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ABSTRACT. Continuing from [Cho22b|, we study random walks on met-
ric spaces with contracting elements. We prove that random subgroups
of the isometry group of a metric space is quasi-isometrically embedded
into the space. We discuss this problem in two senses, namely, one in-
volving random walks and the other involving counting problems. We
also establish the genericity of contracting elements and the CLT and
its converse for translation length.
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1. INTRODUCTION

This is the second in a series of articles concerning random walks on
metric spaces with contracting elements. This series is a reformulation of
the previous preprint [Cho22a] announced by the author, aiming for clearer
and more concise expositions. Our aim is to provide a unified approach to
various limit laws for random walks under optimal moment conditions. Let
us recall the setting:

Convention 1.1. Throughout, we assume that:
e (X,d) is a geodesic metric space;
o G is a countable group of isometries of X, and
o GG contains two independent contracting isometries.
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We also fixz a basepoint o € X.

We emphasize that this setting embraces Teichmiiller space, Gromov hy-
perbolic spaces, CAT(0) spaces and many more. In this article, we focus
on the asymptotic description of the translation length 7(w,) of a random
isometry w,. Our main results are as follows.

Theorem A. Let (X,G,0) be as in C’onvent@'on and w be the random

walk generated by a non-elementary measure p on G. Let A\(w) be the escape
rate of w. Then for any 0 < L < A(w), there exists K > 0 such that

P (wy, is contracting and T(wyp) > Ln) > 1 — Ke /X

holds.

This result has been observed by Sisto for simple random walks on var-
ious spaces in [Sis18]. In the absence of moment conditions, Maher and
Tiozzo observed in [MT1§| that non-elementary random walks on Gromov
hyperbolic spaces favor loxodromic elements in probability. Their method-
ology and Benoist-Quint’s estimates in [BQ16a] also lead to the stronger
SLLN for translation length under finite second moment condition, as noted
by Dahmani and Horbez [DHI18|]. Dahmani and Horbez also deduced the
same SLLN on Teichmiiller space. Later, Baik, Choi and Kim obtained the
same SLLN under finite first moment assumption using ergodic theorems
and Maher-Tiozzo’s notion of persistent joint [BCK2I]. We also note Le
Bars’ recent result [LB22] that non-elementary random walks on a proper
CAT(0) space favor contracting isometries in probability. Theorem [A| gen-
eralizes all of the aforementioned results by obtaining an exponential bound
from below without any moment condition.

The genericity of contracting elements is a recurring propaganda that
also appears in other settings. For example, Yang describes the genericity
of contracting elements in counting problem for proper actions on a metric
space [Yan20]. Our aim here is to deduce the genericity of contracting
elements for possibly non-WPD actions on spaces and for non-elementary
random walks without moment condition.

We also provide a quantitative comparison between the displacement and
the translation length of a random isometry.

Theorem B. Let (X,G,0) be as in C’onvention and w be the random
walk generated by a non-elementary measure p on G.
(1) If u has finite p-th moment for some p > 0, then
Jim. W[d(o,wn 0) —T(wn)] =0 a.s.

(2) If u has finite first moment, then there exists K > 0 such that

lim sup

— < .8.
m st Ogn[d(o,wno) T(wp)] < K as
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There has been observations that displacement and translation length
have sublinear discrepancy for random walks with bounded support or with
finite exponential moment: see [Mahl12], [MT18]. Moreover, using Benoist-
Quint’s strategy in [BQ16a], [BQ16b] and its application to other spaces
([Hor18], [DHI1S]|), one can achieve sublinear discrepancy for random walks
with finite first moment. We improve these observations by proving that
random walks with finite (1/2)-th moment exhibit sublinear discrepancy
between displacement and translation length.

These theorems lead to the SLLN and CLT for translation length. In
particular, we complete the CLT in |[Cho22b] as follows:

Theorem C (CLT and its converse). Let (X, G, 0) be as in Convention|[1.1]
and w be the random walk generated by a non-elementary measure u on G.
If u has finite second moment, then ﬁ(d(o, wp 0) —n\) and ﬁ(T(wn) —nA)
converge to the same Gaussian distribution in law.

Conversely, suppose that p has infinite second moment. Then for any
sequence (¢p)n, both ﬁ(d(o, Wp 0) —Cy) and ﬁ(T(wn) —¢p) do not converge
n law.

CLT for translation length and the converses of CLT for Gromov hyper-
bolic spaces and Teichmiiller space have been observed in [Cho2lal. Here,
we establish the same result for general spaces with contracting isometries.

