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1. INTRODUCTION

In non-positively curved manifolds and groups, certain geodesics or group elements exhibit hy-
perbolicity. A quasi-geodesic « is said to be Morse if every quasi-geodesic of uniform quality
connecting points on ~y lies in a common neighborhood of v. A group element g is called a Morse
element if its orbit {g‘};cz is an unbounded Morse quasi-geodesic in the group.

In globally hyperbolic spaces such as CAT(—1) spaces and Gromov hyperbolic spaces, every
geodesic is Morse (of uniform quality). This corresponds to the fact that every infinite-order
element in a word hyperbolic group is loxodromic and is Morse. Furthermore, “most” elements in
a word hyperbolic group are Morse. To formulate this, given a group G and its generating set .S,
let Bg(n) be the collection of group elements whose S-word length is at most n. We can ask if the
proportion of Morse elements in Bg(n) tends to 1 as n tends to infinity. This is indeed the case
when G is an infinite word hyperbolic group [Dan|, [GTT1S], [Yan20].

Morse elements are found in many other groups with flat parts. One classic example is the
mapping class group Mod(X) of a finite-type hyperbolic surface ¥, whose Morse elements are
precisely pseudo-Anosov mapping classes. In [Cho24a], the author proved that the asymptotic
density of pseudo-Anosovs in the mapping class group is 1.

In this paper we focus on acylindrically hyperbolic groups, which are vast generalizations of
hyperbolic groups that include Mod(X), Out(Fy), rank-1 CAT(0) groups and many 3-manifold
groups, as well as many Coxeter groups , one-relator groups and free-by-cyclic groups ([BF02],
[BF09], [CF10], [BEF10], [MO15], [Sis18]). Despite its generality, acylindrically hyperbolic groups
have shown to share many dynamical properties with word hyperbolic groups. We refer the readers
to the first few pioneering papers in this direction: [BF02], [Ham08], [DGO17], [Sis18].

We add one more property to this list: genericity of Morse elements. Our main theorem is:

Theorem A. Let G be an acylindrically hyperbolic group. Then for every finite generating set S
of G, we have

lim #{g € Bs(n) : g is Morse} _
n—-+00 #Bs(n)

This generalizes W. Yang’s result on groups with strongly contracting element [Yan20]. This can
be also compared with A. Sisto’s theorem that simple random walks on acylindrically hyperbolic
groups favor Morse elements ([Sis18, Theorem 1.6]). In fact, non-elementary random walks on any
Gromov hyperbolic space favor loxodromics [CM15], [MT18], but one cannot hope such a result for
counting problems (see the following subsections).
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In view of the equivalent definitions of acylindrically hyperbolic groups in [Osil6] (especially in
relation to [BF02]), Theorem [A|is a restatement of the following more explicit theorem.

Theorem 1.1. Let G be a group generated by a finite set S C G. Suppose that G acts on a Gromov
hyperbolic space X and that there exists g € G that is a loxodromic isometry of X with the WPD
property (cf. Definition[2.5). Then for any M > 0, we have

i #{g € Bs(n) : g is a WPD lozodromic element with Tx(g) > M} _
nﬁl\rfoo #Bs(n) -

Indeed, if g € G serves as a WPD loxodromic on a Gromov hyperbolic space, then g is a Morse
element in G ([Sisl6, Theorem 1], [Osil6, Theorem 1.4]).

We note a theorem by B. Wiest [Wiel7] that was applied to the mapping class group by M.
Cumplido and B. Wiest [CWI§|: for any finitely generated group G having a non-elementary
action on a Gromov hyperbolic space, the density of loxodromics is bounded away from 0. Hence,
the main point of Theorem [A] and is that the density has limit 1. Such a claim does not hold
for general non-elementary actions.

Two important examples of acylindrically hyperbolic groups beyond hierarchically hyperbolic
groups (HHGs) are Out(Fy) and Aut(Fy), the outer automorphism group and the automorphism
group of the free group of rank N > 3. Theorem [A] tells us that most elements are Morse in large
word metric balls in these groups.

We can say more by focusing on a specific Out(F)-action, namely, the one on the free factor
complex FF y studied by M. Bestvina and M. Feighn [BEF14]. Bestvina and Feighn proved that:

(1) FFn is Gromov hyperbolic,

(2) the elements of Out(Fy) that are loxodromic isometries of FFy are precisely the fully
irreducible outer automorphisms, and

(3) every fully irreducible outer automorphism has the WPD property.

Using this action and building upon the stability result in [KMPT22], we prove:

Theorem 1.2. Let G = Out(Fy) be the outer automorphism group of the free group of rank N for
some N > 2. Then for any finite generating set S of G, we have

lim #{g € Bs(n) : g is an ageometric triangular fully irreducible element} 1
n—-+00 #Bs(n) o

This is a counting version of Kapovich-Maher—Pfaff-Taylor’s result that random walks on Out(Fy)
favor ageometric triangular fully irreducibles [KMPT22] Theorem A]. There are also versions of ran-
dom walk theory on Aut(Fy) and Out(Fy) using “non-backtracking” paths ([KKS07], [KP15]). In
particular, I. Kapovich and C. Pfaff proved that non-backtracking random walks favor geometric
triangular fully irreducibles as well.

We record a cute application to the mapping class group Mod(X). It seems hard to apply the
method of [Cho24a] to general non-elementary subgroups of Mod(X), as there is no distance formula
for them. However, since they still act on the curve complex C(X) with a WPD loxodromic element,
we observe that:

Corollary 1.3. Let G < Mod(X) be a non-elementary subgroup of the mapping class group and let
S be a finite generating set of G. Then for any M > 0, we have
lim #{g € Bs(n) : g is pseudo-Anosov with stretch factor > M} _
n—+oo #Bg(n)
In particular, pseudo-Anosovs are generic in the Torelli group. This generalizes the result of

I. Gekhtman, S. Taylor, and G. Tiozzo regarding word hyperbolic groups acting on a Gromov
hyperbolic space |[GTTI18, Theorem 1.12].

1.
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FIGURE 1. Schematics for f(D, M) in Subsection

1.1. Comparison with other groups. To better illustrate Theorem let us compare four
groups that act on a Gromov hyperbolic space: the free group F5 of rank 2, the mapping class
group Mod (), the outer automorphism group Out(Fy) of the free group of rank n > 2, and the
direct product Fy x F3 of two free groups. All of these act on some Gromov hyperbolic space.

Let G be a group acting on a hyperbolic space X and let S be a finite generating set of G. Given
a group element g € G and a basepoint zg € X, let us define a function f : R? — R U {+o0} as
follows. For any M-short word metric geodesic [a,b] C G, if a and b are D-apart along {g'z¢}icz,
then [a, b] must pass through an f(D, M)-neighborhood of {g'}icz in G.

First, Fy has proper action on its own Cayley graph Cay(F). This implies that any coarse
stabilizer of v € F is finite. Furthermore, each g € F» \ {id} has the so-called strong contracting
property: if a geodesic [a,b] C F, makes nontrivial progress along {g‘};cz, then [a, b] passes through
a bounded neighborhood of {g*};cz. In other words, f(D, M) is constant in M for large enough D.

Second, Mod(X) acts on the ambient curve complex C(X) and tuples of subsurface curve com-
plexes C(U),U C X. Fixing a simple closed curve zy € C(X), each g € Mod(X) gives rise to shadows
dy (o, gzo) on various {C(U) : U C ¥}, using which the word metric on Mod(X) can be (coarsely)
estimated via distance formula [MMO0]. One consequence of the distance formula and is the weakly
contracting property of pseudo-Anosov orbits [Beh06], [DR09]. Explicitly, for each pseudo-Anosov
mapping class g, there exists € > 0 such that if an M-short geodesic [a, b] € Mod(X) makes progress
D along {g'};cz, then [a,b] passes through a f(D, M) := (M - e=*P)-neighborhood of {g¢'};cz.

