence, the sequence h,, (g,j, Sk)ag, converges
to (¢,s') € T (&,t) for some s’ € R with |s — s'| < €. Since this holds for

each € > 0, we have ((,s) € I'- (§,¢). This finishes the proof. O

REFERENCES

[ABEM12] Jayadev Athreya, Alexander Bufetov, Alex Eskin, and Maryam Mirzakhani.
Lattice point asymptotics and volume growth on Teichmiiller space. Duke
Math. J., 161(6):1055-1111, 2012.

[ACT15] Goulnara N. Arzhantseva, Christopher H. Cashen, and Jing Tao. Growth tight
actions. Pacific J. Math., 278(1):1-49, 2015.

[BCZZ24] Pierre-Louis Blayac, Richard Canary, Feng Zhu, and Andrew Zim-
mer. Patterson-Sullivan theory for coarse cocycles. arXiv preprint
arXiv:2404.09713, 2024.

[BF09] Mladen Bestvina and Koji Fujiwara. A characterization of higher rank sym-
metric spaces via bounded cohomology. Geom. Funct. Anal., 19(1):11-40,
2009.



54

[Bur90]
[CCT25]

[CDPY0]

[Cho24]

[C0093]
[Cou24]
[Dan78]
[Dan81]

[EK74a]

[EK74b]
[ES16]

[FLPT7Y]

[FMO02]

[FM12]

[Fur73]

[Gek13]
[GMO1]
[GM23]
[GS19]
[Ham09)]
[HM79]

[va01]

INHYEOK CHOI AND DONGRYUL M. KIM

Marc Burger. Horocycle flow on geometrically finite surfaces. Duke Math. J.,
61(3):779-803, 1990.

Kunal Chawla, Inhyeok Choi, and Giulio Tiozzo. Genericity of contracting
geodesics in groups. Groups, Geometry, and Dynamics, 2025.

M. Coornaert, T. Delzant, and A. Papadopoulos. Géométrie et théorie des
groupes, volume 1441 of Lecture Notes in Mathematics. Springer-Verlag,
Berlin, 1990. Les groupes hyperboliques de Gromov. [Gromov hyperbolic
groups], With an English summary.

Inhyeok Choi. Contracting isometries and differentiability of the escape rate.
arXiv preprint arXiv:2403.09992, 2024. To appear in Probab. Theory Related
Fields.

Michel Coornaert. Mesures de Patterson-Sullivan sur le bord d’un espace hy-
perbolique au sens de Gromov. Pacific J. Math., 159(2):241-270, 1993.

Rémi Coulon. Patterson-Sullivan theory for groups with a strongly contracting
element. Ergodic Theory Dynam. Systems, 44(11):3216-3271, 2024.

S. G. Dani. Invariant measures of horospherical flows on noncompact homo-
geneous spaces. Invent. Math., 47(2):101-138, 1978.

S. G. Dani. Invariant measures and minimal sets of horospherical flows. Invent.
Maih., 64(2):357-385, 1981.

Clifford J. Earle and Irwin Kra. On holomorphic mappings between Te-
ichmiiller spaces. In Contributions to analysis (a collection of papers dedicated
to Lipman Bers), pages 107-124. 1974.

Clifford J. Earle and Irwin Kra. On isometries between Teichmiiller spaces.
Duke Math. J., 41:583-591, 1974.

Viveka Erlandsson and Juan Souto. Counting curves in hyperbolic surfaces.
Geom. Funct. Anal., 26(3):729-777, 2016.

Albert Fathi, Franéois Laudenbach, and Valentin Poénaru. Travauzr de
Thurston sur les surfaces, volume 66 of Astérisque. Société Mathématique
de France, Paris, 1979. Séminaire Orsay, With an English summary.

Benson Farb and Lee Mosher. Convex cocompact subgroups of mapping class
groups. Geom. Topol., 6:91-152, 2002.

Benson Farb and Dan Margalit. A primer on mapping class groups, volume 49
of Princeton Mathematical Series. Princeton University Press, Princeton, NJ,
2012.

Harry Furstenberg. The unique ergodicity of the horocycle flow. In Recent
advances in topological dynamics (Proc. Conf. Topological Dynamics, Yale
Univ., New Haven, Conn., 1972; in honor of Gustav Arnold Hedlund), Lecture
Notes in Math., Vol. 318, pages 95-115. Springer, Berlin-New York, 1973.
Ilya Gekhtman. Dynamics of convex cocompact subgroups of mapping class
groups. arXiv preprint arXiv:1204.1741, 2013.

Frederick P. Gardiner and Howard Masur. Extremal length geometry of Te-
ichmiiller space. Complex Variables Theory Appl., 16(2-3):209-237, 1991.
Ilya Gekhtman and Biao Ma. Dynamics of subgroups of mapping class groups.
arXww preprint arXw:2311.03779, 2023.