Meanwhile, Taylor and Tiozzo proved in [T'T16] that random subgroups of
a weakly hyperbolic group is quasi-isometrically embedded into the ambient
Gromov hyperbolic space, in the sense that such event happens for eventual
probability 1. See also [MS19] and [MT21] for additional conclusions under
geometric assumptions, e.g., acylindricity or WPD. These results are linked
to a deeper understanding of convex-cocompact subgroup of mapping class
groups and outer automorphism groups, and random extensions of surface
groups and free groups.

The following theorem strengthens the conclusion of Taylor-Tiozzo’s the-
orem, while embracing more general spaces.

Theorem D. Let (X, G,0) be as in C’onvention and wD, .. w® pe k
independent random walk generated by a non-elementary measure p on G.
Then there exists K > 0 such that

P [(wg), . ,w,(f)> is q.1. embedded into a quasi-convex subset of X | > 1-Ke K,
Thanks to a concrete control of the decay rate, we can even deduce the
analogous conclusion for counting problems.

Theorem E. Let G be a finitely generated group acting on a metric space
X with at least two independent contracting elements. Then for each k > 0,
there exists a finite generating set S of G such that

iy ) 91s---59k € Bp(e),{(g1,...,9k) s q.i. embedded
Gloes k) into a quasi-convex subset of X

(#Bn(e))*
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converges to 1 exponentially fast.

For Gromov hyperbolic spaces and Teichmiiller space, Theorem [E] for
k =1 has been observed in [Cho21b|] as an affirmative answer to a version
of Farb’s conjecture in [Far(6].
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discussions.
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2. PRELIMINARIES

We continue to employ the notion of contracting isometries defined in
[Cho22bl;

Definition 2.1 (contracting sets). For a subset A C X of a metric space
X and € > 0, we define the closest point projection of x € X to A by

Ta(z):={a€ A:dx(z,a) = dx(z,A)}.
A is said to be K-contracting if:

(1) ma(z) # 0 for all z € X and
(2) for all x,y € X such that dx(x,y) < dx(z,A) — K we have

diamy (7a(z) Uma(y)) < K.

A K-contracting K-quasigeodesic is called a K-contracting axis. An
isometry g € G is said to be K-contracting if its orbit {g"0}tnez is a K-
contracting aris.

We assume throughout the article that p is a non-elementary probability
measure on G, i.e., the support of 1 generates a semigroup that contains
two independent contracting isometries.

Definition 2.2 (Translation length). For g € G, the (asymptotic) transla-
tion length of g is defined by

.1 n
7(g9) = hnrggf Hd(o,g 0).

Given an isometry g € G, the orbit {g"0},cz is a quasi-geodesic if and
only if g has strictly positive translation length. However, an isometry
with positive translation length may not be contracting. For example, a
translation in direction (1,1) on the Cayley graph of Z? has translation
length 2 but is not contracting.
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Definition 2.3 (Quasi-convexity). A subset A C X is said to be K-quasi-
convex if any geodesic [x,y]| connecting two points T,y € A is contained in
the K-neighborhood of A.

Let us now recall some alignment lemmata established in [Cho22b].

Definition 2.4 ([Cho22bl Definition 3.2]). Given paths k; from x; to x for
eachi=1,...,n, we say that (k1,...,k,) is C-aligned if

diam (l’; U Wni(/{prl)) < C, diam (l’i+1 U TrM.H(/{i)) < C.
hold fori=1,...,n—1.

Lemma 2.5 ([Cho22b, Lemma 3.3]). For each C > 0 and K > 1, there
exists D = D(K,C) > C that satisfies the following property.

Let k, 1 be K -contracting azxes that connect x to x’ andy toy, respectively.
Suppose that (k,y’) and (xz,n) are C-aligned. Then (k,n) is D-aligned.

Proposition 2.6 ([Cho22bl Proposition 3.5]). For each C >0 and K > 1,
there exist D = D(K,C) > C and L = L(K,C) > C that satisfies the
following.

Let J be a nonempty set of consecutive integers, and p, {x;,y; }ics be points
in X. Foreachi € J, let k; be a K -contracting axis connecting x; to y; whose
domain is longer than L. Suppose also that (k;)icy is C-aligned. Then we
have the following:

(1) the statements
(ki,p) is D-aligned, (p,k;) is D-aligned

cannot hold simultaneously;

(2) the set

Jo = Jo (p; (Ki)ie, D)

—dicy. (ki p) is D-aligned fori € J such that i < j,
Y " (p, ki) ts D-aligned fori € J such thati > j

consists of either a single integer or two consecutive integers;
(8) Tk (p) is monempty and is contained in | {7y, (p) : j € Jo}; and
(4) (Ki, km) is D-aligned for any l,m € J such that I < m.

