PIVOTING TECHNIQUE FOR THE CIRCLE HOMEOMORPHISM GROUP
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ABSTRACT. We adapt Gouézel’s pivoting technique to the circle homeomorphism group. As an
application, we give different proofs of Gilabert Vio’s probabilistic Tits alternative and Malicet’s
exponential decay.
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1. INTRODUCTION

In this paper, we study two consequences of the weak Tits alternative of Margulis’ and Ghys’
weak Tits alternative on Homeo(S'). These consequences are concerned with random walks on
Homeo(S'), and were proven earlier by Martin Gilabert Vio and Dominque Malicet, respectively.
Our purpose is to give a different approach that gives an additional quantitative bound. This
quantitative bound is stable under perturbation of the underlying measure for the random walk.

We make an important remark. We say that a probability measure y on Homeo(S') is nonde-
generate if its support ((supp u)), the complement of the largest open subset of Homeo(S') that
attains zero hitting measure, is a subgroup of G. By nature, ((supp u)) is indeed a subsemigroup,
but is not always a subgroup. This requirement is needed to implement Margulis-Ghys weak Tits
alternative on Homeo(S!).

To begin with, we recall the following theorem recently proven by Martin Gilabert Vio:

Theorem 1.1 ([GV24, Theorem A]). Let u1, p2 be nondegenerate probability measures on Diff} (S*)
such that the actions of G = ({supp u1)) and of Go = ((supp u2)) are proximal, and such that
for every i = 1,2, either

(1) the support of u; is finite, or

(2) the support of ; is included in Diff\t7(S1) for some T € (0,1) and the integrals

_ )
/G max {|glzips 9 12ip}* du(9), /G log /|y du(g),

are finite for some § > 0.

Let (Zy)n>0 and (Z))n>0 be independent (left) random walks generated by p1 and pe, respectively.
Then there exists g € (0,1) such that

P (Zn and Z!, comprise a ping-pong paz’r) >1—-4q"
for alln € Z~y.

We have not defined a ping-pong pair, which will come shortly after. For now, it suffices to
know that ping-pong pairs in Homeo(S!) generates a free subgroup. As a consequence of this
exponential bound, Gilabert Vio proved that independent random walks eventually generate free
subgroups almost surely.

The above Theorem is concerned with random diffeomorphisms in a subgroup with proximal
action. A companion result for more general homeomorphisms is as follows.
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Theorem 1.2 ([GV24, Theorem C]). Let u1, o be nondegenerate probability measures on Homeol (S1)
such that the actions of G1 = ({supp p1)) and of Ga = ({supp u2)) do not admit invariant prob-
ability measure. Let (Zp)nso and (Z),)n>0 be independent (left) random walks generated by 1 and
s, respectively. Then the following holds almost surely:

]\}im {0 <n < N|Z, and Z|, comprise a ping-pong pair}| = 1.
—00

Our first result is that one can describe exponential genericity of ping-pong pairs for independent
random walks on Homeo(S?).

Theorem A. Let py and sz be nondegenerate probability measures on Homeo(S') such that the
actions of G1 = ({supp p1)) and of Ga = ((supp u2)) do not admit invariant probability measure.
Let (Zn)n>0 and (Z])n>o be independent random walks generated by 1 and po, respectively. Then
the following holds almost surely: Then there exists k > 0 such that

(1.1) P (Zn and Z!, comprise a ping-pong paz’r) >1- %e*’m
for alln € Z~y.

Furthermore, the coefficient k is stable under perturbation in the following sense: there exist
neighborhoods Uy of p1 and Us of us in the space of probability measures on Homeo(S') (in the
weak- topology), respectively, so that Inequality holds even if (Z,)n>0 is driven by an arbitrary
measure in Uy and (Z])n>o is driven by an arbitrary measure in Us.

Let us now recall the exponential synchronizing proven by Dominique Malicet.

Theorem 1.3 ([Mall7, Theorem A]). Let u be a probability measure on Homeo(S') such that the
action of G = ((supp p)) does not admit invariant probability measure. Let (Zy,)n>0 be independent
(left) random walks generated by ju. Then there exists ¢ € (0,1) such that for each x € S, for
almost every random path (Zy(w))n>0, there ezists a neighborhood I, of x such that

diam (Z,(w)(I)) < ¢"
for alln € Z~y.

Our second result strengthens this result by providing an exponential bound on the error event:

Theorem B. Let ji be a nondegenerate probability measure on Homeo(S') such that the action of
G = ((supp p)) does not admit invariant probability measure. Let (Zy)n>0 be independent (left)
random walks generated by . Then there exists k > 0 such that for each x € S*,

P <w _ there exists a neighborhood I, of x such that ) 1

(12) diam (Zk(w)(IzM)) < qk) for k>n Zl= e

K

for alln € Z~y.

Furthermore, the coefficient k is stable under perturbation. That means, there exists a neighbor-
hood U of i in the space of probability measures on Homeo(S') (in the weak-+ topology) so that
Inequality holds (for the same uniform k > 0) even if (Z,)n>0 is driven by an arbitrary measure
mU.

This theorem follows from the special case where the action of G is proximal. In such a case,
one can give more description about I :

Theorem C. Let p be a nondegenerate probability measure on Homeo(S') such that the action of
G = ((supp p)) is proximal. Let (Zy,)n>0 be the (left) random walk generated by p. Then there
exists k > 0 such that for each x € S*,

there exists a neighborhood I ., of x such that ) 1

(1.3) P <w : diam(I, ) > 1—¢" and diam (Z(w)(Izw)) < ¢*) for k> n =1- Ee_
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for alln € Z~y.

Furthermore, the coefficient k is stable under perturbation. That means, there exists a neighbor-
hood U of i in the space of probability measures on Homeo(S') (in the weak-+ topology) so that
Inequality[1.4 holds (for the same uniform k> 0) even if (Zy)n>0 is driven by an arbitrary measure
mnU.

Remark 1.4. In Theorem@ and@ it is important that the choice of I, depends on I, . It is
easy to construct a random walk (say, a nearest-neighbor random walk on a surface group acting
on S* = OH?) such that for any nonempty open set O, there erists € > 0 such that

P (diam(Z, - 0) > 1/2) > ¢
for each n € Z~y.

The statements in Theorem [A] [B] [C] still hold even if the the step distributions for the random
walk are independent but non-identical, as long as they are distributed according to measures
chosen from U or U; and Us, respectively.

We finally observe one another result for proximal actions.

Theorem D. Let pi be a nondegenerate probability measure on Homeo(S') such that the action of
G = ((supp p)) is prozimal. Let (Z,)n>0 be the random walk generated by p. Then there exists
k > 0 such that for each xz,y € S*,

1
(1.4) Pzympen (A(Znx, Zny) < e ™) >1— ="
K
for alln € Z~yg.

Furthermore, the coefficient k is stable under perturbation. That means, there exists a neighbor-
hood U of 1 in the space of probability measures on Homeo(S') (in the weak-+ topology) so that
Inequality holds (for the same uniform k > 0) even if (Z,)n>0 s driven by an arbitrary measure
nU.

In Theorem [A]or [D} it is not important if the random walk is a right random walk or left random
walk. Indeed, the estimate is a snapshot at step n. In Antonov’s work and Malicet’s work [MallT],
the authors mainly discussed exponential synchronization for left random walk.

Our results are purely for homeomorphism groups. The only property of the group element that
we use is the following: If I and .J are nested intervals of S, their images are also nested.

Our method is based on Gouézel’s pivoting technique, which is first introduced in [Gou22] and
led to a remarkable exponential estimate for random walks on Gromov hyperbolic spaces. There has
been several attempts to generalize Gouézel’s technique to a broader setting, and this paper is in
line with those efforts. We use Schottky dynamics exhibited by Schottky pairs of homeomorphisms
to implement Gouézel’s pivoting time construction. It turns out that the 1-dimensionality of the
ambient space is somehow crucial, but the more crucial thing is the nesting of the Schottky regions.
For instance, the particular choice of Lebesgue measure (when measuring the diameter of intervals)
is not important; we have:

Theorem 1.5. The statement in Theorem @ and@ hold even if the diameter diam(-) is replaced
with v(-) for an arbitrary probability measure v on S*.

So above, v need not be absolutely continuous with respect to Leb, but could be e.g., a measure
concentrated on a Cantor set or as such.
For brevity, we will only prove Theorem [A] for proximal actions, and Theorem [C|] and The
general case follows from Margulis’ and Ghys’ weak Tits alternative (see Remark .
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2. SCHOTTKY SETS AND RANDOM WALKS

Throughout, we fix the circle S'. We begin with the definition of Schottky pairs and Schottky
sets.

Definition 2.1. Let f be a circle homoemorphism and let Uy, Us be disjoint subsets of S*. If
F(S'\UL) C U, f(S'\U2) CTL

holds, we say that f is a (Uy,Usz)-hyperbolic map. We denote the collection of (U1, Us)-hyperbolic
maps by &(Uy,Uz).