Anthony Genevois and Arnaud Stocker. Partially CAT(—1) groups are acylin-
drically hyperbolic. Bull. Soc. Math. France, 147(3):377-394, 2019.

Ursula Hamenstadt. Invariant Radon measures on measured lamination space.
Invent. Math., 176(2):223-273, 20009.

John Hubbard and Howard Masur. Quadratic differentials and foliations. Acta
Math., 142(3-4):221-274, 1979.

Nikolai V. Ivanov. Isometries of Teichmiiller spaces from the point of view of
Mostow rigidity. In Topology, ergodic theory, real algebraic geometry, volume



[Ker80]
[KM96]

[KZ25]

[LL22]

[LLLO23]

[LMOS]

[LS07]

[LS14]

[Mas80]
[Mas82a]
[Mas82b]
[Mas85]
[Mas92]

[Mas09]

[McC85]
[Min96]
[Mir08al
[Mir08b)
[Miy13]
[MP89)]
[MS93]

[MT18]

INVARIANT RADON MEASURES ON ML 55

202 of Amer. Math. Soc. Transl. Ser. 2, pages 131-149. Amer. Math. Soc.,
Providence, RI, 2001.

Steven P. Kerckhoff. The asymptotic geometry of Teichmiiller space. Topology,
19(1):23-41, 1980.

Vadim A. Kaimanovich and Howard Masur. The Poisson boundary of the
mapping class group. Invent. Math., 125(2):221-264, 1996.

Dongryul M. Kim and Andrew Zimmer. Rigidity for Patterson—Sullivan sys-
tems with applications to random walks and entropy rigidity. arXiv preprint
arXiv:2505.16556, 2025.

Or Landesberg and Elon Lindenstrauss. On Radon measures invariant under
horospherical flows on geometrically infinite quotients. Int. Math. Res. Not.
IMRN, (15):11602-11641, 2022.

Or Landesberg, Minju Lee, Elon Lindenstrauss, and Hee Oh. Horospherical
invariant measures and a rank dichotomy for Anosov groups. J. Mod. Dyn.,
19:331-362, 2023.

Elon Lindenstrauss and Maryam Mirzakhani. Ergodic theory of the space of
measured laminations. Int. Math. Res. Not. IMRN, (4):Art. ID rnm126, 49,
2008.

Francois Ledrappier and Omri Sarig. Invariant measures for the horocycle flow
on periodic hyperbolic surfaces. Israel J. Math., 160:281-315, 2007.

Lixin Liu and Weixu Su. The horofunction compactification of the Teichmiiller
metric. In Handbook of Teichmiiller theory. Vol. IV, volume 19 of IRMA Lect.
Math. Theor. Phys., pages 355-374. Eur. Math. Soc., Ziirich, 2014.

Howard Masur. Uniquely ergodic quadratic differentials. Comment. Math.
Helv., 55(2):255-266, 1980.

Howard Masur. Interval exchange transformations and measured foliations.
Ann. of Math. (2), 115(1):169-200, 1982.

Howard Masur. Two boundaries of Teichmiiller space. Duke Math. J.,
49(1):183-190, 1982.

Howard Masur. Ergodic actions of the mapping class group. Proc. Amer. Math.
Soc., 94(3):455-459, 1985.

Howard Masur. Hausdorff dimension of the set of nonergodic foliations of a
quadratic differential. Duke Math. J., 66(3):387-442, 1992.

Howard Masur. Geometry of Teichmiiller space with the Teichmiiller metric.
In Surveys in differential geometry. Vol. XIV. Geometry of Riemann surfaces
and their moduli spaces, volume 14 of Surv. Differ. Geom., pages 295-313. Int.
Press, Somerville, MA, 2009.

John McCarthy. A “Tits-alternative” for subgroups of surface mapping class
groups. Trans. Amer. Math. Soc., 291(2):583-612, 1985.

Yair N. Minsky. Quasi-projections in Teichmiiller space. J. Reine Angew.
Math., 473:121-136, 1996.

Maryam Mirzakhani. Ergodic theory of the earthquake flow. Int. Math. Res.
Not. IMRN, (3):Art. ID rnm116, 39, 2008.

Maryam Mirzakhani. Growth of the number of simple closed geodesics on
hyperbolic surfaces. Ann. of Math. (2), 168(1):97-125, 2008.

Hideki Miyachi. Teichmiiller rays and the Gardiner-Masur boundary of Te-
ichmiiller space II. Geom. Dedicata, 162:283-304, 2013.

John McCarthy and Athanase Papadopoulos. Dynamics on Thurston’s sphere
of projective measured foliations. Comment. Math. Helv., 64(1):133-166, 1989.
Albert Marden and Kurt Strebel. A characterization of Teichmiiller differen-
tials. J. Differential Geom., 37(1):1-29, 1993.