Proposition 2.7 ([Cho22bl Proposition 3.6]). For each C > 0 and K >
1, there exist E = E(K,C) > C and L = L(K,C) > C that satisfy the
following. Letx,y € X and kq,...,kN be K-contracting axes whose domains
are longer than L.

If (z,k1,...,6N,Yy) is C-aligned, then (x,r;,y) is E-witnessed for each
i=1,...,N. Moreover, p € Ng(|x,y]) and (z,y), < E for any p € x;.

Lemma 2.8 (|[Cho22b, Lemma 3.7]). For each C,M >0 and K > 1, there
erist K' = K'(K,C,M) > C and L = L(K,C) > C that satisfies the
following.
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Let J be a nonempty set of consecutive integers and {x;,y;}icy be points
in X. For each i € J, let k; be a K-contracting axis connecting x; and
y; whose domain is longer than L. Suppose that (k;)icy is C-aligned and
d(yi, xi+1) < M fori e J\supJ. Then U;k; is a K'-contracting axis.

We now recall the concept of Schottky sets. Given a sequence s = (gbi)f:l
of isometries of X, we denote the product of its entries ¢y - -- ¢ by II(s).
We also define the reversal of s by s~! := (d),iiﬂ)f:l, ie.,

s= (1., k) & s =(op ..., 01",
Now let
Tng+i = 1(8)" 1~ pio = (¢1-+ k)" 1+~ pio

for each n € Z and i = 0,...,k — 1. We let I'"(s) := (zo,21,-..,Tmk)
when m > 0 and I'"*(s) := (z0,%-1,...,ZTmk) when m < 0. When m =1,
we usually omit the superscript and write I'(s) = (zg, ..., x). Finally, let
I'*%°(s) = (2;)iez. Note that T7™(s) = I'"™(s~1), and I (s) is a concatena-
tion of |m| translates of I'(s) or its reverse.

Definition 2.9 ([Cho22bl, Definition 3.11]). Let K > 0 and S € G™ be
a set of sequences of M isometries. We say that S is K-Schottky if the
following hold:

(1) T™(s) is a K-contracting axis for all s € S and m € Z;

(2) for each x € X, all element s € S except at most 1 satisfies that
(x,T™(s)) is K-aligned for alln € Z;

(3) for each x € X and s € S, if (x,I™(s)) is not K-aligned for some
n >0 (n <0, resp.) then (x,I'"™(s)) is K-aligned for all m < 0
(m >0, resp.).

Proposition 2.10 ([Cho22bl Proposition 3.12]). For any Ny > 0, there
exists a K-Schottky set of cardinality Ny in (supp u)™ for some m and K.

From now on we fix an integer Ny > 410. Let Ky := K(Ny)
be as in Proposition [2.10, and
e Dy := D(Ky, Kp) be as in Lemma
e for i = 1,2, Dl = D(Ko,Difl), L,L = L(K(],D,L;l) be
as in Lemma [2.5] and Proposition [2.6
e Fy:= E(Ky,D2), Ly := L(Ky, D2) be as in Proposition
27
Let us now fix a Kg-Schottky set S C (supp ) of car-
dinality at least Ng.
Note that the set of n-self-concatenations of elements of S
is also a K(-Schottky set. Hence, we may assume that

(2.1) Mo >Ly+ Lo+ Lz + 2OKQ(KQ + Eo).

From now on, Ky-contracting axes of the form I'"(s) for
s € S and m # 0 are called Schottky axes.



RANDOM WALKS AND CONTRACTING ELEMENTS II 7

3. THE FIRST METHOD: DEVIATION INEQUALITIES

Our first approach to the limit laws for translation length does not ex-
plicitly refer to the pivotal times but implicitly rely on them via deviation
inequalities.

We briefly recall the RV v = v(&,w) defined in [Cho22bl Section 5]. Given
independent backward and forward paths, it was defined as the minimal
index k for which there exists i < k — My such that:

(1) a:=(git1,---,9i+M,) is a Schottky sequence;

(2) (o,w;iI'(a),wp 0) is Di-aligned for all n > k, and

(3) (0 0,w; T'(a)) is Day-aligned for all n’ > 0.
Similarly, we defined © = 0(w,w) as the minimal index k that are associated
with another index ¢ < k such that:

(1) & := (Jit1,---,Gi+M,) is a Schottky sequence;
(2) (o,iI'(&),wno) is Di-aligned for all n > k, and
(3) (wno0,w;I'(&)) is De-aligned for all n > 0.