If Uy, Uy are open sets (closed sets, resp.), then &(Uy, Us) is also open (closed, reps.) with respect
to the C%-topology.

Definition 2.2. For disjoint closed intervals Iy, ..., In,J1,...,Jy of St, we call S := &(I1,J1) U
...U6&(Iy,Jy) C Homeo(S') the Schottky set associated to Iy,...,In,J1,...,Jn. We call the
number N the resolution of S. For each s € S there exist unique i such that s € &(1;, J;); for such
an i, we write I(s) := I; and J(s) := J;.

If there is an interval T such that Iy U...U Iy Cint(S'\Z) and J1U...UJy CintZ, we call T
a median for S.

Lete > 0 and let S be a Schottky set associated with disjoint closed intervals Iy, ..., In,J1,...,JN.
If a (Borel) measure i on Homeo(S') satisfies

1(&(L;, J;)) > €/N for eachi=1,... N,
then we say that p is a (S, €)-admissible measure; if u satisfies
1w(S(1;, J;)) = 1/N for eachi=1,...,N,
then we say that pis Schottky-uniform on S.
Note that there are several Schottky-uniform measures on a single Schottky set (because &(I, J)
is not a singleton for most I and J).
For disjoint I, J,I', J" and elements f € &(I,J) and g € &(I',J’), we say that (f, g) is a Schottky

pair. We now recall the seminal result, asked by Ghys and first proved by Margulis. We follow
Ghys’ reformulation.

Theorem 2.3 ([Mar00], [Ghy01]). Let G be any subgroup of Homeo(S'). Then exactly one of the
following holds:
(1) There exists a probability measure on S preserved by each element of G;
(2) Up to semiconjugacy and finite-degree covering, G admits a Schottky pair. That means,
there exists a monotone degree-1 map ¢ : S* — S' and a finite covering map 7 : S* — S1,
together with a homomorphism p : G — p(G) < Homeo(S*) such that

Tocog=p(g)omoc

holds, and such that there exist two elements f,g € p(G) that comprise a Schottky pair.

Furthermore, when the action of G is assumed to be proximal (i.e., infyseq d(gx, gy) = 0 for every
x,y € SY), then (2) must hold, in fact without passing through semiconjugacy and covering map.

Remark 2.4. In [Ghy01], the theorem is stated for Homeo™ (S'), the group of orientation-preserving
circle homeomorphims. But it is not hard to lift this restriction.

Meanwhile, at least to the best of the author’s knowledge, the restriction that G is a subgroup
(rather than subsemigroup) is serious.

So an immediate consequence is:



Corollary 2.5. Let ji be a probability measure on Homeo(S') such that the semigroup ({supp p))
generated by the support of i contains a subgroup of Homeo(S') whose action is prozimal. Then
there exists N such that supp u*V contains a (interval) Schottky pair.

Remark 2.6. In the sequel, we will always assume that the probability measure pu generating the
random walk is non-degenerate on a proximal subgroup. For general case, we consider the push-
forward random walk on p(G), which acts on S' and admits an (interval) Schottky pair. Here,
on S' we endow the pushforward measure (7 o ¢)* Leb of the Lebesgue measure by 7o c. Once the
exponential synchronization is proven downstairs with resepct to (mw o ¢)* Leb, one can recover the
exponential synchronization upstairs with Leb.

It is not hard to “amplify” a Schottky pair into larger Schottky set.

Lemma 2.7. Let i be a probability measure on Homeo(S') such that supp i contains a Schottky
pair. Then for each N € Z~q, there exists € > 0, m € Z~q and a Schottky set S with median whose
resolution is N and such that p*™ is an (S, €)-admissible measure.

Proof. Let (f1, f2) be a Schottky pair in supp p. Then there exists disjoint closed intervals 11, I3, Ji, Jo
on S! such that f; € &(I;, J;) for each i.

If there exists an interval Z such that I; Ul C Z and J; UJy C S* \ Z, we just record it. If there
exists no such Z, it means that Iy, Ji, I, Jo are arranged clockwise or counterclockwise along S*.
In either case, we can take an interval Z that contains .Jo but does not intersect with Iy, J; and Is.
This Z is not a median for (fi, f2) but is a median for {f2, fof1}. Indeed, for

fi=fofr foi= 13, I o= I, Ji = fod, Iy i=Io, Jyi= fala,
we observe f;(S'\ I!) C J{,fi_l(S1 \ J/) C I/ and
JiNJy=fo(inNJe) =0, (ILUL)N(J Uy C(ILLUL)N f2(S'\ 1) C (I; UL) N Jy = 0.
Furthermore, 7 does not intersect with I; and Is but its interior contains f Jo, which in turn
contains J{ and J5. Hence, Z is a median for {f], f3}. Note that f], f; € supp u*2.
Thanks to the argument above, up to replacing p with ;*2, we can assume that the Schottky

pair (fi1, f2) taken in supp p has a median Z. Now we will label some 2N homeomorphisms with
elements of {1,2}". Given o € {1,2}", we construct

Jo = Fa oy foys To o= £ (STNT), o = £oT.
Note that fg sends S* \ I, into J, and fU_2 sends S1 \ Jo into I,. Furthermore, we observe
Jo = for)  fo(v)L = for)* fo(v—1)Jo(v)

C fory  Jorn—1)L = for)*** fo(n—2)Jo(N-1)
c...C Ja(l) CintZ.

For a similar reason we have I, C int(S*\ Z). In short, I, and J,s does not overlap with each other
for any 0,0’ € {1,2}"V. Now let us take distinct elements o and o’ of {1,2}". Then there exists i
such that o (i) # o'(i), and we take a minimal one. Then

Jo C fo) " foti=1)do(i), Jor C for(r)  fori=1)Jor 5)

should not intersect. For a similar reason, I, and I, are disjoint. To sum up, the 2 -2V intervals
{I,,Jy : 0 € {1,2}V} are all pairwise disjoint. It is clear that (supp u*V) intersects with each of
S(I,,J,). Furthermore, Z works as a median: U,I, C intZ and U,J, C int(S!\ Z) hold.

It is now time to enlarge I,, J, slightly so that they remain disjoint. That means, we can find
pairwise disjoint closed intervals {I’,J. : o € {1,2}"} such that I, C int I, J, C intJ, hold. It
is also not hard to retain the property that U, I, C int(S\ Z) and U, J/, C intZ.
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The reason for the enlargement is as follows: for each o € {1,2}", S(int I, int J,) is an open
subset (of Homeo(S')) that intersects with supp u*V, so attains strictly positive p*"-value. This
implies that S = {S(I/,J,/) : 0 € {1,2}"} is a Schottky set with median Z, whose resolution is
2N > N, and such that p*V is (S, €)-admissible for some € > 0. O

2.1. Exponential Synchronization. We now present a central proposition that follows from
pivoting technique. We postpone its proof to the next section.

Proposition 2.8. For each € > 0, m € Z~o and N € Zsas00, there exists k = k(e,m, N) > 0 that
satisfies the following.

Let S be a Schottky set with median T and with resolution N. Let p be a probability measure 1
such that u*™ is an (S, €)-admissible measure.

Then for each n € Z~g, there exists a probability space y,, a measurable subset A, C Q,, a
measurable partition P, = {Eq}a of the set A,, and Homeo(S')-valued random variables

Zn, {wi}iz(],...,mnj ) {Si}izl,“.,[nnj
such that the following holds:
(1) P(4,) > 1— Lern.
(2) Restricted on each equivalence € € Py, € wy, . .. ;W kp| are constant homeomorphisms and
s; are independently distributed according to a Schottky-uniform measures on S.
(8) On A,,, w;Z CT holds for eachi=1,...,|kn] — 1.
(4) Zy is distributed according to ™" and Z, = wos1w1 -+ 8| n|W{kn| holds on A,.

Assuming this proposition, we can now prove the exponential synchronization. Below is the first
ingredient towards that. From now on, we fiz a measure Len on S*. For the purpose of Theorem
[0, [D, these can be taken as the Lebesgue measure. For Theorem one can plug in an arbitrary
measure.

Lemma 2.9. Let w € Homeo(S'), let S be a Schottky set with median T and with resolution N,
and let p be a Schottky-uniform measure on S. Then we have

Py (Len(wsZ) < \/1N Len(wI)) >1- \/1N

Proof. First, let us write S = &(Iy, J1)U...US(In, Jn) for some disjoint closed intervals Iy, ..., In, Ji, ..., Jn.
Recall that each element of &(I;, J;) sends Z into J;. (x) Note that w.Jy,...,wy, are disjointly
contained in wZ. Hence, the sum of their “lengths” is no greater than that of Z, which implies that

Ind = {z : Len(wd;) > \;NLen(wI)}

has at most /N elements. For each i ¢ Ind, (x) tells us that Len(wsZ) < —= Len(wZ) for each
s € 6(I;, J;). Summing up, we observe

2

Psp <Len(wsI) < \;ﬁ Len(wI)) > Psoy (s € 6(I;, J;) i ¢ Ind)

1 1
ZN(N—\/N)zl—ﬁ.