There is no direct analogue of the distance formula for Out(Fy). As a result, we do not know
whether fully irreducible outer automorphisms (which are analogues of pseudo-Anosovs) have the
weakly contracting property on the Cayley graph of Out(Fy). However, every fully irreducible
outer automorphism g has the WPD property (for various hyperbolic actions, cf. [BF10], [Manl14],
[BF14]), i.e., the joint coarse stabilizer of ¢° and ¢ is finite when |i — j| is large. This leads to an
implicit contracting property, i.e., for every D and M the value of f(D, M) is finite.

Finally, consider a trivial projection of Fy x F3 onto the first factor F». This gives rise to a
natural action of Fy x F3 on Cay(F3). This action has not only a large point stabilizer, but also
a large global stabilizer. Namely, {id} x F3 acts trivially on Cay(F>). In addition, there is no
contraction along loxodromics on Fy, i.e., f(D, M) = 4+oc0. In general, if X x Y is a product space,

3



] H o-hyperbolic space f(D, M) for a fixed D  Density of non-loxodromics ‘

Fy Cay(F») constant in M S AT for some A > 1
Mod (%) C(%) linear in M <nk (Vk)
Out(Fn) FFnN finite tends to 0
Fy x F3 Cay(Fs) +o00 can be bounded away from 0

FIGURE 2. Properties of the four actions and the density estimates

a D-long geodesic «y can have D-large projection onto X x {id}, regardless of the distance of v from
X x {id}. Figure 2| summarizes the discussion so far.

The more information we have about the growth of f(D, M), the better asymptotics of the
density of non-loxodromics we can prove. In F5, the proportion of non-loxodromic elements in
Bgs(n) decays exponentially fast in n. This is proved by W. Yang [Yan20] in groups with strongly
contracting elements, including relatively hyperbolic groups and small cancellation groups.

For the mapping class group, the function f(D,M) grows at most linearly in M. Using this
property, it is shown in [Cho24a] that the density of non-pseudo-Anosovs in Bg(n) decays faster
than n=* for any & > 0. Similar growth behaviour of f(D, M) is observed in HHGs with Morse
elements, because loxodromics on the top curve space have the weakly contracting property. Rank-1
CAT(0) groups also fall into this category, as the strongly contracting property of a rank-1 element
on the CAT(0) space implies its weak contracting property in the group.

Without control of f(D, M), loxodromics can either be generic or non-generic depending on
the generating set S. Indeed, there exist two finite generating sets S and S’ of Fy x Fj, such that
loxodromics (for the action on Cay(F»)) are generic in S but not in S’. We refer readers to [GTTTS,
Example 1]. This simple example also tells us that genericity of Morse elements of a group may
not be preserved through a quasi-isometry.

This paper deals with Out(Fy) and others of its ilk. There is no a priori control on the growth
of f(D, M) for acylindrically hyperbolic groups. Our main point is that, nonetheless, the finiteness
of f(D, M) is sufficient to conclude the genericity of loxodromics.

1.2. Another side of the story: random walks. There are two popular models to sample a
random element in a group G. One is the counting method as in Theorem [A] Namely, we consider
a large word metric ball and choose an element with respect to the uniform measure. The other
one is the random walk model: we put a probability measure p on a generating set S of G (e.g.,
the uniform measure when S is finite) and investigate its n-fold convolution p*™.

For example, given a G-action on a Gromov hyperbolic space X, one can ask if P« (g is loxodromic)
converges to 1 as n tends to infinity. This is closely related to a description of a typical sample path
drawn on X, called ray approximation or geodesic tracking, that was pursued for word hyperbolic
groups by V. Kaimanovich [Kai94]; see [Kai00] also. It was J. Maher’s observation that neither the
properness of X nor the properness of the action is necessary. As a result, Maher proved in [Mah11]
that P« (g is pseudo-Anosov) converges to 1 in the mapping class group (I. Rivin independently
proved this result using different method in [Riv08]).

Mabher’s observation was later generalized by D. Calegari and J. Maher [CM15], and once again
by J. Maher and G. Tiozzo in [MTI8]: they proved that P, (g is loxodromic) converges to 1 as
long as the G-action on X is non-elementary (i.e., S generates two independent loxodromics). In
particular, random walks do not care if the group has a large subgroup with trivial action, given
that they hit non-elementary loxodromic elements for a positive probability. Maher-Tiozzo’s result

indeed applies to all 4 group actions in Subsection
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Consequently, for the uniform measure pg on a finite generating set S of G, the genericity of loxo-
dromics with respect to 1" does not imply the genericity with respect to (uniform measure on Bg(n)).
This is anticipated by the fact that the two measures differ by an exponential factor in n.

If one is allowed to pick their favorite generating set S for GG, then one can bring the estimates
from random walks to the counting problem. This was indeed the strategy of [Cho24b], where the
author proved that every finitely generated weakly hyperbolic group has a finite generating set S
for which loxodromics are generic. Since the asymptotic density may depend on the choice of S (as
shown in |[GTTI8, Example 1]), this strategy does not establish Theorem

1.3. Beyond hyperbolic spaces. The method for Theorem does not require global hyper-
bolicity of the space X. It only uses the strongly contracting property and the WPD property of
g € G in X. For simplicity, however, we will not pursue this generality. It should be noted that
the previous assumption does not imply that g is strongly contracting in G, i.e., with respect to
the word metric. For example, the author does not know whether fully irreducibles are weakly
contracting with respect to the word metrics (cf. [BD14, Question 6.8]).

For example, the method for Theorem applies to finitely generated groups acting on a CAT(0)
space (not necessarily cocompactly) that involves a rank-1 isometry with the WPD property. The
study of strongly contracting isometries and their dynamics is growing rapidly. We refer the readers
to the references in [ACT15)], [Yan19], [Yan20], [Cou22], [SZ23], [DMGZ25].

In fact, the very notion of acylindrically hyperbolic group was already formulated in terms of
contracting elements by A. Sisto [Sisl18], who generalized Maher-Tiozzo’s random walk theory in
IMT18] to non-hyperbolic spaces. We also note a recent construction by H. Petyt and A. Zalloum
[PZS24] Theorem B] that justifies why it suffices to consider WPD action on hyperbolic spaces.

1.4. Open questions. The methods in [Cho24a] and this paper still do not answer:
Question 1.4. Are pseudo-Anosovs exponentially generic in every word metric on Mod(X)?

There are two types of word metrics for which exponential genericity of pseudo-Anosovs is known.
One comes from generating sets mostly consisting of independent pseudo-Anosovs [Cho24b]. The
other recent one is due to L. Ding, D. Martinez-Granado and A. Zalloum [DMGZ25|], where the
authors consider the Mod(X)-action on an injective metric space (Y, dy) and collect orbit points in
a large dy-ball. It seems hard to push either method to handle arbitrary word metric.

For non-HHGs, we can ask:

Question 1.5. Are fully irreducibles exponentially generic in Out(Fy) with respect to every word
metric? Or, is it at least true for some o > 0 that
#Bs(n) N { fully irreducibles} < o
#Bs(n) ~

This question might be answered for a given group G whenever we know the growth of the
function f(D, M) in Subsection

One can ask more details about generic elements. In the random walk side we have strong law
of large numbers (SLLN): for any non-elementary random walk (Z,),~0 on a Gromov hyperbolic
space, there exists A € (0,4o00] such that lim,, % = lim, % = X almost surely (J[CM15],
IMT18], [BCK21]). Here the key point is the linear growth of displacement and translation length.
We pose:

?