We then had the following results:

Lemma 3.1 ([Cho22b, Lemma 5.3]). There exist k, K > 0 such that the
following estimate holds for all k:

P (U(@aw) >k ‘ Gk+15 91, - - - ,§k+1) < Ke ™",
P (0(0,0) 2 k| Grsr g1, o951 ) < Ke ™%,
Lemma 3.2 ([Cho22b, Corollary 5.6]). Suppose that pu has finite p-moment
for some p > 0. Then there exists K > 0 such that
E [min{d(o,wy 0), d(0,030)}*"] < K.
Using this, we can prove Theorem

Proof. Suppose first that p has finite p-th moment for some p > 0. Let Z
be an integrable RV that dominates min{d(o,w, 0),d(0,030)}?". Let also
k1, K1 > 0 be the constants as in Lemma u and

Let us fix n > 0. We temporarily define

hnk+i = gi (k €Z,i € {1,...,77,}),

o hieeh >0,
YT U ngt-nl i<

For t =0,1,2,3, we also define
it = hy Jivt = h L .
it = i ne/a] 95T Mgl (=1, |n/2))
Wizt *= gt - Gisty, Wit ~= g1t - Gist-
(Gist, gizt)i’s for t = 0,1,2,3 have the same distribution with (g;, g;)i, al-
though they are not mutually independent. Let

vy = v ((@i)o<i<nsz)s (@it)o<i<ins2)) s V) =0 ((@i)o<i<(nsa)> @it )o<i<|n/2))
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and observe that
P (An;t = {w  max{v(y), Oy > n/l()}) < 2K e~rn/10,

. . 2p y
min {d <o,wv(0> o) ,d <o,w@(0)o)} < Z,

, where Z’ is an RV of the same distribution with Z. We now claim that for
wé¢ A%O) U Aﬁf) U Ag) U Agf), we have

[d(o,w, 0) — T(wn)]2p <oy

2p
We explain the case that d <o,wv<0) 0) < Z, since the other case can be

handled in a similar manner.
By the definition of vy, there exist i(0),4(1),4(2),7(3) such that nt/4 <
i(t) < nt/4 + vy —Mo and the following holds. If we define

St = (gi(t)—l-lv e 7gi(t)+Mo)a
then s4’s are Schottky sequences and
(@lntjaj—j 0, Wiy D(5¢), Wine/a)+k)
is Do-aligned for 0 < j <n/2and vy <k < n/2. Note also that V(g < n/10
since w does not belong to any of A, ;. This implies that
<0, wi) T (50), -+, wign) T(s3), wnwi)T(s1), -, wi 'wiz) T(s3), wy 0)

is Ds-aligned for each k£ > 0. Using Proposition we can control the
Gromov products among points which imply

d(o,wk 0) > d(o, wi( —i—Zd wi(0) 05 wl ] wi0) 0)+d(o, w1ty Wi(0) 0, W *0)—(k+1)Eq

Hence, we have
wn) > ) 0, wn Wi(0) 0) — Eo,
[d(0,wn 0) — T(wn)] < (2d(o w;0) + Eo)* .
Note that (0, w;() I'(s0), wuq, 0) is also Dy-aligned so we have
d(0,wi(0) 0) = d(0, Wy 0) — d(Wi(0) 0, Wi(0)+ My ©) — AWi(0) 1Mo O Wug, ©)
+ 2(o, Wi(0)+Mo O)wi(o) o+ 2(o, Wy O)Wi(0)+]\40 o
< d(0, Wy, 0) — 6Ep,
[d(0,wn 0) — T(wn)]?P < (2d(0,w; 0) + Ep)*P < 2%d(o, Wa () o) < 2%z
Given this claim. we obtain
P(d(0,wn 0) — 7(wy,) > Cnt/?P) = P ([d(o,wn 0) — 7(wn)]? > C’2pn)
<P (2%Z > C%n) + 2K e "0

Since Z is integrable, the above probability is summable and the Borel-
Cantelli lemma leads to the conclusion.
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Now suppose that p has finite first moment. This time, we define
Apyt i={w 1 vy > K'logn}

for some large K’ such that ) Kje~mK'logn « 45 Then the Borel-
Cantelli lemma tells us that almost every path w eventually lies outside

AS) U Ag) U A%g) U AS{L), say for n > N. In such case, we have
d(0,wn 0) = T(wy) < d(0,wy ) 0) < d(0, WK 10gn 0)

for n > N. The subadditive ergodic theorem tells us that d(o,w., 0) < 2Am
eventually holds for almost every path. Hence we conclude that

d(0,wn 0) — T(wyp) < 2AK'logn
eventually for almost every path. O

Corollary 3.3 (SLLN for finite first moment). Let (X, G,0) be as in Con-
vention 1.1, and w be the random walk generated by a non-elementary mea-
sure p on G with finite first moment. Then

1
(3.1) lim gT(wn) =

for almost every w, where A = \(u) is the escape rate of .