O
Lemma 2.10. Let S be a Schottky set with median Z and with resolution N > 100. Fix homeomor-

phisms wo, . .. ,w, € Homeo(S') that satisfy w;T C T fori=1,...,n. Then for random variables
6



S1,--.,Sn independently distributed according to Schottky-uniform measures on S, we have

P (Len (w051w1 < SpWp -I) < Len (wOI)> >1—e W4,

1
Nn/4
Proof. Again, we start by writing S = &([1,J;) U ... U &(Iy, Jy). Note that for each i, each
element s of &(I;, J;) sends Z into J; and satisfies sZ C Z. In other words, the inclusion

W()I :_) W()SlI :_> W1I :_) Wlsll 2 . :_) WnI (Wk = Wk(S(), PN ,Sk) = wps1wq ... skwk)
holds regardless of the values of s;’s.
Now fixing 0 < k < n — 1 and the choices of {s; : 1 <i < k}, we observe that
1 1
]P)sk+1~Schottky—uniform on S (Len(Wk5k+II) < — Len(WkI)> >1-—

VN

2

thanks to Lemma [2.9] In other words, for

1
Ep :=<(s1,...,8;) : Len(Wy_18:7) < — Len(Wj_1Z) »,
k {(1 k) (Wi—15:Z) NS (kl)}

we have P(Eg11ls1,...,5,) > 1 —1/V/ N regardless of the values of s1,...,s,. Summing up these
conditional probabilities, we obtain

(2.1) i <2n: 1p, > n/2> > P (B(n, 1-1/VN) > n/z) .
k=1

Here, B(n,1 —1/v/N) denotes the binomial random variable, the sum of N independent Bernoulli
random variables with expectation 1 —1/v/ N. We use Markov’s inequality to estimate the latter:

e /2. p (B(n, 1-1/VN) < n/z) <E [e—B(”vl—l/\/m] < <\/1N + e_1>n

Here, the assumption v N 10 implies 1/\/N + e 1 < ¢34  This leads to the estimate
P (B(n, 1-1/V/N) < n/2) e~™/*. Combining this with Inequality we can conclude the
proof. ([l

>
<

We have another analogous computations.

Lemma 2.11. Let 2,y € St, let w € Homeo(S'), let S be a Schottky set with median T and with
resolution N, and let p be a Schottky-uniform measure on S. Then we have

Pooy ({z,y} NI =0) >1-2/N

Proof. Let S = &(I1,J1)U...U6(In,JJn). Then for each i, every element of &(I;,J;) € S sends
7 into J;. Since Jp, ..., Jy are disjoint, Ind := {i : {z,y} N J; # 0} has cardinality at most 2. This
implies

Poup ({z,y} NI =0) > Py (s € 6L, Ji) 1 i ¢ Ind) > —(N —2).

1
~

O
Lemma 2.12. Let x,y € S', let w € Homeo(S') and let S be a Schottky set with median T and
with resolution N > 6. Fix homeomorphisms wq,...,w, € Homeo(Sl) such that w,Z C T for
i=1,...,n. Then for random variables s1, ..., s, independently distributed according to Schottky-
uniform measures on S, we have

P ({:v, y} Nwosiwy -+ - SpwpZ = (Z)) >1—e"
7



Proof. As in the proof of Lemma [2.10]

W()I D) W()Sll' D) Wll— D) W181.’Z 2...2 WnI (Wk = Wk(S(], PN ,Sk;) = wos1wq ... skwk)
holds regardless of the choices of s;’s. Furthermore, when 0 < k <mn —1 and {s; : 1 <1i < k} are
given,

]P)sk+1~Sch0ttky—uniform on S (5k+1I N {Wk_1$7 Wk_ly} = @) >1-— 2/N
holds by Lemma In other words, if we define

Ey = {(81, o) Az y N Wieas L = @},
then we have P(Ej41]s1,...,8k) > 1 —2/N for every choices of si,...,s,. This leads to
P({z,y} nW,Z=0)>P(E1U...UE,)>1—(2/N)">1—¢"™
]

We can interpret the above lemma in the following way. Let S = U;&(1;, J;) be a Schottky set
with median Z and with resolution N > 6. Then S := UiS(J;, I;) becomes another Schottky set
with median S*\ Z. Now, given a Schottky-uniform measure y on S, the measure ji defined by
fi(-) := p(-~1) becomes a Schottky-uniform measure on S. Finally, consider some homeomorphisms
wo, - . . , Wy, that satisfy the following equivalent condition:

wZ CTfori=0,...,n—1ew (S'\I)C (S'\Z)fori=0,...,n—1.
Now by applying Lemma we observe for arbitrary =,y € S' that
P Yot s g H(ST\T) =0) > 1—e "

sl._1 independently Schottky-uniform on S ({‘T’ y} 0wy, n—

Equivalently, we can say

]P)si independently Schottky-uniform on S (w081w1 e SpWnp {x7 y} - I) >1—e

We record this as a separate lemma:

Lemma 2.13. Let 2,y € S', let w € Homeo(S') and let S be a Schottky set with median T
and with resolution N > 6. Fiz homeomorphisms wy, ..., w, € Homeo(S') such that w;T C T
fori=0,...,n—1. Then for random variables s1,...,s, independently distributed according to
Schottky-uniform measures on S, we have

P (w051w1 e Spwp - {z,y} C I) >1—e ™
We can now prove Theorem

Theorem 2.14. For each € >0, m € Z~o and N € Z=a500, there exists k1 = k1(e,m, N) > 0 such
that the following holds.

Let S be a Schottky set with median T and with resolution N and let p be a probability measure
such that p*™ is (S, €)-admissible. Then for everyz,y € S and for every n € Z~q we have

Pz, (A(Znw, Zpy) < e 7)) > 11— ﬁlle’“”.
Proof. Let k = k(e,m,N) be as in Proposition Next, given a positive integer n, we fix the
probability space €2, the measurable subset A,,, the measurable partition P,, = {4} of A4,, and
the random variables Z,, wo, ..., W|xp|s 51, - S|xn| @8 In Proposition
Let £ € P, be an arbitrary equivalence class. Restricted on &, wo,...,w|., | are constant
homeomorphisms and si,...,s|.,| are independently distributed according to Schottky-uniform
measures on S. Furthermore, each of w1, ..., w|., satisty w;Z C Z. This enables us to apply

Lemma 2.10] and B.131
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For convenience, let us define w, := wosjwy - - - 5(0.55n|W|0.5xn |- Lhis map depends on the choices
of s1,...,805kn- By Lemma we have

1‘5) >1—e /4

1
P (Len(wéz = WOS1W1 " * 8|0.5kn) W[0.5xn] " L) < Nl

The event depicted here does not depend on s|g 5 |+1; - - - S|xn] Whatsoever. Moreover, by Lemma
we observe the following regardless of the nature of wy:

n

P (wésLO.SnnJ+1wLO.5nnJ+l © S kn) Wkn {33, y} - wé)I ‘ &, w6> >1l—e

Combined together, we have

1
I - — e N1 — e _ 9. /4
P(d(Zna:,Zny) < Len(wy-Z) < G ‘E) >(1—-e™)(1-e")>1—-2-e ™"
Since we observe this lower bound on each of £ € P,,, we can sum up the conditional probability

to deduce
P (d(Znw, Zny) < N~W/B) > N PE)P (d(Znw, Zuy) < N™UI/8 ] €)
EePn,

> > PE)-(1-2e)

EePy

(12 B(4,) 2 (1 2 (1 - Lo,

Theorem [D{now follows from Theorem together with Corollary and Lemma (assuming
Proposition [2.8]). For the perturbation part, it suffices to observe the following: if pi™ is (S, €)-

admissible for some p,m, S, e, then p*™ is (S,€/2)-admissible for every p in a sufficiently small
neighborhood of . We will prove this in the appendix.