Question 1.6. Do generic fully irreducibles have linearly growing translation length? Namely,
given a finite generating set S of Out(Fy ), does there ezist a linear function f: R — R such that

(1.1) i FBsmN {9 € Owt(Fn) : 77 (9) = f(n)}

=17
n—-+o00 #Bs(n)
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Our method does provide a diverging function f for which Equation holds, but we have no
control on the growth of f. For the mapping class group, the author anticipates that the method
in [Cho24a] guarantees f(n) 2 /n. The results of [Cho24b] and [DMGZ25] imply that f(n) = n
works for certain finite generating set S.

Finally, we state a question related to Question

Question 1.7. Does G = Mod(X) or G = Out(Fx) have purely exponential growth? That means,
for (some or every) finite generating set S of G, does there exist K,\ > 1 such that

1
A" S #Bs(n) < KN'? (vn > 0)

This question is answered by W. Yang for groups with strongly contracting elements [Yanl9l
Theorem B]. Meanwhile, we do not know the answer for Mod(X) for any finite generating set.

1.5. Plans. After reviewing preliminaries in Section [2| we observe a variant of A. Sisto’s geometric
separation lemma [Sis16, Lemma 3.3] in Section (3| We then prove the main theorem in Section
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2. PRELIMINARIES

In this section, we collect some notions and facts about acylindrically hyperbolic groups. We
refer to Gromov’s seminal paper [Gro87] and standard textbooks [CDP90], [GAIH90].

A metric space is said to be geodesic if every pair of points can be connected by a geodesic. For
two points = and y in this space, we denote by [z, y] an arbitrary geodesic connecting z to y. Given
0 > 0, we say that a geodesic metric space is d-hyperbolic if every geodesic is §-slim.

Given a geodesic v : I — X, we will sometimes denote the image Im(y) C X by 7. Based on
this convention, we define the closest point projection my : X — 27 by

y € my(x) & dx(z,y) =inf {dx(z,p) :p € 7}
We say that two geodesics v : [0, L] — X and 7 : [0, L'] — X are e-fellow traveling if

dx (7(0),1(0)) <€, dx(v(L),n(L")) < € and dpaus(7,71) < €.

The fellow traveling property is transitive: if 7, and 9 are e-fellow traveling; 7o and ~y3 are ¢-fellow
traveling, then v; and 3 are (e + ¢’)-fellow traveling. Furthermore, we have:

Fact 2.1. Let X be a d-hyperbolic space and let x,y,z,w € X be such that dx(z,y) < € and
dx(z,w) < €. Then [z,z] and [y, z] are (e + &)-fellow traveling. Moreover, [z,z] and [y,w] are
(e + € + 20)-fellow traveling.

For each z € X, m,(x) may not be a singleton. Nevertheless, its diameter is bounded and ()
is coarsely Lipschitz. The following is a consequence of [CDP90, Proposition 10.2.1], which follows
from the tree approximation lemma [CDP90, Théoréme 8.1], [GAIHI0, Théoréme 2.12].

Fact 2.2. Let X be a d-hyperbolic space.

(1) Let x,y € X and let v be a geodesic in X. Then my(x) U my(y) has diameter at most

dx(x,y) + 124.
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(2) Let x,y € X, let v be a geodesic in X and let p € wy(z) and q € m,(y). Suppose that p
appears earlier than q on v and that dx(p,q) > 200. Then any geodesic [x,y] between x
and y contains a subsegment that is 209-fellow traveling with [p, q|.

Corollary 2.3 ([Sisl8, Lemma 4.1]). Let X be a d-hyperbolic space, let vy be a geodesic in X, let
x,y € X and let n be a subsegment of y that contains my(x) U my(y). Then my([z,y]) is contained
in the 600-neighborhood of n.

Proof. Suppose to the contrary that there exist z € [z,y], p € 7 (x), ¢ € Ty (y), 7 € 7my(2)
such that dx(p,r),dx(q,r) > 606 and such that p,q are to the right of . Let py be the point
on 7 to the right of r such that dx(r,py) = 605. Then Fact 2.2(2) implies that there exist a
subsegment [r’, p'] of [z, 2] and a subsegment [r”,p"] of [z,y] such that dx(r',7),dx(r",r) < 20§
and dx (p, po), dx (p”,po) < 205. We then observe that
400 > dX (p/7p0) + dX(p07p”) > dX(plap”) > dX (p/7 T,) + dX(rllap”)
> [dX(p07 T) - dX(pOupl) - dX (Ta T/)] + [dX (p[)u T) - dX (p07p//) - dX (T7 T”)] > 200 + 205)

a contradiction. Similar contradiction happens when p, ¢ are both to the left of r. O

For z,y,z € X, we define the Gromov product of y and z based at x by

1
(ya Z)x = 5 [dX(ya [L‘) + dX(‘T7 Z) - dX(yv Z)} .
Gromov hyperbolicity has the following consequence.

Fact 2.4 ([Cho24a, Lemma A.3]). Let X be a §-hyperbolic space. Let x,y,z € X and let p € [y, z]
be such that dx(p,y) = (v, 2),. Then my, .1(z) is contained in the 85-neighborhood of p.

Definition 2.5. Let G be a finitely generated group acting on a d-hyperbolic space (X,dx) with
a basepoint vy € X. We say that a loxodromic element ¢ € G has the WPD (weak proper
discontinuity) property if for each K there exists N, M such that

#(StabK(x07¢ng) = {g € G:dx(xo,9x0) < K and dX(cpNxo,ggoNxo) < K}) < M.

We say that a finitely generated group G is acylindrically hyperbolic if it admits an isometric
action on a d-hyperbolic space with a WPD loxodromic element ¢ € G. An acylindrically hyperbolic
group G is said to be non-elementary if it is not virtually cyclic. The following fact is a consequence
of [BF02, Proposition 6(1), (2)]. The proof is sketched in [Cho24al, Fact 2.2].

Fact 2.6. Let G be a non-virtually cyclic group with a generating set S. Suppose that G acts on a
d-hyperbolic space X 3 xg with a WPD loxodromic element ¢ € G. Then there exists Ey > 0 such
that the following hold.
(1) For each g € G, there exist s,t € S U {id} such that (p'xo,8920)z, < Eo for alli > 0 and
((ijOatng)a:o < Ep fO’I“ all j <0.
(2) Letn >0 and g € G. Let v := [xg, p"x0], let p € my(gxo) and let g € my(gp™x0). Suppose
that p appears earlier than q along vy and suppose that dx (p,q) > Eo. Then ds(p', gp’) < Ep
for some i,j € {0,1,...,n}. (cf. Figure[3)

We now recall the notion of alignment.

Definition 2.7. Let K > 0 and let 1,72, . ..,V be geodesics (which can be degenerate, i.e., points)
in a metric space X. We say that (y1,...,v) is K-aligned if for each i =1,...,n — 1 we have

diam (7, (yi4+1) U (ending point of v;)) < K and

diam (7, , (v;) U (beginning point of vi11)) < K.
7
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FIGURE 3. Picture for the situation in Fact (2)
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FIGURE 4. Aligned sequence of geodesics (70,71, - - - ,75) is aligned, where g, 75 are

degenerate geodesics, i.e., points.

The following facts are straightforward, whose proofs can be found in [Cho24al Appendix].

Fact 2.8. Let v be a geodesic in a metric space. Let 1 and 7o be subsegments of -y, with 1
appearing earlier than ~yo. Let k1 and ko be geodesics that are K-fellow traveling with v1 and s,
respectively. Then (K1, k2) is 6K -aligned.