Joseph Maher and Giulio Tiozzo. Random walks on weakly hyperbolic groups.
J. Reine Angew. Math., 742:187-239, 2018.



56

[MW02]
[Pat76]
[Rob03]

[Roy71]

[Sar04]
[Sch77]
[Sis13]
[Sis18]
[ST21]
[Sul79]
[Thusg)]

[Thu97]

[Thu22]

[VeeT7]
[Vees?]
[Wal19]
[Yan14]
[Yan19)
[Yan20]

[Yan24]

INHYEOK CHOI AND DONGRYUL M. KIM

Yair Minsky and Barak Weiss. Nondivergence of horocyclic flows on moduli
space. J. Reine Angew. Math., 552:131-177, 2002.

S. Patterson. The limit set of a Fuchsian group. Acta Math., 136(3-4):241-273,
1976.

Thomas Roblin. Ergodicité et équidistribution en courbure négative. Mém.
Soc. Math. Fr. (N.S.), (95):vi+96, 2003.

H. L. Royden. Automorphisms and isometries of Teichmiiller space. In Ad-
vances in the Theory of Riemann Surfaces (Proc. Conf., Stony Brook, N.Y.,
1969), Ann. of Math. Studies, No. 66, pages 369—-383. Princeton Univ. Press,
Princeton, N.J., 1971.

Omri Sarig. Invariant Radon measures for horocycle flows on abelian covers.
Invent. Math., 157(3):519-551, 2004.

Klaus Schmidt. Cocycles on ergodic transformation groups, volume Vol. 1 of
Macmillan Lectures in Mathematics. Macmillan Co. of India, Ltd., Delhi, 1977.
Alessandro Sisto. Projections and relative hyperbolicity. Enseign. Math. (2),
59(1-2):165-181, 2013.

Alessandro Sisto. Contracting elements and random walks. J. Reine Angew.
Math., 742:79-114, 2018.

Barbara Schapira and Samuel Tapie. Regularity of entropy, geodesic currents
and entropy at infinity. Ann. Sci. Ec. Norm. Supér. (4), 54(1):1-68, 2021.
Dennis Sullivan. The density at infinity of a discrete group of hyperbolic mo-
tions. Inst. Hautes Etudes Sci. Publ. Math., (50):171-202, 1979.

William P. Thurston. On the geometry and dynamics of diffeomorphisms of
surfaces. Bull. Amer. Math. Soc. (N.S.), 19(2):417-431, 1988.

William P. Thurston. Three-dimensional geometry and topology. Vol. 1, vol-
ume 35 of Princeton Mathematical Series. Princeton University Press, Prince-
ton, NJ, 1997. Edited by Silvio Levy.

William P. Thurston. The geometry and topology of three-manifolds. Vol. IV.
American Mathematical Society, Providence, RI, [2022] ©2022. Edited and
with a preface by Steven P. Kerckhoff and a chapter by J. W. Milnor.
William A. Veech. Unique ergodicity of horospherical flows. Amer. J. Math.,
99(4):827-859, 1977.

William A. Veech. Gauss measures for transformations on the space of interval
exchange maps. Ann. of Math. (2), 115(1):201-242, 1982.

Cormac Walsh. The asymptotic geometry of the Teichmiiller metric. Geom.
Dedicata, 200:115-152, 2019.

Wen-yuan Yang. Growth tightness for groups with contracting elements. Math.
Proc. Cambridge Philos. Soc., 157(2):297-319, 2014.

Wen-yuan Yang. Statistically convex-cocompact actions of groups with con-
tracting elements. Int. Math. Res. Not. IMRN, (23):7259-7323, 2019.
Wen-yuan Yang. Genericity of contracting elements in groups. Math. Ann.,
376(3-4):823-861, 2020.

Wen-yuan Yang. Conformal dynamics at infinity for groups with contracting
elements. arXiv preprint arXiv:2208.04861, 2024.

SCHOOL OF MATHEMATICS, KIAS, HOEGI-RO 85, DONGDAEMUN-GU, SEOUL 02455,
SouTH KOREA
Email address: inhyeokchoi48@gmail.com

DEPARTMENT OF MATHEMATICS, YALE UNIVERSITY, NEW HAVEN, CT 06511
Email address: dongryul .kim@yale.edu



	1. Introduction
	2. Teichmüller theory
	3. Hubbard–Masur coordinates for measured laminations
	4. Squeezing property of pseudo-Anosov axes
	5. Contracting and squeezing isometries
	6. Patterson–Sullivan theory with squeezing isometries
	7. Rigidity of ergodic invariant Radon measures
	8. Existence of ergodic invariant Radon measures
	9. Subgroups of mapping classs groups and measure classification
	10. Classification of orbit closures
	References