2.2. Probabilistic Tits alternative. We now turn to the proof of Theorem [A]

Lemma 2.15. Let N be an integer greater than 4. Let I1,...,In,J1,...,JN be intervals such that
I, ..., In are mutually disjoint and Jy, ..., JJn are mutually disjoint. Then for any homeomorphism
g € Homeo(S1), we have

#{(i,j) € {1,...,N}? : I; and gJ; intersect} < 3NVN.
Proof. We first let
C=C(g) := {Ii:#{jzliﬂngyé@}Z\/N}
Then each element of C meets more than 2 out of {g.Ji,...,gJn}, so it is not completely contained

in a single J;. Hence, each gJ; can meet at most 2 elements of C (otherwise g.J; will contain an
element of C). Hence,

2N =2#{gJ;:j=1,...,N} > 2#{gJ; : gJ; meets some element of C}
> #{(L;,9J;) : IingJ; #0,I; € C}
> #C-min#{J; : I N gJ; # 0}
> #CVN

holds, which implies that C has at most 2v/N elements.
Now fixing I; ¢ C, the number of gJ; that meets I; is at most v/N. Summing up, we have

#{(i,j) € {1,...,N}?: I, and gJ; intersect} < #C- N + (N — #C) - VN
<2NVN +NVN =3NVN. O



Lemma 2.16. Let S and S” be Schottky sets with median T and I', respectively, and with resolution
N > 4. Let s and s’ be independent random variables that are Schottky-uniform on S and S,
respectively. Then for each g € Homeo(S') we have

P (s’gsf - intl") >1-— 3/\/N
Proof. Let S = &(I1, 1) U...U6(In,Jn) and S" = &(I1, J7) U...US(I}, Jy). Then for each ¢,

the inverse s'~1 of an arbitrary element s’ of (1, J/) sends S! \ Z’ into I]. Meanwhile, an arbitrary

element s of &(1;, J;) sends Z into J;. Now Lemma tells us that
Ind := {(i,7) : I and gJ; intersect}

has at most 3NV/N elements. Moreover, given (i, j) ¢ Ind, for every s € &(I;, J;) and s’ € &(17, J;)
we have

gsZ C gJ; C St \ I/ C s lintZ’

Summing up, we arrive at

P(s'gsI CintI') > P (s € &(I;, J;), s’ € &I}, J)) : (i,§) ¢ Ind) >1—-3/VN. O

313
Lemma 2.17. Let S and S’ be Schottky sets with median T and ', respectively, and with resolution
N > 100. Fori=1,...,n, let s; be a Schottky-uniform measure on S and let s_; be a Schottky-

uniform measure on S’. Suppose that {s; : 1 < |i| < n} are all independent. Fiz homeomorphisms
{w; : = < i < n} such that
wZCZI, w,I'CT (1<i<n).
Then we have
P (w_ns_n S W_18_1 - Wo - SLW - - - SpWn - L C intI’) >1—e "
Note that we have not assumed any restriction on wg in Lemma [2.17

Proof. We define Wy := id and define Wy := sqwy -+ - spwg, W_p := w_ps_p---w_15_1. Then the
following inclusion holds:

WoZ 2 Wys1Z D W1Z D WhiseZ O ... D W, 7,

Wyl C (s W) ' CW'T C (s oaW_) ' CWIT' C...CcWIT,

regardless of the choices of s;’s. We now define

B = {(s,k, ceeyS—1, 81,0 SE) (s,kW,(k,l))*l intZ' D Wk,lskf}.
Then Lemma 2.16] tells us that

P (Eji1| sk, -.r86) >1-3/VN >1-1/e
holds regardless of the choices of s_g, ..., sp. Summing up the conditional probabilities, we conclude
P(W, I CW_intT) >P(E;U...UE,) >1—(1/e)" >1—e "™ O

Theorem 2.18. Let S and S’ be Schottky sets with median Z and median ', respectively, with
resolution N > 100. Let p and p' be Schottky-uniform measures on S and S’, respectively. Fiz

homeomorphisms wo, Vo, W1, V1, . - . , Wan, Vo, € Homeo(S1) such that
wZICZI, v;I'CT (i=1,....2n—1)
Let s1,...,80, (t1,...,ton, resp.) be random variables distributed according to a Schottky-uniform

measure on S (S', resp.), all independent. Then we have

P WeSLWY - - - SopWap and Vol1v7 - - - t4nVay cOMpPTISE >1_ 667”/10
a Schottky pair and generate a free subgroup - ’
10



Proof. We define the following events.

Ey = {3n+1wn+1 ++ SonWan - WoSIWI - SpwpZ C intI}’

Ey = {tn10n41 - - tanVan - vot101 - - - Ly’ Cint I'},

Es = {Sn+1wn+1 S+ SonWan - Vot1v1L - tpvp T C intI}’

By = {tnt10n41 - - - tanvan - wos1wy - - spw, L Cint '},

By = {Sp41Wnt1 - S20Wan - Vgt -Vt - ST\ T Cint T},

Eg = {v, 't oy g wosiwn - spwy - T Cint(ST\ )

Let us study the first event. Here, s;’s are Schottky-uniformly and independently distributed on S,
7 is a median for S, and w;Z C Z holds for each i # 0,2n. (Note that wa, - wg does not nest I.) By
Lemma we conclude P(F7) > 1—e~ ™. For a similar reason, we conclude that the probabilities
of Fo, E3 and E4 are all at least 1 — e™".

Before studying the fifth event, let us first write S’ = &(I7, J]) U... U S (I}, Jyy) and revert it:
S i=6(J), I1)U...U&(Jy, I). Then s;’s are Schottky-uniformly and independently distributed
on S, whereas t;l’s are Schottky-uniformly and independently distributed on S’. Moreover, T is a
median for S and w;Z C Z holds for each i, whereas S\ Z’ is a median for S’ and v; *(S*\ Z’) C
(S1\ Z') holds for each i, Now, Lemma tells us taht P(E5) > 1—e™". A similar argument tells
us that P(Eg) > 1 —e ™.

Now in the event E1UFEsUFE3UE,U E5U Eg, we will investigate the configuration of the intervals

W .= (Sn+1Wnt1 -+ - Sangn)_l(Sl \ intZ),
I® = (t 1041 - toquon) L - (ST int Z7),
JO = wWoS1W1 - - - SpwpZ,

J? .= votivy - - - tponZ'.

First, since we are in the event Ey, I and J® does not overlap with each other. Similarly, the
definition of F tells us that I and J® do not meet. The definition of Fj (E4, E5 and Eg, resp.)
tells us that 7 and J?) (I(Q) and JO: 1MW and 1@ JO) and J@, resp.) do not meet. In summary,
all the 4 intervals are mutually disjoint in the event nglEk. Meanwhile, wgsiwy - - - Sopway, sends
ST\ IM into int JV and wvotqvy - - - tanvay, sends St \I(Q) into int J(?).

In conclusion, wgsiwy - - - Sopwe, and votivy - - - topvo, comprise a Schottky pair associated with
disjoint intervals I, 1) JO) J2) and generate a (rank-2) free subgroup of Homeo(S!), when in
the event nglEk. Since P(E}) < e™" for each k, we conclude that nglEk has probability at least
1—6e™". ]

Now as in the proof of Theorem [2.14] we can derive the following theorem from Theorem [2.1§]
using the probability space and measurable partition guaranteed in Proposition [2.8

Theorem 2.19. For each € >0, m € Z~g and N € Zsa500, there ezists ko = ka(e,m, N) > 0 that
satisfies the following.

Let S and S’ be Schottky sets with medians, with resolution N. Let u and ' be probability
measures on Homeo(S') such that u*™ is (S, €)-admissible and p/*™ is (S', €)-admissible. Then for
each n € Z~y we have

1
P(z,,21 )~ xcprsn (Zn, Z! comprise a Schottky pair and generate a free subgroup) >1— —e ™"

K2
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2.3. Local contraction. Note that Theorem [A]and [D]are regarding “snapshots” of a random walk
at a certain step. Meanwhile, Theorem |C| asks for a specific choice of I, ,, when the input z € S 1
and a sample point w in the probability space is given. This does not only rely on the distribution
w™ of Z, for each n, their entire joint distribution. In fact, the same result will not hold for right
random walk.

Proof. To begin the proof, let x be as in Proposition for ¢,m and N. To ease the notation, we
will assume that 1/k € N. Then it suffices to prove the statement only for n being multiples of
100/k.
Let us consider a large ambient space
Q= (G"0, 1u">0)

equipped with i.i.d.s g; distributed according to u. We adopt the left random walk convention in
this proof, i.e., Z; :=¢g; - g1.
We now regard 2 as a product space

"‘XQE}XQQXQl::Q,

where €2 is the space for the coordinates (g,,(2k_1ys Gn(2rk—1)—1s- - -+ In(2r-1-1)41) for & > 1. Note
the relation

In(2k—1) """ Gn(2k—1-1)41 = Zn(Qk—l) ’ Zn_(lzk—l_l_;’_l)_l (l =0,... 7n2k_1 - 1)

We now apply Proposition [2.8]for each of Q. Then €y, is now equipped with a measurable subset
A®) | a measurable partition P*) = {Eék)}a of A®) and random variables

k k
{wz( )}iZO,---,nnZk*h {35 )}i:L...,nnZk*l

such that:
k 1 —r-2k1
(1) P(A®) > 1 — Le=n2"
(2) Restricted on each equivalence £ € P, w(()k), e ,wg;)k,l are constant homeomorphisms and
sgk) are independently distributed according to a Schottky-uniform measures on S.