Fact 2.9. The following holds for each K > 0 and L > 12K. Let v be a geodesic in a metric
space and let 1 and o be subsegments of v such that 1 N ~y2 has length L. Let [x,y] and ko be
geodesics that are K -fellow traveling with v, and a2, respectively. Then 7. (x) appears earlier than
7x(y) along K, and dx (7. (z), 7x(y)) > L — 10K.

We now record a version of Behrstock’s inequality [Beh06, Theorem 4.3] (cf. [Sis18, Lemma 2.5])
and its consequences. The proofs can be found in [Cho24al, Section 3, Appendix].

Fact 2.10. Let X be a d-hyperbolic space. Let x € X and let (v1,72) be a K-aligned sequence of
geodesics in X. Then either (x,72) is (K + 600)-aligned or (y1,x) is (K + 600)-aligned.

Definition 2.11. Let K > 0 and let v1,72, ..., be finite geodesics on C(X) (which includes the
case of degenerate geodesics, i.e., points in C(X)). We say that (v1,...,vn) is K-aligned if for each

i=1,...,n—1 we have
diame (7, (vi41) U (ending point of v;)) < K and
diame (mﬁﬂ (i) U (beginning point of %-H)) < K.

Fact 2.12. Let X be a 0-hyperbolic space. Let n > 3 and let (y1,...,7n) be a K-aligned sequence
of geodesics in X . Suppose that ya, ... ,yn—1 are longer than 2K +1205. Then (v;,~;) is (K +600)-
aligned for each 1 <1i < j <mn.

8
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Fact 2.13. Let X be a d-hyperbolic space. Let x,y € X and let v1,...,7v, be geodesics in X, longer
than 2K + 1406 each, such that (x,v1,...,7n,y) is K-aligned.

Then there exist disjoint subsegments ny,...,n, of [x,y] such that
(1) m,...,nn are in order from left to right along [x,y], i.e., n; appears earlier than n;y+1 along
[x,y] for eachi=1,...,n—1, and

(2) vi and n; are (K + 800)-fellow traveling for each i =1,... ,n.

Let G be a group and let S C G be its finite generating set. The word metric dg is defined by

day,ag,...,an €8S, €1,€9,...,6, € {1,—1} }

such that g7th = a{'a$? - - - asr.

ds(g, h) = min {n S ZZO :
We use the notation for the word norm ||g||s := ds(id, g). We define
Bg(n) := {g € Mod(%) : dg(id, g) < n}.

We denote by [g, h|s an arbitrary dg-geodesic between g, h € G. By a dg-path, we mean a sequence

of group elements P = (g1, 92, - .., gn) such that dg(g;, gi+1) = 1 for each i; we denote n by Len(P).
When the group G acts on a metric space X 3 xg, we often define

lgllx := dx (z0,920) (9 € G),
Krip = Iglea§(||8||x.

Then we have ||g||x < Kripl||lg|ls for each g € G.

3. WPD PROPERTY AND CONTRACTION

It is well-known that a loxodromic isometry ¢ of a d-hyperbolic space X > x¢ has strictly
positive asymptotic translation length 7 := lim,, dx (z¢, ¢"xg)/n. Moreover, its orbit {¢'zg}icz is
a quasigeodesic and hence quasi-convex. In summary,

Fact 3.1. Let ¢ be a lozodromic isometry of a 6-hyperbolic space X > xo. Then there exists G > 0
such that the sequence (¢'xo, . .. ,goj:po) and the geodesic [p'xg, ! xo] are G-fellow traveling for each
i < j. Furthermore, the sequence (¢'xo)icz is a G-coarse geodesic, i.e.,

dx (¢'z0, o) = dx (¢'wo, ¢l wo) + dx (w0, Pwo) =G (Vi < j <1).

In Subsection we claimed that f(D, M) < 4oo for each D, M > 0 for every acylindrically
hyperbolic group. We prove a variant of this fact.
9



Lemma 3.2. Let G be a non-virtually cyclic group with a finite generating set S C G. Suppose
that G acts on a d-hyperbolic space X 3 xg with a WPD lozodromic element ¢ € G. Then there
exists Do > 0, and for each k, M > 0 there exists R = R(k, M) > 0, such that the following holds.

Let g,h € G be such that ||g||s > R and ||h|ls < M. Then my k20 ({970, ghao}) has diameter
at most Dy.

This lemma closely resembles [Sis16, Lemma 3.3] and [MS20, Lemma 8.1]. Here, the crucial
point is that Dy is uniform and is independent from k, M and R.

Proof. Let G > 0 be the constant for ¢ as in Fact @ For K = 24G + 1306, we pick N such that
Stabk (zo, o™ xo) is finite using the WPD property of ¢. We then set Dy := 1002G + N D, + 10006,
where D, := dx (xo, ¢xo).

To prove the lemma, let k, M > 0 and denote 7 := [zq, ¢*xg]. Suppose to the contrary that
there does not exist R for (k, M). That means, suppose that there exist a sequence (g1, g2, ...) of
distinct elements of G and a sequence (hq, ha,...) in Bg(M) such that

diam (7, ({gizo, gihizo})) = Do (Vi > 0).

Let p;, ¢; be points in 7 ({g:x0, gihizo}) that are at least Dy-apart. Recall that the nearest point
projection of a single point onto 7 has diameter at most 205 < Dy (Fact (1)) Hence, up to
relabelling, we can say that p; € m,(g;x0) and ¢; € 7y (g;hizo).

Since y = [xg, p*xo] is compact and Bg(M) is finite, we can take a subsequence and assert that:

hi=hy=...=:h,
Either p;’s appear earlier than or later than ¢;’s. In the latter case, we can replace h with h™!, g
with g;h and swap p;’s with ¢;’s. Hence, we may assume that p;’s appear earlier than g;’s.

By Fact [2.2)2), there exists o, 8;] C [giwo, gihao) that is 206-fellow traveling with [p;, ¢;]. Note

that 0 < dx (g0, ;) < dx(zo, hzg). By taking further subsequence, we can obtain 7' such that
‘dx(gia?o,ai) — T} <0 (V’L > 0)
By Fact there exist I, m € Z such that dx(p'zg, p1) < G and dx(p™xg,q1) < G. Note that
(3.1) Dy - [l —m| > dx(¢'zo, 9™ x0) > dx(p1,q1) — 2G > 1000G + ND,,.
Here, if m <[ then
dx (0, q1) < dx (20, ¢™x0) + G < dx (20, ¢'20) — dx (¢ 0, p'z0) + 2G
< dx({L'(), <pla:0) —1000G + 2G < dx(x(), (plwo) — 998G < dx(xo,pl) —997G.
This contradicts the fact that p; appears earlier than ¢; on . Hence, we have [ < m.

Now Inequality implies that [ + N lies between [ and m. By Fact Nz lies in a
G-neighborhood of [plzg, ¢ xg]. Note that dx (¢'zo,p;) < dx(Y'zo,p1) + dx(p1,p;) < 2G for each
1, and similarly ¢"xg and ¢; are 2G-close.