Corollary 3.4 (CLT). Let (X,G,0) be as in Convention[1.1], and w be the
random walk generated by a non-elementary measure . on G. If u has finite
second moment, then %(T(O, wp 0) —n\) and ﬁ(d(o,wn 0) —n\) converge

to the same Gaussian distribution A (0,0 (1)) in law. We also have

-\
Jim sup + 24 %) —An
n—00 v2nloglogn

In fact, Theorem [B|implies Corollary [3.3|for measures with finite (1/2)-th
moment, and the converse of CLT for measures with finite (1/4)-th moment.
For general non-elementary measures, however, the SLLN and the converse
of CLT cannot be deduced from Theorem [B| and we need more explicit
information. Let us recall the following result from [Cho22b]:

Theorem F ([Cho22b| Theorem E]). Let (X, G, 0) be as in Convention[1.1]
and w be the random walk generated by a non-elementary measure p on G.
Then for any 0 < L < A(w), there exists K > 0 such that

=o(p) almost surely.

P[d(0, wy 0) < Ln] < Ke ™¥
holds.
Using this theorem, let us prove Theorem [A]

Proof. Given 0 < L < A(w), we fix 0 < € < 1/10 such that L' = L/(1 — 2¢)
is still smaller than A.
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Let us define Ay = {w : max{vy), 4} > en}. Then P(A,;) decays
exponentially. Now for w ¢ U{_; A4, we have i(t),i(t) such that
n/4— vy <i(t) <n/d— My <nt/4<i(t) <nt/4+ vy —Mo,
and the following holds. If we define
st = (hiy+15- - Piy+Mo)s St = (Riys1s - - - iy a1,)

then s¢, §;’s are Schottky sequences and

(WLnt/4j—j 0, wipy I'(5t), wigy T'(se), wLnt/4J+k)
is Do-aligned for v,y < j <n/2 and vy <k <n/2. This implies that
0, wioy['(s0), -+, wiz)L'(s3), Wy _3(0) ['(30), wnwi)'(s1),
( o, whl wi3) L(s3), wk=1 w,, 50y L'(%0), wko )
is Dg-aligned for each k > 0. This implies that
(3.2) T(wn) = d(wi() 0, w,_j) 0) — Eo
> min {d(w; 0,wn—;0) : 0 < 1,5 <en} — Ep.

Now, since the displacement satisfies Theorem [F] there exists K > 0 such
that
P[d(0, wm 0) < L'm] < Ke ™ X

holds for all m. This implies
P[min {d(w; 0,wn—j0) : 0 < i,j < en} — Ey < Ln]
< Z Pld(w; 0, wn—j0) < Ln + Ej)

0<4,5<en
< (en)?- Ke (1-20n/K

(3.3)

for large enough n, which decays exponentially. By combining Inequality
and the exponential decay of P(A,,.), we deduce that P[7(wy) < Ln]
decays exponentially.

Meanwhile, we observed that if w ¢ U}_; Ay, then

(o W lwigT(s0),  whwioyT(s0), -..)

is a subsequence of a Dp-aligned sequence of Schottky axes. Since d(wF~1 wi) L'(s0), wk Wi(0))
is uniformly bounded, Proposition tells us that w,, is contracting. g

The previous proof did not rely on the possibility that the initial or the
final segment of a random path is shorter than the middle one; indeed, if
the random walk has no moment condition one cannot hope that. Instead,
the proof explicitly used the fact that the middle segment will catch up the
escape rate regardless of the moment condition, which is proven using the
pivoting technique.

In order to discuss the converse of CLT for general measures, one should
perform the pivoting more explicitly. For this purpose, we will recall the
basics of the pivotal time construction in [Cho22b].



RANDOM WALKS AND CONTRACTING ELEMENTS II 11

4. THE SECOND METHOD: PIVOTING TECHNIQUE

4.1. Pivotal times and pivoting. This subsection is a summary of results
n [Cho22b, Subsection 4.1]; for complete proofs, refer to the explanation
there.

Let (w;)52, (v3)72, be isometries in G; these will be fixed throughout this
subsection. Now given a sequence

s = (a1, B1,71,61, - - - Oy By Yo, On) € S,

we first define

(4.1) a; :=1(ay), b; :==1L(5;) ¢; := (), di :=T1(6;).