(3) On A, wgk)I C 7 holds for each i = 1,...,k2F"1 — 1;
(4) For each w € A% we have

k k k k
wi? (@) (@) - 88 (@) (©) = gnak—1) (@) Fnt—1)-1 (@) Ggar-1 1)1 (@)

(2.2) -1
= Zn(Qk—l)(w) ’ Zn(Qk—l_l)(w)'

Also, the partitions P*)’s for distinct k’s are all independent.
Let us now define the event
- . (k1) (k+1) (k+1) (k+1) (k) (k) (k) k) (k)
B = {w LS50 orn2k+1W0.0km2k 41" Sen2h Wenok W0 ST WL 80 ok 1 Wo qenok1 L © I}'

For each & € P*+D and & € P®| the conditional probability of F}, on &' x € is at least 1—e 0182
by Lemma . Also, the probability of A®+1) x AK) is at least 1 — %e*’ﬁk_l. Summing up the
conditional probability, we conclude

P(F) > 1—(2/k+1)e 02 (p=1,2,..)

Next, for each k > 1 and for each n(2¥ — 1) < t < n(2¥! — 1), we define

_ k) (k) (k k k 1
End, := {Len (Zth(12k—1) ' w(() )Sg )wg g S(().5)Hn2k*1w(().5)fm2k*1 'I) < e0.01xt }

12



For each choice of (g,,(ar+1_1),- - -, Gp2k—1)41) € Qg1 and each & € Pk ZtZ;(1

2k—1)
(()k),w(k), ..., whereas sgk), sgk), ... are independently Schottky-uniformly distributed
-2.10

tells us that P(Endy | gport1-1ys- -+ G2k —1)+1:€) = 1 — e 00IRt  Symming

is pinned down

together with w
on S. Now Lemma,
up the conditional probability across ;11 X A®) whose total probability is at least 1 — %e*“Qk_l
we conclude that

9

P(Endy) >1— (1/k+1)e %% (t=nn+1,n+2,...).
We now claim:

Claim 2.20. Letw € (Ui":1 Fk) N (Ufin Endt). Then for each t > n and for each interval I such
that
IC ( (1) (1) 5(1)w(1))—1 T,

50.5kn+1W0.55n+1 """ Skn Wekn
we have Len(Z,I) < e 001t

To prove the claim let ¢t > n and let k > 1 be such that n(2F —1) <t < n(2F!' —1). If k =1,
the claim follows from the definition that

Zihey w50 s il = (i sl
and that w € End;. When k is larger than 1, we note that
27 gy 0l s T
2 ZtZr:(IZ’Ll) ' wék)sgk)wgk) "' 3(()2,{”2;@_1,110(()]3“”21“_1,1 -z
2 ZtZr:(lzkfl) ' w(()k)sgk)wgk) o S((J].Cs;ankfl—lw(()lgm2kflfl’
R A TSR S ST (R ST Y

_ -1 (k—1) [(k=1)  (k—1) (k=1) (k=1)
=2t Zygr-1_qy Wo ST WL Sy ok 2 Wy ok o T
Here, the first inclusion is due to the fact that sZ C Z and wgk)I C 7 for any s € S and any wZ(j ),
The second inclusion is because of w € Fj_1, and the third equality is using Equation [2.2]
We can keep going like this and arrive at the inclusion

7250 uP sy o)
for any [ between 0.1kn and xn — 1 (thanks to the fact that sZ C Z and wgl)I C 7). By using the
relation for [ = 0.5kn we establish the claim.

Finally, let us estimate the probability of

1 1 1 1)\ —1
Len ((Sé.gnnJrlw((lgﬁnJrl T Sfﬁn)w,‘(i’n? . I)

— 1)\ — 1)\ — 1 _ 1 _
Dec:= 3 =1~ TLen ((wht)) 7 (s0) ™+ (0§ s1) (580 - (S1\ D))
>1-0.017/4

Here, note that S\ Z is a median for S, the reverted version of S, on which each (sl(-l))_l

are independently distributed according to Schottky-uniform measures. Moreover, (w§1))_1(5 Wz
holds for each i # 0, kn. Hence, we can apply Lemma and conclude that P(Dec) > 1 — e /4,

In conclusion, we have found a set (Uzoz1 Fk) N (ug’;n Endt) N Dec, whose complement has
exponentially decaying probability in n, such that for each sample w in the set, there exists an
interval of length at least 1 — 0.01™/% that gets exponentially contracted at every step ¢ > n. This
finishes the proof of Theorem [C}

t
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3. PIVOTING TECHNIQUE

In this section, we explain Gouézel’s pivoting technique that was introduced in [Gou22]. It was
later applied to a broader setting in [Cho22].
As a warm-up, we observe the following.

Lemma 3.1. For each € > 0 and m € Zsq, there exists k = k(e,m, N) such that the following
holds.

Let S be a Schottky set and let u be a probability measure on Homeo(S') such that p*™ is an
(S, €)-admissible measure. Then for eachn € Zyso, there exists a probability space Qy,, a measurable
subset Ay, C Q,, a measurable partition Py, = {Ea}a of Ay, and Homeo(S')-valued random variables

Zn, {wi}i:07...,|ﬁnj ) {7“2‘, Si, ti}i:l,...7L/€nJ
that satisfy the following.
(1) P(Ap) >1— Le=rn,

(2) When restricted on each equivalence class £ € Py, wo, ..., Wy, are each fized constant
maps and 1y, s;,t; are independent random wvariables distributed according to a Schottky-
uniform measure on S.

(8) Zy, is distributed according to p*™ on y,, and

Zn = wori1sitiwy - - 'TLHHJSLNthLHanLHnJ
holds on A,,.
Proof. 1t suffices to prove this for n being a multiple of 3m. Indeed, for n = 3mk+1 (1 <1< 3m—1)

we can treat as follows: we first take Qspx, Pk, (ws)i, (74, i, t;); using the proposition and consider
(G', ') (where G = Homeo(S')). And then we define

kst = Qi x G,
Pkt := Pk X G = {Ea X (91,1 q1) : Ea € Pk, (91,---,91) € G'}

We then keep (w;);, (i, si, ti); but replace w),y,| With w)|,.,| - g1--- g to realize the conclusions for
n = 3mk + L.

We now begin our proof for 3m|n. Since p*™ is (5, €)-admissible, we can construct a probability
measure f1g that is Schottky-uniform on S and another probability measure v on Homeo(S!) such
that

M*?)m — 63,u§3 + (1 _ 63)1/
holds. Now, we construct Bernoulli RVs (p;)5°, with expectation e, RVs (nZ(l))fil, (nZ@))fil and
(771(3))521 each distributed according to pg, RVs (v4)52, distributed according to v, all independently,
and then define g;’s by

gi = 77,(1) ‘mQ) '7753) when p; =1, g; = v; when p; = 0.

This way, g1, g2, - . . become i.i.d.s distributed according to x3™. We now collect the indices at which
p; attains value 1:

{i1)<i2)<...} ={1<i<n/3m:p; =1}, N:=#{1<i<n/3m:p; =1}
Then Markov’s inequality implies

e—en/lOm_P(N < en/lOm) <E [e—B(n/Sm,e):| < (1_6(1_6—1))n/3m < (1_0.6€)n/3m < e—O.G.en/?;m'
14



Hence, the probability of N < en/10m is at most e~*/1™  Now on the event {N > en/10m} we
construct

i(1)—1
’LUO = H g’L fry 1/1 e Vi(l)—l?
i=1

i) —1
w= [ 9 =v@+ vigrn- (I=1,...,[en/10m] —1)
i=i(1)+1
n/3m
Wlen/10m] = H 9i = Vi(len/10m|)+1 """ Vn/3m

i=i(|en/10m])+1

and set (ry, s, 1) := (771((11))777@((21))7771(3))) for each I =1,...,|en/10m|. Then

Zp = 9192 Gn/3 = WOT1S101W1 * " T en/10m | S [en/10m || en/10m| W en/10m)]

is distributed according to p*"*. We can then finish the proof by declaring the equivalence relation
based on the values of {p;,n; : I} and {17[(1),77[(2), 77[(3) 1> i([en/10m])}. O

Let us now recall the trick we used in Lemma .15

Definition 3.2. Let S = UY &(l;,J;) be a Schottky set with resolution N. For each g €
Homeo(S'), we define

C(g;S) == {L;: #{j : IingJ; #0} > VN}.
Furthermore, for each interval I C S* we define

R(I;S) :={J;: J; NI # 0}

Lemma 3.3. Let S be a Schottky set with resolution N and let g € Homeo(S') be a homeomor-
phism. Then the cardinality of C(g;S) is at most 2/ N. Furthermore, for every I € C(g;S), the
cardinality of R(g~'I;S) is at most 2v/N.

Before proceeding to the definition of pivotal times, we recall the notation introduced earlier:
when a Schottky set S = UN &(1;, J;) is understood, each element s of S belongs to some &(I;, J;).
In this situation, we write I(s) for I; and J(s) for J;.