By Fact [¢'wo, M) is (4G + 26)-fellow traveling with [p;, ¢;], which is 205-fellow traveling
with [oy, B;]. Thus, there exists ¢; € [y, 3;] such that dx (c;, @tV xg) < 5G + 226. We have

H_Nl‘o)

< dx (i, p;) + dx(pi,p1) + dx (p1, ¢ wo) + dx(ci, ¢
<2064+ G+ G+ (5G +220) < 7G + 424.

|dx (ai, i) — dx (@'wo, @ o) | < dx (v, 9'xo) + dx (ciy
Z+N.CC())

Now, for each 7 we have four points gigfloq, gigflcl, «; on the geodesic

i - g7 “([9120, g1ho]) = [gio, gihao).
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Recall that dx(g;zo, gigl_loq) = dx (9120, 1) and dx(gizo, ;) are both d-close to T. This implies
that g;g; 1a1 and «; are 26-close. Hence, we have

dx (¢'z0, gigy ' - pwo) < dx('zo, i) + dx (i, gigy ton) + dx (9igy T, gigi - ')
< dx(¢'zo,pi) + dx (pis i) + 26 + dx (¢'zo, p1) + dx (p1, 1)
< (200 + 2G) + 20 + (G + 200) = 420 + 3G.
Next, dx(gizo,c;) = dx(gizo, ;) + dx(ay, ¢;) is (7G + 430)-close to T + dx(xg, 0N xg). So is
dX(giaco,gigl_lcl) = dx(g1%0,c1). Hence, ¢; and gigl_lcl are (14G + 869)-close. We conclude

dx ("™ Nwo, gigyt - ¢V o) < dx (TN wo, ;) + dx (i, gigy ter) + dx (gigy ter, gigr - N o)

< (5G + 226) + (14G + 860) + (5G + 226) < 24G + 1306.
To summarize, cp_l 991 1g0l belongs to Stabg (xo, <pN xg) for each i. Furthermore, we have
e lgigr e = o7 lgi0 ' & gi =g
Since g1, go, . .. are distinct, it follows that Stabg (zo, o™V xg) is infinite, a contradiction. O

Proposition 3.3. Let G be a non-virtually cyclic group and let S C G be its finite generating set.
Suppose that G acts on a d-hyperbolic space X > xg with a WPD lozodromic element ¢ € G. Then
for each K > 0 there exists Lo = Lo(K) such that, for each L > Lo and for each M > 0 there
exists Ry = Ro(L, M) > 0 satisfying the following.
Let Py be a dg-path connecting a; € G to by € G forl =1,2. Let g1,...,9m € G be such that
(aizo, g1[zo, ™20, - ., gm[w0, @ 0], bizo) is K-aligned. (i =1,2)

Let k < m. Then one of the following happens:
(1) For each subset I C {1,...,m} of cardinality k, there exist i € I such that
ds(P,9i) < Ro (I=1,2); or,
(2) Len(P1) + Len(Py) > M - k.

Proof. Let Dy be as in Lemma Let Kp;, = maxseg ||s]|x, let 7 := lim, 2dx (20, ¢"zo) and let

1
Lo = ~ (2K + 2Ky, + 10006 + Dy).
T

Now given L > Ly, we will declare Ry = Ro(L, M) following Lemma
Consider P, P, and g;’s as in the proposition. Note that

(3.2) diamy ([zo, p xo]) > 7L > 2K + 2K, + 10005 + Dy.

Thanks to this inequality, we can apply Fact [2.12|to the K-aligned translates of [xq, ¢ x0).
We will negate the case (1) and prove that (2) holds. For this, let I C {1,...,m} be a k-element
subset such that g; is not simultaneously Ry-close to P; and P, for each ¢ € I. Let

I :={i:ds(P,9:) = Ro}. (1=1,2)

Then I; U I5 has cardinality at least k. For convenience, we will denote g;[zo, p"zo] by 7.
For each i € {1,...,m}, let p; be the latest vertex of P; such that (p;xo,7;) is (K +600)-aligned.
Such a vertex exists because (a;xo,;) is (K + 600)-aligned by Fact Now let

Vi :={v € P; : v comes later than p; along P, and (v;,vzg) is (K + 600)-aligned};

V; is nonempty because (7;,b;) is (K + 600)-aligned by Fact Let ¢; be the earliest vertex in
V;. Lastly, let p/ be the vertex of P; right after p;, and let ¢} be the one right before g;.
11



P

}-—" %—’- }_—" %—’- }

P

FIGURE 6. Schematics for Proposition Thick segments represent ~y; :=
gi[xo, goLxO] fori=1,...,5. The i-th shadowed regions consist of points that project
onto y; in the middle. In this example, P; is far away from ~» and 74, whereas P»
is far away from -1, ~3,75. This makes P, and P» lengthy.

Note that ., ({pizo, pjzo}) has diameter at most K + 128 by Fact 2.2(1). Hence, 7, (pjzo)
is contained in the beginning (Kr;, + K + 806)-subsegment of ; and does not meet the ending
(Krip + 600)-subsegment (Inequality . This implies p, ¢ V;, and ¢; comes later than p;. Let

V! :={v € Py : v in between p; and ¢; (excluding p;, ;) }.
We have then observed that p}, ¢} € V/ and V/ is nonempty. For each v € V; we conclude that
neither (v, vxg) nor (vzrg, ;) is (K + 600)-aligned.
Now repeated application of Fact tells us that for ¢ # j,

(74, vxo) is (K + 600)-aligned if j <

! !/
veVi= { (vzo, ;) is (K + 606)-aligned if j > i } —vEv;

In conclusion, VY, ..., V! s are disjoint subpaths of P;.
Now observe for each i that
diamx (7, ({p;, ¢;})) > diam(v;) — 2(K + 608) — diam(7, (piwo, piwo)) — diam(m, (¢; o, ¢jz0))
> 7L — 2(K +608) — 2 - (K1 + 208) > Dy.
If i € I;, we additionally know that ds(p}, g;) > Ro. Lemma then implies that dg(p},q;) > M.

Hence, Len(V/) > M for each i € I;. Summing up, we obtain Len(Py) > M - #1;.
Similar logic implies Len(P2) > M - #15. We thus conclude

Len(Pl) + Len(Pg) > M - (#Il U #IQ) > M - k. ]

4. PROOF OF THEOREM [L.1

Throughout, let G be a non-virtually cyclic group with a finite generating set S. Suppose that
G acts on a d-hyperbolic space X 3 xg with a WPD loxodromic element ¢ € G. When a constant
12



L is understood, we will use the notation
Ty = [:L‘O,chzL‘o].
Since G contains independent loxodromics, G has exponential growth. In other words,

In#Bs(n)
n

Ag := liminf > 1.
n

This immediately implies that:

Fact 4.1. For each sufficiently large n we have
#Bs(0.9n) /#Bs(n) < Ag"".

Let us fix some more constants for the proof. Let Ey be as in Fact Let Kr;p := maxges ||s] x,
let 7 := lim, ||¢"||x/n (so that ||| x > k7 for each k). Let Fy := ||¢||s. Finally, let Lo be as in
Proposition for K = 100(Ep + 10000 + Kp,p), and

1
L1 = L() —+ *100(E(] + 10008 + KLip)-
T

This choice implies that:
Fact 4.2. For each L > L,
d)((.%'(), (pL(IJQ) - 40(EO + 10006 + KLip) >7L — 40(E0 + 10006 + KLip) > 0.57L + 1406.