We then consider isometries that are subwords of

woarbyvicrdiwy - - - agbgvgcrdiwy - -

More precisely, we set the initial case waQ := id and define
w;Q = witmwi_l, w;l = wi_gai, w;o = w;Qaibi,
w;fo = wi_,Qaibivi, wi'fl = w;Zaibivici, wi'g = w;zaibivicidi.

We also employ notations

T() = w; (i), T(Bi) = w; 1 T'(B),
T(y) = wj,or(%‘), T(6:) = w¢+,1r(5i)-

for simplicity.
We then defined the set P, = Py,(s, (w;)q, (v;);) € {1,...,n}. Our main
estimates were as follows.

Lemma 4.1 ([Cho22b, Lemma 4.1]). Let P, = {i(1) < ... <i(m)}. Then
(00 T (@) YBicay)s T (i) X6i1)s 5 Tty T By T ion)) T (Bim)s 1.2

s a subsequence of a Dg-aligned sequence of Schottky axes. In particular, it
is D1-aligned.

In [Cho22b], we have observed a sufficient condition for P, = P,_1 U {k}
to hold. Namely, the conditions

(4.2)
diam (WT(%)(y];O) U yzo) = diam (WF(W)(vk_lo) Uo) < Ko,
(4.3)
diam <7T'r(5k) Yer12) YUY 2) = diam (mp-15,)(wro) Uo) < Ko,

(4.4)

diam (WT(Bk yk 1 ) diam (mp- 1(8,) (Vkero) U 0) < Ky,
(4.5)

diam (WT(ak) Zk—1) ) diam (7rp (o) ((w,;Q)_lzk,1> U 0) < K.
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guaranteed the addition of k to the set of pivotal times. Each condition
excluded at most one element out of the Schottky set S and we obtained:

Lemma 4.2 ([Cho22b, Lemma 4.2]). For 1 <k <n, s € S**=Dwe have
B (#Pu(s, By s 01) = #Pao1(s) +1) 2 1= 4/No.

Given aq, ﬂla 11, 51a sy Op—1, ﬁk—la Vk—laék—la we define the set Sk

of triples (ag, Bk, V&) in S that satisfy Condition and We
then observed that # [53 \ S’k} < 3(#5)%. Moreover, for (o, Bk, Vi) € Sk,

{(ag, By, 1) € Sk : B € S} has at least #S — 1 elements. We finally had:

Lemma 4.3 (|Cho22b, Lemma 4.3]). Let i € Py(s) for a choice s =
(a1, B1,71, 015, O, By Yn, 0n), and § be obtained from s by replacing (o, Bi, i)
with

(&, Bi, i) € Siar, Br, 71,01, - s i1, Bic1, Vi1, 0i—1)-
Then Pi(s) = Py(5) and Si(s) = S;(3) for each 1 <1< k.

Given 1 < k < n and a partial choice s = (a1, 81,71,01, - - -, O, Brs Vi, O),
we defined pivoting as follows: 5§ = (@1, 81, 91,01, - - - » @k, Bk, Vi, Ok ) 18 pivoted
from s if:

° 5j:5jf0ra111§j§k,

e (@, Bi, %) € Si(s) for each i € Py(s), and

* (a5,85,75) = (a5, B;,7;) for each j € {1,... .k} \ Pi(s).
Lemma then asserted that being pivoted from each other is an equiva-
lence relation.

Corollary 4.4. When s = (i, Bi, i, 0;)1, is chosen from S*" with the
uniform measure, #P,(s) is greater in distribution than the sum of n i.i.d.
X, whose distribution is given by

(No—4)/No ifj =1,
(4.6) P(X; =j) =14 (No—4)477/N;7T ifj <o,
0 otherwise.

More generally, the distribution of # Piin(s) — #Px(s) conditioned on the
choices of (o, Bi, Vi, 5i)f:1 also dominates the sum of n i.i.d. X;.
Moreover, we have P(#P,(s) < (1 —10/Ny)n) < e~ for some K > 0.

4.2. Pivoting and self-repulsion. We discuss pivoting on random paths
for translation length. Given (w;)72,, (v;)32, we consider an equivalence
class £ C S%" made by pivoting. € has a well-defined set of pivotal times
P,(&) ={i(1),...,i(M)}, and a choice s € £ is determined by the choices
(ciys Biys %’(l))f\il- We also denote w,, 1 5(s) by w for convenience through-
out the subsection.
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Recall that we have constructed S’i(l) C S3 that depends on (ai(j), BiG)» 'yi(j));_:ll
We now define new subsets:

S7(s) = ST (i)
(s) = Sula Q;(1), %‘(M))
S5(s) = S5(qy (1) Bi(1ys Vi(r)s Xi(arys Bim M) Vi(M— 1))
(s) = Sh—1(aia ),51(1)7%( 1) Qi M),/BZ(M)% M) Q(2), Vi(M=1))

for 1 <k < |M/2]. To define them we first consider

Pk = (Wiiar_kp1),0) W0k o
= Vi(M—k+1) Ci(M—k4+ 1) Li(M k4 1) Wi(M—k+1) " AnbnUnCndpwn
~woarbivierdiw « -+ @yk)—1bi(k)—1Vi(k)—1Ci(k)—1Di(k) 1 Wi(k) -1
for 1 <k < [M/2]. Tt is clear that ¢ depends on vi(ar—k+1), Qi(M—k+2)s
co Yi(M)s (1) Bi(1)s -+ > Vi(k—1)- Then we set
Si(s) = {ai(k) es : (wilyi_(M_k-H),O’ T(%’(k))) is Ko-aligned},

Shi—k41(8) = {Bz’(M—k—H) €S: (w_l T(Bz‘(M—k—&-l)),y;(k),l) is Ko-aligned}-

Here, the conditions above can be expressed as
(4.7) diam (Wr(ai<k))(¢’;10) U 0) < Ko,

(4.8) diam (erl(ﬁiu\likJrl))((ZSkai(k)O) U 0) < Ko,

respectively. For each I, S'\ S/ (s) consists of at most 1 element thanks to
the property of the Schottky set S.

Lemma 4.5. Let 1 < k < M/2. Suppose that s = (a1, Biy, Vi) WM e &,
satisfies

Qiky € Si(8),  Bigm—kt1) € Shr_g11(5)-

Then w = W49 18 @ contracting isometry and satisfies

7(w) > d(o, wo) — [d(o, Yitk)1 ) +d(y; Yicm 41y, W )] —4Eo.

Proof. Suppose that s € &, satisfies the hypothesis. Then by Lemma
(w_1 Y(Bivr—k+1)), T(ai(k))) is Dp-aligned. Recall also that

(T (i), YBice) s T vigy)s YGicry)s - - - » T@inr—i1))s T Biar—r+1))s T Viear—r+1))> Y(Oicar—r+1)))
is a subsequence of a D-aligned sequence by Lemmal[4.1] Hence, if we define
Kot = w' T(ay),

rotr2 = w' T(Bim—kt1))
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A
W0 = Wi),2

~1
Y e -
wy = wi(l),2) Wi(2),2

FI1GURE 1. Defining ¢;’s used in the pivoting for translation
length.

for t € Z, we observe that (o, k1, K2, . . ., k2;_1,w" 0) is a subsequence of a D-
aligned sequence. Proposition [2.7] then tells us that the Gromov products
among the endpoints of Iii’S are bounded by Ey. Hence, we have

L
d(o,w'0) > d(o, S Yitk) 1 —I—Zd Vit 1o W w’ yi(Mka)’l)—i-

—1 — ] — 7— 1 — .
Zd(wj Yint—rk1),0 @ Yigey,) T AW Y0y w'0) — 4iEy.
—

Dividing the both hand sides by ¢, we conclude that
T(w) > d(yi_(k),l’yi_(M—k+1),1) - 4EWO

> d(o,wo) — d(o, y[(k),l) —d(y;

(4.9)
i(M—k+1),1° 0)

_ AR,
Moreover, since [y;(k) U Yi(M ket 1) 1) is Ep-witnessed by Schottky axes and

longer than 4Ej, Inequality also tells us that 7(w) > 0. Similarly we
have 7(w™!) > 0, so w is a bi-quasigeodesic.
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Now Lemma tells us that the concatenation of k;’s is a contracting
axis. This implies that w,, is a contracting element. U

We now estimate the probability for the event described in Lemma
Given a choice

5 = (@) Bi)> Vi) )=, k=1, M—k+2...M € 5¢(1) X 'Xs’i(k—l)xs’i(M—k-i-Q)X' : 'ng‘(M)a
we define
. (Qitk)s Bitk)s Vitk)» QCi(M—k+1) Bi(M—k+1)s Vi(M—k+1)) € Si(k) X Si(M—k+1)
Sy 1= , (k) € Si(8,Ymr—k41) and
Bitm—k+1) € Shr—p41(5s Qg Vi(M—k+1))

Then we have the following:

Lemma 4.6. For each 1 < k < |M/2], the cardinality of 5’}; is at least
(#5)° — 8(35)°.

Proof. First, there are at least (#S5 — 1) choices of v,y and (#S — 1) choices
of Yj(m—k41) in S that satisfy Inequality Fixing those choices, at least
(#S5 — 1) choices of f;) in S satisty Inequality Finally, fixing those
choices, there are at most 1 choice of a;() in S that violates Inequality
and at most 1 choice that violates Inequality 1.7 In other words, at least
(#S5 — 2) choices of ;) satisfy both inequalities.