Definition 3.4. Let
S = Uﬁle(fi, Ji)
be a Schottky set with a median I. Fizing a sequence w = (w;):2, in Homeo(S), we draw sequences
r= (1), = (81)21,t = (t;)2, from S. We use the following recursive notation:
Wo = wo, Wy := Wyh_1 - mpspty - wy (n > 0).
For each n € Z>q, we define the pivotal intervals L, = Ly(r,s,t;w) C S and the set of pivotal
times P, (r,s,t;w) C {1,...,n} in the following recursive manner:
(1) for n =0, we let Ly :=Z, Py := 0.
(2) for each n > 1, we divide into the following two cases:
(A) If J(rp) C W, Y Loy AND I(t,) ¢ C(wn;S) holds, then we define Ly := Wy_1rps,T
and P, := P,_1 U{n}.
(B) If J(r) C W, ' L1 OR I(t,) ¢ C(wn;S) does not hold, we consider the set

15



(i) If Q is nonempty, we set k := maxQ and define L, := Wy_1rgsipZ, P, =
P,_1n{1,...,k}.
(ii) If Q is empty, then we set L, := W, Z, P, := .

The following observation is immediate.

Lemma 3.5. In the setting of Definition for each n € Zsq, the outputs P,(r,s,t;w) and

Ly(r,s,t;w) depend only on the values of (14, si, t;)iy, (wi)i_y and not on the values of (1;, si, ti, wi)72, |1

(2

Next, we observe that the images of Z at the pivotal times are nested. This follows from:

Lemma 3.6. In the setting of Definition let w € Zsg and let I < m be two consecutive
elements in P,, i..e, ,m € P, and | = max(P, N {1,...,m — 1}). Then we have Wi_1ris;Z 2
Wi_yrsiti(S\ I(t1)) 2 Wi—1rmZ.

Proof. Recall first the property of medians for a Schottky set: we have S'\ I(t) C t~!Z for every
t € S. This implies the first desired inclusion. For the second desired inclusion, we claim that:

Claim 3.7. The index | must have been added when P, was constructed out of P,_1. In other words,
P,_1 = P, U{l} holds.

Suppose to the contrary that P, is a subset of P,_y C {1,...,l —1}. Then not only P, but all of
Piy1, Piya, ... cannot contain [. This is because there is no mechanism [ can be added at the time
of the construction Ppy1, Ppy2, .... This contradicts the fact that P, 3 [, and the claim follows.

For a similar reason, we have m € P,,. Hence, scenario (2-A) must have held at step n =1 and
n=m.

Next claim is as follows.

Claim 3.8. P,N{l,...,m — 1} = P,,_1 holds.

First, note that the elements of P, smaller than or equal to m — 1 must have been acquired no
later than step m — 1, and then must have never been lost thereafter. Hence, they all belong to
P,,_1. Meanwhile, all elements P,,_1 should have remained till step u for the following reason. If
an element of P,,,_1 C {1,...,m — 1} was lost at some step n (n = m,...,u), it would mean that
scenario (2-B) was the case at step n, with £ = max Q being smaller than m — 1. This means that
P, lost not only P,,_1 but also m, which contradicts P, © m. Hence the claim follows.

We now finish the proof by dividing into two cases.

(1) I =m — 1: this means that scenario (2-A) was the case at both step | and step m =1+ 1.
Hence, J(r;41) C VVl_lLl := (tjw;)~'Z must be the case. This implies

ri1Z C J(rip1) C (wy) ' Z, Wir I € Wiltywy) ' = Wi_ymisiZ

as desired.
(2) I <m —1: in this case, Py,—1 = P,N{l,...,m —1} C{1,...,l} does not contain m — 1 so
scenario (2-B) must have been the case at step n = m—1. But still, P,,—; = P,N{1,...,m—

1} contains an element [ so scenario (2-B-ii) is ruled out. Thus, scenario (2-B-i) was the case
and [ must have been the maximum element of Q. This leads to L,,_1 := Wj_1rs;Z. We
now know that scenario (2-A) was the case at step n = m, which implies J (r,,) € W, Ly, _1.
Hence, we conclude

ermI - WmJ(rm) - Lm—l = VVlflrlslli

Recall once again that Z D sZ for every s € S. This combined with Lemma [3.6] implies:
16



Corollary 3.9. In the setting of Definition[3.4) let n € Z>q and let P, := {i(1) < i(2) < ... <
i(#P,)}. Then we have

Wiy—1mi)Z 2 Wiay—1riysiyZ 2 Wie)-17i2)Z 2 Wiy-17i2)Si2) L 2
o 2 Wigp)—1Tigr) T 2 Wigp,)—1Ti#P,) Si#P) L

Next, we will observe that scenario (2-A) have high chance in Definition when r,s,t are
drawn based on a Schottky-uniform measure.

Lemma 3.10. Let S be a Schottky set with median, with resolution N, and let n € Z~g. Fix a
sequence w = (w;)%, in Homeo(S') and a sequence s = (s;)32, in S. Further, fiz two sequences
r= ()2, t = (t;)2, in S except the n-th entries. Then for any Schottky-uniform probability
measure on S, we have

Prn,tn: ti.d. ~p (#Pn(ra S,t;W) = #Pnfl(ra S,t; W) + 1) >1- 4/\/N

Proof. Let us denote the disjoint intervals associated with S by {I;,J; : i = 1,..., N}. Note that
the set P,,_1 and the interval L,,_1 are determined from the fixed inputs. Now at step n — 1 of the
pivotal set construction, three possibilities arise:

(1) scenario (2-A) holds: Then we havel(t,—1) € C(wn—1;S) Lpn—1 = Wy_orn_15n—1Z.

(2) scenario (2-B-i) holds: Then I(ty) € C(wyW, 'W,,_1;S) and L,,—1 := Wy_1715;Z holds for

k=maxP,_1.
(3) scenario (2-B-ii) holds: Then L,,_; := W,,_1Z contains every W,,_1J;.
The event under consideration is equivalent to saying that scenario (2-A) takes place at step n.

First, Lemma [3.3| asserts that

1 2
Pt (I(tn) € C(wy; S)) < N 2VN = ﬁ
Let us now observe the condition J(r,) C Wn__lan,l in the three possibilities above.
(1) scenario (2-A) holds: using Lemma and the fact that I(¢,—1) € C(wp—1;95), we realize
that R (w;,11(t,—1); S) has at most 2v/N elements. Moreover, when J(r,) ¢ R (w;,11(t,—1); S)
holds true,

J(rn) € S*\ (intw, ! T(t,—1)) C w;?

n—

1t;i12 = nglwn—ﬂ"n—lsn—lz = W;len—l
also follows. In view of this, we conclude
Py (J (1) € Wi i Lnet) > Pry (T () & R(wy 2 I(tn-1); S)) > 1 —2/VN.

(2) scenario (2-B-i) holds: using Lemma and the I(t;) € C(wpW; 'W,_1;S), we real-
ize that R(WJEIWkwI;lI(tk);S) has at most 2v/N elements. Moreover, when J(r,) ¢
R(W, 2 Wiw, 'I(t); S) holds true,

J(ry) € S™\ (int W, 2, Wiw; M I(ty)) C W, i Wiwy 't = W, i Wi _yrgesi T = W, Y Ly

follows. Now a calculation analogous to the one in Ttem (1) tells us that J(r,) € W, ' L,,_1
happens for probability at least 1 — 2/ V'N.
(3) scenario (2-B-ii) holds: Then whatever J(r,,) is among Jy, ..., Jx, W, L,—1 = Z holds.
Based on our estimates for the probabilities for I(t,) ¢ C(wy;S) and J(r,) € W} L,_1 in the
above three cases, we can conclude that #P,+1 = #P, happens for probability at least 1 —

4/V/N. O

We now prove a crucial lemma. Roughly speaking, it asserts that changing choices for s at the
pivotal times does not change the set of pivotal times.
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Lemma 3.11. Let S be a Schottky set with a median, let n € Zwo and let w = (w;)}_, be a sequence
in Homeo(S!). Let r = (r;)21,8 = (81)321,8 = (8:)21,t = ()2, be sequences in S. If we have:

si =38; for each i € {1,...,n}\ P,(r,s, t;w),
then fP(r,s,t;w) = Pj(r,s,t;w) holds for each 1 <1 <mn.
Proof. As an elementary version of this lemma, let us consider:

Claim 3.12. In the setting as above, let k € P,(r,s,t;w) be an arbitrary pivotal time. If s; = §
holds for alll # k, then Pj(r,s,t;w) = Pi(r,s,t;w) holds for all 1 <1 <n.

Put in other words, this claim asserts that changing the choice at a single pivotal time does not
change the set of pivotal times (at step 1,...,n). Assuming this claim, in the setting of lemma,
we can move from s to § by changing the choices at the pivotal times, one per each time; then P;’s
remain unchanged, and the desired statement holds.

It remains to prove the claim. We will omit w,r,t in the sequel as they are fixed forever. When [
is smaller than k, P(s) only depends on s, ..., sx_1 (and other fixed inputs w,r, t), so it coincides
with P;(8). Similarly, the value of L; should coincide for the two inputs.