Given L,e > 0, we define

Vio(n) =4 g € Bs(n) : there exist hq, ..., hep € G such that
Ll ==\ 9 S 28U (0 hi YL, .. hen Y1, g20) is (6Eq + 3008)-aligned [

BADy, (n) := Bg(n) \ (Bs(0.9n) UV (n)).
Lemma 4.3. For each L > Ly and ¢ > 0, we have
lim sup LBADL’E(”)
n #Bg(n)
Proof of Lemmal[{.3 Let us define a map
F :Dom(F) := BADp(n) x{1,...,0.9n} — Bg(n)

as follows. Given (g,i) € BADp (n) x {1,...,0.9n}, we first fix a dg-geodesic representative
g =aiaz---a)gs- By Fact m there exist s = s(g,4) and t = t(g,¢) in S U {id} such that

<5-(2Ey +ALFy + 5) - (#8)Fot3Lbot4 ¢

(s7- (a1~ az’)_lffo,soon)zo < Ep, (tp_Lﬂfoﬂf " FoL+43 " 'aHngO)IO < Ep.
We then define
h(g, i) ==a1---a;-s, W'(g,i) =1t airmris---ayg, Flg,i) = h(g,i)e" (g,1).
Note that F'(g,i) € Bs(n) because
1F (g, 8)ls < 11g:9)lls + ll¥™[ls + 1B (9, )l
<G+ 1)+ BoL+ (lglls —i — Fol —2) + 1< lglls < n.
Before the proof, we first declare
T :=(2Ey+4LFy+5) - #Bs(FEo + 2LFy) - #Bs(FyL + 4)

and Ry = Ro(L,4/e) as in Proposition
Claim 4.4. Let m be the mazimum number of elements (g1,11),-..,(Gm,im) € BADL(n) X

{1,...,0.9n} such that
13



id : : | 9
N~ ~ )
w(g, i)  Ug,i) v(g, 1)
Proj h:=w-s
. W=t
v(g,1%)
L
970 wxy — WSYTtxg
Zo
w(g,1)
F1GURE 7. Figure borrowed from [Cho24al] explaining how F'(g,%) is defined. The
upper layer is drawn on the Cayley graph of GG, while the lower one is drawn on the J-
hyperbolic space X. In general, zg, wxg, wlxg, wlvrg = grg may not be aligned along
a geodesic on X. This can be remedied by replacing [ with some suitable linkage
word s¢”t, and we denote the resulting product by F(g,i). Note that h[zg, o zo]x
is uniformly close to [xg, F'(g,1)zo]x-
(]) F(gl,il) =...= F(gm,’bm),

(2) (a:o, h(gi,i1) - Yr, ..., h(gm,im) - YL, Ul‘o) is 6(Eq + 300)-aligned.
Then #F~1(U) < 2T - m holds for each U € Bg(n).
See Figure [§

Proof of Claim[{.J Fix an arbitrary U € Bg(n). For each (g,i) € F~Y(U), we have:

(1) (w0, h(g,1)"T0)n(g.i)ee < Eo; hence (g v, (w0) is (Eo + 80)-close to h(g,i)zo (Fact .

(2) Similarly, the projection of Uxg onto h(g,i)Yy is (Eo + 89)-close to h(g,i)przo.

(3) h(g,i)xo and h(g,i)prxq are at least 7L-apart, which is much larger than 206.
Now Fact [2.2| guarantees a subsegment (g, ) of [zo, Uzo] and a subsegment n = [p, ¢] of h(g,7) YL
that are 205-fellow traveling. Here, p and hizg, and ¢ and hpp*zo are pairwise (Eg + 85)-close.
Hence, v(g,1) and h(g,?)Y are (Ep+ 300)-fellow traveling. It follows that (g, 7)’s are longer than
7L — 2(Ey + 308) > 25(Eq + 306).

We now pick a maximal subset A of F~1(U) such that

for any (g,1), (¢',i') € A, v(g,i) and v(g’,4’) overlap for length at most 12(Ey + 306).

We claim that #F~(U) < T-#.A. To show this, pick an arbitrary (g,i) € F~'(U). Let a1 --- ajg
be the geodesic representative for g that was used when defining

h(g,i) :=a1---a;-s(g,i), h(g,9)" :==1(g,7) - aprrs3+ - Q|-

By the maximality of A, there exists (g,1) € A such that v(g,7) and (g, i) overlap for length at least

12(Eo+306). Recall that h(g,i)Yr, and h(g,i)Y, are (Ep+ 300)-fellow traveling v(g,¢) and (g, ),

respectively. By Fact Th(g,i)1 1, (P(8,1)70) appears earlier than 7,4 ;) (h(g, )plzg). Moreover,
14



they are (12(Ep + 306) — 10(Ep + 306))-apart and hence Ep-apart. By Fact we conclude that
0~ h(g,i) " h(g,1)¢" € Bs(E) for some a,b € {0,...,L}. We conclude that

h(g,i) € h(g,i) - {¢p*:a=0,...,L} - Bs(Ep)-{¢ “:a=0,...,L} C h(g,i)Bs(Eo + 2LFp).
This also implies that ||h(g,7)||s and ||h(g,1)||s differ by at most Ey + 2L Fp, and hence
i€ [i— (Eo+2LFy+2),i+ (Eo+2LFy +2)].
Note also that
h(g.i) = ¢~ (g, )7 -U
is determined as soon as h(g, ) is determined.

Finally, in order to reconstruct g = aq - from h(g,i) and h(g,1), it suffices to pick ¢ :=

“Aglls
s; a1 a1 p 2t € Bs(FoL + 4) and multiply h(g,4), ¢ and h(g',i’). In summary, we have

i) < Y <{h(g,i)f e B (g, 0)TU : f € Bs(Eo + 2LFy), ¢ € Bs(FoL + 4)} X I(i))
(g,))eA
where I(i) := [i— (Eo+2LFy+2),i+ (Ey+2LFy+2)]. From this, we conclude #F~1(U) < T-#A.
Next, let us enumerate A as
A= {(gl7i1)7 (927 i2), .. }
so that (g, 1;) starts earlier than v(g;+1, ;1) along [zg, Uzg], for each I. Then the beginning point
of v(g2,i2) is later than that of v(g1,1i1) and earlier than that of v(gs,i3). (%) Moreover, (g2, i2)
does not contain 7(gs, i3), as their overlap should not be longer than 12(Ey + 300) while (g3, i3) is
longer than 25(Ep + 305). Hence, the ending point of (g, i2) is earlier than that of v(gs,i3). (%)
At this point, if v(g1,i1) and (g3, i3) intersect, then ~y(gs,i3) is completely covered by v(g1,i1)
and (g3, i3) due to (x) and (xx). We would then have

diam x ('y(gl,il) ﬂ'y(gg,iQ)) + diam x (”)/(92,12) N 7(93,13)) > diamx (’y(gg,ig)) > 25<E() -+ 305),

which contradicts to the bound 12(Ej + 304) on diam x (7(91, i1) Ny(ge, 12)) and diamx (’y(gg, ig) N
(g3, i3)). Hence, we conclude that v(g1,i1) and 7(gs, i) do not intersect.

With the same logic, we conclude that ~(g;,i;)’s for odd integers [ are disjoint subsegments of
[0, Uxo], in order from left to right along [xo, Uzo]. Recall again that v(g;,1;) and h(g;,1;)) Y are
(Eo + 306)-fellow traveling. Now Fact tells us that

(z0, h(g1,11)Y L, h(gs,i3)YL, ..., h(@2rpa/a)41,iorea/21+1) Yo, Uto)
is 6(Ep + 306)-aligned. This implies that m > [#.A4/2] > s=#F~1(U) as desired. O

Now let (g1,%1),-- -, (gm,im) € BADL (n) x {1,...,0.9n} the elements as in Claim
(1) F(g1,i1) = ... = F(gm,im) = U,
(2) (xo, h(g1,i1) - Yo, -y h(gm,im) - Lr, Ux()) is 6(Ey + 300)-aligned.

It remains to prove that m < 2en for large enough n. We will prove it for every n > 32R K,/ 7 Le.
Suppose to the contrary that m > 2en. Let us denote the dg-geodesic representative used for g;
by a1 ---ajg,g, S0 that h(gi,i1) = a1 ---a;,s(g1,41). We will abbreviate h(g;,4;) by hi, h'(gi,4;) by
h;, s(gl,z’l) by Sy and t(gl,il) by tl.

We focus on a particular vertex on the dg-geodesic Ug; 1. [z0, g1]s, namely

-1 L L
U::Ugl “Q1 Qi L FoL+2 = A1 Qjy - ST @ .tle:hl.gp ‘t1~

Then vzg is Kpp-close to hy - olzo. Since (hlgoL:I:O, hg[mo,goon]) is (6Ep + 1806)-aligned, Fact
(1) tells us that (vxo, hgTL) is (6o + 2000 + K1,p,)-aligned.
Now, Fact tells us that either:
15



(deX)

(Cay(S),ds)

id

FIGURE 8. Above are depicted h(g;,i;) - T for 7 inputs (g1,41),...,(g7,i7) that
have the same F-value U. Each of h(gi,i1) - Tp,...,h(g7,i7) - T fellow travels
with either h(g1,41) - YL, h(ga,i4) - T or h(ge,i¢) - T for certain amount of times.
Below are depicted the consequences: each of h(gy,l1),...,h(g7,i7) is close (in dg)
to either h(gi,l1), h(ga,ls) or h(ge,ls).

(1) (Ugy 20, hen Y1) is (6Eo + 2406)-aligned, or
(2) (hen—1Yr,Ugytag) is (6Eg + 2406)-aligned.
In Case (1), we conclude that
(20, 91U henTr, 91U hena py ooy iU~ hin Y 1, g170)

is (6Ep + 2406)-aligned. This contradicts the fact that g1 ¢ Vi ((n).
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In the latter case, we have:
(veog, MY, ... hen—1YL,vi)

is (6Eo+2400 + K,;p)-aligned for y; = Ugl_lwo and y2 = Uxg. Here, the alignment of (hep—1Y1, y2)
is due to Fact Let P be the first half of the geodesic Ug; 1[azo, g1xo) connecting Ugy 120 to
vz, and let P, be the latter half connecting vz to Uzg. Then Len(P;) + Len(P2) < ||g1|ls < n.

Recall that Ry = Ro(L,4/€) is chosen as in Proposition and that L > L; is longer than
Lo(K) for K = 6Ey + 2406 + Kp;p. Since Len(P;) + Len(P;) < n < (4/€) - (en/4), the paths
should satisfy the first alternative in Proposition for k = en/4. In particular, there exists
i € {0.5en,...,0.75en} such that dg(Pi,h;),ds(Pe,h;) < Ry. Let uy € P, and ug € P, be the
vertices realizing the distance.

Meanwhile, note that (vxo, hoYr,...,hi—1 Y1, hixo) is (6Ey + 2006 + Kp,p,)-aligned. Fact
implies that there exist i — 2 > 0.25en disjoint subsegments of [vzg, h;zg], each longer than 7L —
2(6Ep + 2000 + K1) — 1606 > 0.57L. This implies that

dg(hi,v) > dx (vxg, hizg) > -0.57L - 0.35¢€n.
Lip Lip
This implies that
L
ds(u1,v) > dg(h, v) — dg(hi,u1) > ————" — Ry > 3Ry
8I(Lip

Meanwhile, u1,v and ug are aligned along a dg-geodesic Ug; 1[1’0, g170]. This leads to a contradic-
tion
2Ry > dg(u1, hi) + ds(uz, hy) > ds(u1,uz) > ds(u1,v) > 3R
In conclusion, m < 2en holds for m in Claim when n > 32RoK,/TLe. This implies that

#BADL(n) x 0.9n = #(Dom F) = Y (#F '(U)) < 4Ten - #Bs(n).
UEBS(TL)

We conclude

#BADy, (n)

<5Te. (VYn > 32RyKy;,/TL O
FBs(n) = e. (Vn> 0K Lip/TLe)

Let us now define

. ~ 3hi,..., hep € G such that the sequences (xo, M Yr, ..., hen Y1, g20),
Wee(n) = {g € Bs(n) : (97 20, Y1) and (hen X1, g%x0) are each (6 + 3600)-aligned ’

Lemma 4.5. Let L > L. Then the following is true for g € Wy ¢(n):
(1) g is a loxodromic isometry on X with Tx(g) > 0.57 Len.
(2) g has the WPD property and hence is Morse ([Sis16, Theorem 1]).
(3) There exists a conjugate v of ¢ such that for each large enough i, the projections of g~ 'z
and g'xg onto [ ~txg,Yixg] are at least TL/2-apart, with the former one coming first.

Proof. For the first item, we claim that

(4.1) (o e Vs Yens 9V G Vens - -)
is (12Ep+9006)-aligned, where ~y; := h; L. The only nontrivial part is the (12E(+9004)-alignment
of (Yen,gv1). First, observe that (Yen,gwo) and (Yen,g?z0) are each (6Ey + 3606)-aligned. By
Corollary (Yen, 2) is (6Eg + 4208)-aligned for each z € [gxo, g?x0].

Meanwhile, Fact implies that gy is contained in the (6 Ey + 4400)-neighborhood of [xg, gxo].
Fact 2.2(1) implies that ,, (¢71) is contained in the (12Ey 4 9006)-long ending subsegment of ~e,.

By a symmetric argument, we can similarly observe that 7y, (Yen) is contained in the (12Ej +
9006)-long ending subsegment of gy;. This concludes the desired alignment.
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Now Fact applies to the (12E7+9006)-aligned sequence (20, Y1, - - -, Yers GV1s - - - » $Vens - - - » §¥20)
and concludes that

k—1 en
dx (z0, g*x0) ZZ diamy (g%y;) — (2(12Ep + 9008) + 1604))
i=0 j=1

1
> enk - (TL — (2(12Ep +9006) + 1605)) > enk - 57—[/‘

This implies that 7x(g) > 0.57Len.

In order to discuss WPD property, let K > 0. Because g is loxodromic, there exists N such that
dx(gtNxo,h1Yr) > K + 10006. We then claim that Stabg (zo,g*¥x0) is finite. Suppose to the
contrary that Staby (wo,g*¥xg) is not contained in any finite dg-metric ball. Then we can take
infinitely many distinct elements g1, go, ... € Stabg (xo, g xo).

Combining the alignment of the sequence in Display [£.1] and Fact we observe that

(w0, 9" Y1, g*N o)
is (12Eq + 9606)-aligned. Since dx (g, gizo) < K < dx(x0, g h1 Y1) — 10006, the contraposition of
Fact (2) tells us that m,n;,, v, ({0, gizo}) has diameter at most 208. Similarly, m v, v, ({95, 9:g*" wo})
is also 208-small. Hence, (g;xo, gV h1 Y1, gig*V x0) is also (12E(+9808)-aligned. Hence, [g;x0, gig*" x0]
contains a subsegment 7; that is (12Ey + 10608)-fellow traveling with gV hyYp.

Now, g; 'n;’s are subsegments of [z, g?V x| that is longer than 7L — 2(12Fy + 10605) > 0.57L.
Since [z9, g ] is compact, by passing to subsequence, we may assume that g; '7;’s converge to a
subsegment of [z, >V o] of length at least 0.57L. Also, these subsegments are (12Eq-+10600)-fellow
traveling with gi_lgNthL and gj_lgNthL, respectively. Since 0.57L > 12(12Ej + 10600) + Ep,
Fact implies for large 7, 7 that Tyl gNhi T, (g;1 gV h1Y1) is Eg-large and is orientation-matching.
Now Fact [2.6(2) implies that

hi'g Ngigi g™ hi C Bs(Eg + 2LF).

In particular, gigj_1 is uniformly bounded for every pair of g;, g;. This contradicts the infinitude of

Stabg (zo, g*¥ 29). The WPD property of g is now proven.