At step | = k, we note that k € P,(s). Hence, scenario (2-A) must have held. Here, note that
the two conditions

J(Tk) - Wk__llkal, I(tk) ¢ C(wk; S)

only depend on sy, ..., sx_1 (and other fixed inputs w,r,t). Hence, these conditions are unchanged
after switching si to S, and we have

Pi(8) = Pr—1(8) U{k} = Pr_1(s) U{k} = Pi(s).
At this moment, note the relation
Ly(s) = Wy_1rksiZ, Li(S) = Wi_1rpsiZ = g - Wi_aresiZ (g = Wk_lrkEkslzlr,ngl;ll).
and Wi(s) = g - Wi(s) for each k <1 <n.
Now, we inductively prove the following for k <1 < n:

(1) If scenario (2-A) holds at step [ for the input s, the same is true for the input s.
(2) If scenario (2-B-i) holds at step [ for the input s, the same is true for the input §
(3) scenario (2-B-ii) does not happen at step I.

(4) In every case, Pi(s) = P(S) and L;(8) = gL(s) hold.

As the base case, we have observed Item (4) for | = k. For general k < [ < n, we will start by
assuming Item(4) for [ — 1. Recall the conditions for scenario (2-A) at step [, for the input s:

J(r) CWi_1(s) ™ Li_i(s), I(t;) ¢ C(wy; S).

The latter one is clearly independent of the inputs s. Furthermore, the inductive hypothesis tells
us that

[J(r) S Wiea(s) ' Lica(s)] & [J(r) S Wiea(s) g™ - gLioa(s) = Wi1(8) ' Li—1(8)].

In summary, scenario (2-A) at step [ for the input s is equivalent to the one for S. Furthermore,
when these equivalent conditions hold true,

Pi(8) = Pra(8) U {1} = Pis(s) U {1} = Bi(s)
and
Ll(g) = VVZ(§) . (tlwl)’lI = gVVl(g) . (tlwl)’ll = ng(S)

also holds.
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If scenario (2-B) holds for the input s, the same is true for s’ because of the observation just
before. We then focus on the set

Qs) = Q(ss1) i= {i € Py + I(t) ¢ C(wy - Wils) ' Wi(s); S) }
Here, recall that W;(s) = gW;(s) for ¢ > k. This implies that
Qs )Nk k+1,.... -1y =06 0N {kk+1,...,0—1}.

Meanwhile, we know that k is alive in P,(s). This means that k¥ must not have been lost at step [.
In other words, even if scenario (2-B) is in effect at step [, Q(s;/) must contain an element greater
than or equal to k. Hence, scenario (2-B-ii) is ruled out.

For this reason, Q(s;)N{k,k+1,...,1—1} = OQ(s;))N{k,k+1,...,l—1} is nonempty. Because
the maximum elements of Q(s) and Q(S) are taken in this upper sections, we conclude that the
two sets have the same maximum u. We then conclude

P(S) = Pa(®) N {1,...,u} = Ba(s) O {L,...,u} = Pi(s)
and
Ly(8) := Wu(S) - (tuwy)™ 'T=gW, (s)(t uWU)_II: gLu(s)
Here we used the fact that w > k. This ends the proof. O

Thanks to the previous lemma, we can now declare an equivalence relation based on the change
of choices at the pivotal times, or in short, pivoting.

Definition 3.13. Let S be a Schottky set with a median and let w be a sequence in Homeo(S1), as in
the setting of Deﬁnition. We fiz an integer n € Z~q. Now, on the ambient set S7>0 x §%>0 x §%>0
parametrized by coordinates (r,s,t), we declare the following equivalence relation:

_ - ri =7 and t; =t; for each i € Z=o\{n+ 1} and
[(r,5,8) ~n (F,5,8)] & Si = s for each i € Zso \Py(r,s, t;w)

The fact that this is indeed an equivalence relation follows from Lemma [3.5] and Lemma (3.11
Note that this equivalence relation crucially depends on the value of n.

By abuse of notation, we will use (r,s,t) for the coordinate functions on S%>0 x §%>0 x §Z>o.
each element will be characterized by its value of r,79,...,5s1,89,...,t1,t2,.... Now consider an
arbitrary equivalence class & C §2>0 x §%2>0 x §2>0 made by ~,,. Then every element of £ have the
common (n-th step) set of pivotal times P,, which we denote by P, (£). On &, r; and t; can take
arbitrary values in S for i = n 4+ 1 and are fixed for i # n + 1. On &, s; can take arbitrary values
in S for i € P,(€) and is fixed for i ¢ P,(E).

When S is endowed with a probability measure p, the ambient space SZ>0 x §%>0 x §Z>0
also becomes a probability space (with the product measure of u’s). Here, 7, s;,t;’s become p-
ii.d.s. Now if we restrict ourselves on E-the arbitrary equivalence rlation, {r;,t; : i # n + 1},
{si 11 ¢ P,(E)} are all fixed constants and {s; : i € P,,(E)}, {rn+1,tn+1} are p-ii.d.s.

Proposition 3.14. Let S be a Schottky set with a median and with resolution N, and let p be a
Schottky-uniform measure on S. Fiz a sequence w in Homeo(S') and fit n € Z~q. Let Ef be an
equivalence class made by ~,, given on SZ>0 x §%Z>0 x §Z>0_ Then for each j > 0, we have

P{Ti,8i7ti 14> 0} p-iid.s (#Pn—i-l(r: S,t; W) < #Pn(r7 S, t? W) - 8) S (4/\/N)j+l

Proof. For notational convenience, we denote P, (), the common n-th step set of pivotal times,
by {i(M) <i(M —1) <...<i(2) <i(l)} (with M = #P,(E)). Here, M and i(1),i(2),...,i(M)
are fixed information across &, as well as {w; : i > 0}, {ri,t; : i #n+1},{s; : i ¢ P,(E)}. In
other words, elements in £ are pinned down by the values of (si( M)s -5 Si(1)s Tnt1s tn+1)which are
p-ii.d.s.
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We will now define sets
AO C S x S,

Al(rn—i-lvtn-&-l) C S
Aa(8i(1), Tnt1,tnt1) € S,

)

AM(Si(M—l)a <o 5i(1) T'nt1) tnt1) €S
and prove:
Claim 3.15. (1) Puxu(A¢) > 1—4/VN.
(2) For every (siar)s- - -»8i(1), Tnt1,tnt1) € SMA2 if (rugt1,tai1) € Ag holds, then we have
H#P(Si(Mrys - - -5 Si(1)s Tty tnt1) = #Pa(Siary, - - - 8i1)) + 1
(8) For every 1 <1 < M and for every (sj—1y,---»Si(1)s Tn+1,tn+1) € S we have

Py (Si) € Ai(Sii—1)s - - Si(1)s Tt1s tng1)) = 1 — 4/VN.

(4) For every (siary,- - -, 8i(1), Tnt1,tnt1) € € SM+2 gnd1 <1< M, if i1y belongs to Ay(Si1—1ys - - - » Si(1)s Tn+1; tn-
then we have

H#Pn(Si(0)s -+ 5 i(1)> Tt s tnt1) = #P(Si(ar)s -+ -5 Si1)) — 1
Let us now prove the proposition from this claim. We let
By = {(r,s,t) €& (rnyi,tnt1) ¢ Ao}
and inductively define
By :={(r,s,t) € Bj_1 : si) ¢ Aiq(rs, t;w)}
for { =1,..., M. Then by Claim [3.15(3),

Ps (B) :/( oes Po,ymn (Si) & Ai=1 | Sig=1), -+ > 8i1)s Tt 1) di(sia—1)) - - d(siqr)) dp(rag) dp(tngn)
r,s -1

< ——Pe (B
holds. Moreover, Claim 1) implies Pg(By) < T Combined together, we observe Pg(B;) <
(4/VN)F for 1 =0,..., M.
Next,
(r,s,t) € E\ By = #P,(r,s,t;w) > #P,(r,s, t; w)
holds true; we also have
(r,s,t) € Bi_1\ By = #P,(r,s,t;w) > #P,(r,s,t;w) — [
forl=1,...,M. In other words, we have
(r,s,t) € £\ By = #P,(r,s,t;w) > #P,(r,s,t;w) — [

for each . Since we have seen that the probability of B; is at most (4/ VN )1 the proposition
follows.

It remains to prove the claim. The claim regarding Ay was already estabilshed in Lemma
3.10} That means, regardless of the values of (s;(as), .- -, Si(1)), we proved that the probability for
(rnt1,tne1) to satisfy #P,41 = #P, + 1 is at least 1 — 4/ V/N. We will prove something more:

we claim that the candidates for r,y1,t,411 that make #P,.1 = #P, + 1 are independent of
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(8i(a1)s - - -5 Si(1)). When restricted to &, #Pny1(r,s,t;w) = #P,(r,s,t; w) + 1 holds if and only if
I(tns1) € Cwny1;S) and J(rpi1) € W, L, Z. Here,

-1
Wn Winax Py, —1T"max P,, Smax PnI

_ when P, (€ 0
WL T = = (i) Wi(1)Ti(1)+1 56D+ 1) 41Wi (1)1 * ** TnSnbnWp) 'z ( (&) #0)

z (when P, (&) = 0)

are fixed throughout £. This is why #P,+1 = #F, + 1 depends on the choice of r,41 and s,41,
regardless of the values of s;(1), ..., s;ar). This settles Claim 3.15(1), (2) and also the construction
of Ao.