The third item holds for ¢ = hlcphl_l. Indeed, when N is sufficiently large, [¢~z0, g™ x0] and
[h1p™N hl_lxo, h1oN hixo] both contain subsegments that are 0.017 L-fellow traveling with a 7 L-long
geodesic h1 Y. We omit the detail. O

We now claim that V, 3.(n) \ Wi, ((n) is non-generic.
Lemma 4.6. For each L > Ly and € > 0, there exists X\ > 1 such that

. #Vr3e(n) \ Wre(n) n

for all large enough n.

Proof. Before the proof, let Ry = R1(L,12/€) be as in Proposition [3.3] Let us first define

n/2
= U {abca™ :a € Bs(r),b € Bs(n —2r +2Ry),c € Bs(2R1)},
Ky = U {acba™' : a € Bs(r +2R1),b € Bs(r' +2R1),c € Bs(2R1)}.

rr' 20,4 <(1-e)n
18



We also define ;' := {g™! : g € K;} for i = 1,2. Then we have
#(K UK UK UK Y) S 20227059,
This is exponentially smaller than #Bg(n).
It remains to prove that Vr, 3.(n) \ (lCl UK U /Cfl U IC;l) is contained in Wy, ¢(n). To show this,
let g € Vp3e(n) \ (IC1 UKo U IC1_1 U ICQ_I). Then there exists hi,...,h3en € G such that
(4.2) (o, Yp,. .. h3en L, g0)
is (6 Ep 4 3006)-aligned. Then (zo,h; Y1, gzo) is (6Ey 4 3606)-aligned for each i by Fact
Fact guarantees that the following dichotomy holds: either
(1) (g7 20, hent1Y L) is (6Eg + 3606)-aligned, or
(2) (henYr,9 twg) is (6Eg + 3606)-aligned.
We claim that Case (1) holds. Suppose to the contrary that Case (2) holds. That means,
(20, h1YL, ... hen Y1, g x0) is (6Ey + 3600)-aligned.

Pick a dg-geodesic path P connecting id to g. Then g~ P is a path connecting ¢! to id.

We now apply Proposition Since Len(P) + Len(g~'P) < 2n < (12/€) - (en/6), the first
alternative in Propositionshould hold for k = en /6. In particular, there exists ¢ € {en/2,...,en}
such that dg(h;, P),ds(h;, g 'P) < Ry. Let v € P and g~'u € g~'P be the vertices realizing the
distance. Here, as before, the alignment of the sequence in Display implies that [xg, h;xo]
contains ¢ disjoint subsegments longer than diamx (Y1) — 2(6Ey 4+ 5200) > 0.57L. Hence,

TLen.

1
ds(id. hy) > ——dy (z0. hizo) >
s(id, hy) > Kin x (20, hizo) KLy

This implies

[olls = llhills = ds(hi, v) >

TLen — Ry > en. (when n > Rj/e)

Lip
Meanwhile, since (h;zo, hi+1 YL, .., h3en YL, gzo) is also aligned, we have
ds(hi,g) > dx (hizo, gro) > TLe.
Lip Lip

This implies dg(v, g) > en. Note that ||g~ ulls = ||glls — |ulls and ||v||s differ by at most 2Rg. (x)
We now divide the cases:

(1) en < |jv]ls < |lglls/2. Recall that id,u,v, g are on the same dg-geodesic P. This means
[ ulls = ds(v,u) = [[olls = llulls| = [Iolls + (lg~ulls = lglls)]
Thanks to (x), we have

ol + (lg™"ulls — llglls)| < [2llvlls ~ lglls| +2Ro = lglls — 2lells + 2R

Ly and v are 2Rg-close so u™'g - v € Bg(2Ry). This implies the contradiction

g=uv-(v 1 u) - (utgv) vt € Ky,

Finally, g~

(2) llglls/2 < |lvlls < |lglls — en. In this case, (%) implies that
lulls < llglls = llvlls +2Ro,  [lu™"olls < [2[jvlls = [lglls| +2Ro = 2[vlls — l|g]ls + 2Ro-

We also have u=1g-v~! € Bg(2Ry). Note that ||g|ls—||v||s, 2/|v]ls—|lg]ls are positive integers
whose sum is at most ||v||s < ||g||ls — en < n — en. These facts lead to a contradiction

g=u-(utgv)- (v u)-u"t € K.
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We can thus conclude that Case (1) holds. Meanwhile, Fact asserts that either
(a) (haen YL, g%w0) is (6Eg + 3600)-aligned, or
(b) (970, h2en+1Y1L) is (6Ep + 3600)-aligned.

In Case (b), we are led to the alignment that
(97 20, 9 Y hoens1 YLy - - g thaen Y r, o) is (6Eg + 3600)-aligned.

A similar argument as before implies g € K| Ly Ky ! a contradiction. Hence, Case (a) must hold.
In conclusion, the following sequence is (6 Ey + 3600)-aligned:

(97 20, hent1 YL, - -+ haen Y1, g%T0)
Also, (29, hen+1Y1) and (hoey X1, gzo) are (6Ey + 3606)-aligned. Hence g € Wy, (n). O
We can now finish the proof of Theorem

Proof of Theorem [I.2. We again start by fixing the constants Eo, 7, Krip, Fo, L1. Take L > L,
large enough such that 7L > M.
By Lemma it suffices to show that for each n > 0 there exists € > 0 such that

. #(Bs(n) \ Wr(n))
(4.3) Imsup = p ) =

To this end, we take
1

" 30(2Ey + ALFy + 5)(#S)Eot3LFo+d | n-
Then by Fact .1 Lemma [£.3] and Lemma [4.6]

#Bs5(09n) _ . #(Vis(n) \ Wi (n))

IRy e #Bg(n) =0,
. #BAD, 3.(n)
limsup—————= 2.
BBy <"
Moreover, we have
Bs(n) \ Wr.(n) € Bs(0.9n) U ((Bg(n) \ B5(0.9n)) \ Wp(n )
C BS(0.9n) U (Bs(n) \ (BS(O 9n UV 36 ) U VL 35 \WL 6( )
= B5(0.9n) UBADY 3¢(n) U (VL 3e(n) \ Wi (n)).
Hence, Equation [4.3] holds. O

Proof of Theorem [1.3. We only list additional observations needed for Theorem For detailed
explanations about the notion of principal/triangular/ageometric fully irreducible outer automor-
phism in Out(F,,), refer to [AKKP19] and [KMPT22].

By [AKKP19, Example 6.1], there exists a principal fully irreducible ¢ € Out(Fy). Now
[KMPT22, Remark 5.4] provides a lone axis «y for ¢, which is necessarily a periodic greedy folding
line. Further, every fully irreducibe g € Out(Fy ) has a simple (periodic) folding axis.

Pick a basepoint xg € FF . For now, let us denote the projection map from the Outer space
CVy to FF by II. Then [KMPT22, Proposition 8.1] guarantees that:

Fact 4.7. There exists Mo > 0 such that the following holds. If g is a fully irreducible and if the
drr-nearest point projections of g~"xzy and g'xo onto [¢~"xg, @ :1:0]]:]: 1s at least My-apart, the first
projection coming first, then g is ageometric and triangular.

20



The original [KMPT22, Proposition 8.1] is formulated in terms of Pr,, but this can be re-
placed with the dzz-nearest point projection onto II(y) by [DT17, Lemma 4.2]. Furthermore,
[0~ x0, p'x0] 77 uniformly fellow travels with subsegments II(vy;) of II(7y), where 7; exhausts v as i
tends to infinity. This justifies the reformulation.

Given Fact we take M > My and run the proof of Theorem for each n > 0 there exists
e > 0 such that Wy, . has asymptotic density > 1 — . For this €, elements of Wy, (n) for large
enough n satisfy the assumption of Fact by Lemma Hence, Wy, (n) consists of ageometric

triangular fully irreducibles for large enough n. By shrinking 7, we conclude Theorem O
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