Now for each [ € {1,..., M} and for each choices (s;_1),---,8i(1), "n+1,tnt1) € S we define

Al = {S (S S : I(S) ¢ C(ti(l)wi(l) . Wia§Wn+1;S)}

= {5 €S5:1(s) ¢ C(ti(l)wi(l) : (7’1'(1)+1Si(l)+1ti(l)+1wi(l)+1) o (rpsntnWn) © (Pt 1Sn41tnt1Wng1); S)}

Recall that {r;,t; : i # n} and {s; : i ¢ P,,(€)} are all fixed maps; hence, this A; depends only on the
choices of s;;_1), ..., 8i1) and rp41, 1. Furthermore, Lemmatells us that P, (4;) > 1—2/\/N.

Now for an arbitrary (s;ary; - - - » Si(1)s Tn+1, tnt1) € SM+2 suppose that Sir) € Au(Si1=1ys - -+ Si(1)» Tnt1s tnt1)-
Then by definition we have

(3.1) #{] : f(si(l)) NEiwiq) - Wia§Wn+1jj # @} > V'N.
Meanwhile, Lemma [3.6] tells us that
Wi 1)-17ia+0) S0 i) (ST \ I(tigs1)) 2 Wigy—1migyZ-
2

Finally, the property of 7 as a median for S, we haves;;)I(s;))
facts yields

Wi(l—&—l)w;(ll_,_l)j(ti(l—f—l)) C int (S"\ Wigy—1mi0)Z) € Wigy—1mimsiad (siq))-
Using Inequality we observe
#{J : I(tigz1)) N (W,-(Hl)wi_(llﬂ))’l - (Wiy—1miysiqy) - iy wiq) 'WifﬁWnHjj #0} > VN.

In other words, I(t;41)) € C(wi(lﬂ) . (W/,-(Hl))*l -Whp+1; S) hols true. This implies that the set Q in
scenario (2-B) at step n+1 contains i(l+1). Hence, P,41(r,s, t) contains P,(E)N{1,...,i(l+1)} =
{i(M) < ... <i(l+1)} at least, which leads to the inequality # P, +1 > #P, — [. This concludes
Claim [3.15(3), (4) and the entire proof. O

Corollary 3.16. Let S be a Schottky set with a median and with resolution N, and let p be a
Schottky-uniform measure on S. Fir a sequence w in Homeo(S'). When S%>0 x §2>0 x §Z>0 g
endowed with the product measure of u, we have the following for each integer j, k,n > 0:

(3.2) P (#Pn+1(1‘,57tsw) <k—j ‘ #Ppi1(r,s,t;w) = k) < (4/VN)FL

Proof. First fix n and give the equivalence relation ~, on (8%>0)3. On each equivalence class, the
n-th step set of pivotal times P, is fixed so its cardinality is also constant. Considering this, in
order to prove Inequality [3.2] when conditioned on the size of P, it suffices to observe it on each

equivalence class. This is then reduced to Proposition |3.14 ]
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Corollary 3.17. Let S be a Schottky set with a median and with resolution N, and let p be a

Schottky-uniform measure on S. Fir a sequence w in Homeo(S'). Let X1, Xo,... be i.i.d.s with
distribution
(N —4)/N ifj=1,
(3.3) P(X;=j)=q (N—4)477 /N7 if j <0,
0 otherwise.

When S7>0 x §2>0 x §2>0 is endowed with the product measure of u, #P, dominates X1+...+X,
in distribution for each n. That means,

P(#Pu(5) > T) > B(X1 +...+ X > T) (T € Zso).

Proof. Let X; be the RVs as in we can require them to be independent from SZ>0 5 §7>0 5 >0,
the ambient probability space on which Py, Ps, ... are define. Now Lemma [3.10] and Corollary -
tells us the following for each 0 < k <mn and 7,5 > 0:

J if j =1,
(3.4) P(#Pei(s) = i+ 5| #Pu(s) =) z{ PR

Let us prove that for each £ = 1,...,n and for each ¢ € Z>g we have P(#P, > i) > P(X; +
..+ Xk >1). For k = 1, the claim follows from Inequality because #P,_1 = 0 always. Now,
assuming the statement for k as an induction hypothesis, we observe

P(#Pei1 > i) > P(#Py + Xpy1 > 4) = Y _P(#P, > j) P(Xpp1 =i — )

>3 P(Xy+ -+ Xi 2 ) P(Xpy1 =i — §)
j
=P(X1 4+ Xp+ Xp1 29). O

Corollary 3.18. Let S be a Schottky set with a median and with resolution N > 2500, and let p
be a Schottky-uniform measure on S. Fiz a sequence w in Homeo(S1). When S%>0 x §%>0 x §Z>0
is endowed with the product measure of p, we have

P (#P,(r,s,t;w) <n/2) < (33/4/N)" <0.6"
for each n € Z~y.
Proof. Let us prove this with Chebyshev’s inequality. First recall X;’s in Display 3.4 We have

o[- (- 3) VSV ()
(- ()

—2/4/N + /4/N" — \/4/N’ < 3/4/N.

Here, the last inequality used the fact that y/4/N < 1. Now Corollary and the independence
of X;’s imply that

[ TN ]<E{\/4/—NZ?_1XZ] HE[ 1/N }3(3 4/N)".

Now Chebyshev’s inequality tells us that

[\/LL/TV#P" )]>]P>(#P ) <n/2)- VAN
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The conclusion follows by combining the two inequalities. O
We now finally prove Proposition2.8]

Proof of Proposition[2.8 In view of Lemma [3.T], it suffices to prove the following.

Claim 3.19. Let S be a Schottky set with a median and with resolution N > 2500, and let p be
a Schottky-uniform measure on S. Fiz an integer n € Z~q and a sequence w in Homeo(S'). Let
Q) = §7>0 x §2>0 % §2>0 be the probability space endowed with the product measure of . Then there
exists a measurable subset A of Q, a measurable partition P = {Ey}a of A, and Homeo(S*)-valued
random variables {w;}i—q,.. |n/2)» 15i }i=1,..,|n/2| Such that the following hold:

(1) P(A) > 1—0.6".

(2) When restricted on each equivalence class € € P, wy, ... Wi/ are each fized maps and

si’s are p-i.i.d.s.
(8) On A, the following equality holds:

7777

woer1Si1tiwy . .. rpSptpw, = wésllwi ce S/\_n/2jw/|_n/2j‘
Corollary tells us that
i <A = {(r,5,t) € (5%°)% : %P, (r,s,t; w) > n/2}> >1- 0.6,
Next, we declare an equivalence relation on (S%>0)3 as follows:
[(r,s,t)wln(,,)]@[ . ”Ti:fiandti:fiforeach‘iez?o, '
5; = s; unless i is among the n/2 smallest pivotal times of P,(r,s,t; w)

As observed in Lemma changing the coordinate of s at a pivotal times does not change the
set of pivotal times, and hence does not change the “n/2 smallest pivotal times”. Therefore, ~,
is indeed an equivalence relation. Note that the cardinality of the set of pivotal times is constant
across each equivalence class, so every equivalence class is either contained in A or disjoint from A.
In other words, A is a (disjoint) union of some equivalence classes and ~,, restricts to an equivalence
relation on A.

Next, fix a ~p-equivalence class £ contained in A. Its all element share the n-th step set of
pivotal times P, (£), which we denote by {i(1) < i(2) < ...)}. Since we are assuming £ C A, there
are at least n/2 elements of P, (€). We then construct

7~U6 = I/Vz'(1)—17“z'(1) = wo - risitiws T —18i(1)—1ti(1)—1Wi(1)Ti(1)
wp = tigywio Wi Wiy -17iar)
= L) Wi(1) * Til) 415 1L+ 1 Wi 11 Til+1)—18i(+1) -1 i+ D) -1 Wi ) Tigry), (= 1,000, [n/2])
Wiay2) = ticlns/2)Wiln/2)) Wi g2y W
= Li(ln/2))Wi(|n/2)) " Ti(ln/2))+15i(|n/2))+1ti(n/2))+1Wi(|n/2))+1 " TmSninWn.

The definition of ~,, tells us that the maps w(, w}, ..., w), are fixed throughout £. Moreover, we
observed in Lemma (3.6 that w;Z C T holds for [ = 1,..., M. Furthermore, s; := s;;y’s are p-i.i.d.s
when restricted on £. The equality

I / / o
WOSTWY *+* 8|y /2) Wiar) = WOT1S1E1W1 =+ TpSnlnWy,

is clear on €. This ends the proof. O
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