Fixing the above choices, at most 1 choices of B;p7_p41) in S violates
Inequality [4:4] and at most 1 choice in S violates Inequality In other
words, at least (#S — 2) choices of ;) satisfy both inequalities. Finally,
fixing those choices, there are at least (#S — 1) choices of ;) in S that

satisfy Inequality Overall, we conclude that 5’,1 has cardinality at least
(#S = 1)*#S —2)? = (#5)° - 8(#5)°. O

4.3. A variation: v-pivoting. We now fix subsets 57,52 C S of cardi-
nality at least Ny/4, and a subset A C G. We then assume that for each
81 € 51,82 € Sy and v € A, the two sequences

(4.10) (’U_IO,F(SQ)) , (’UH(SQ)O, F_l(sl))

are Ky-aligned.
As in Subsection we consider the subwords of

woarbivicidy - - - apbpvpcpdpwy, - - -

and define wii’j, yzi] analogously. This time, however, w;’s are chosen from
G and v;’s are chosen from A. Also, we will not fix the choice of (v;); this
time; only (w;); is fixed. Also, aj, 8;’s are chosen from S; and ~;,d;’s are
chosen from Sy. In other words, a choice s = (aq, 51, .., Vn,0pn) is drawn
from (S7 x S2)™.
Given a choice s, we construct the set of pivotal times P, = Py, (s, (w;)q, (vi):)

(with an auxiliary moving point z,) as in Subsection Then all the lem-
mata are intact except for some probabilistic estimates. For example, in
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Lemma [4.2] we now have
P (# Py (s, o, Br, Yis Ok) = #Pr—1(s) +1) > 1 —16/No,

since the choices ag, Bk, Vi, 0r are drawn from S; or Ss, not the entire S.
This also affects Corollary [£.4] accordingly. Meanwhile, we have the following
variant of Lemma [4.3

Lemma 4.7. Let i € Py(s,v) for a choice s = (a1,...,0,) and v =
(V1,...,0p). If v/ = (V],...,0v)) is made from v by replacing v; with an
element of A, then Pi(s,v) = P(s,v') and S)(s,v) = Si(s,v') for each
1<I<E.
Proof. Since vy, ...,v;_1 are intact, P(s) = P(5) and S|(s,v) = Si(s,Vv')
hold for [ =0,...,i— 1. At step ¢, J; satisties Condition and &; satisfies
since i € Py(s,v). Moreover, 3; and ~; still satisfy Conditionand
after changing v; into any other element in A, since we assumed Condition
Hence, i is newly added in P;(s,v’) and
Pi(s,v') = Pi_1(s, V) U {i} = Pi_1(s,v) U {i} = Pi(s,Vv').

We also have Sj(s) = S;(5) as z_1, w, , are not affected, and Condition
[4.4 holds for all 3; € Sy and ~; € Sz thanks to Condition [£.10}

Meanwhile, z; is modified into z; = Q;,r 1 = gy;r 1 = 9%, where g =
w;zaibivg(wiTQaibivi)_l. More generally, we have

wl_t:gwl_t (tE{O,l,Q},l>i),

(4.11) wzro = gw;fo (I >1),
wl';:gwl'; (t € {1,2},1 >1).
Now the rest of the proof of Lemma in [Cho22b] applies here. ([
Given a choice s = (ag,...,d,) € (57 x S3)" and v = (v;)"; € A", we

say that (s, v’) is v-pivoted from (s,v) if v/ differs from v only at the pivotal
times for (s,v). Then Lemma tells us that being v-pivoted from each
other is an equivalence relation that preserves the set of pivotal times.

4.4. Converse of CLT. We are now ready to present the converse of CLT
for displacement and translation length.

Proposition 4.8. Let w be the random walk on G generated by a non-
elementary measure p with infinite second moment. Then for any sequence
(cn)n of real numbers, both ﬁ(d(o, Wp 0) — ¢p) and ﬁ(T(wn) —¢p) do not
converge in law.

Proof. For each pair of subsets S1, Sz of S with cardinality Ny/2, we define
A(S1,82) :=={g € G: (T(s1),1(s1)g(s2)0) and (g 0,T(s)) are Ko-aligned for s € S’}

Given an element g of G, there exist at least Ny — 1 Schottky choices so € S
that makes (g~ 10, T'(s2)) Kp-aligned. Choosing Ng/2 choices sgl), e SéNO/Q)
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among them, we now want (g H(sg))o,l“*l(sl)) to be Kp-aligned for each
i=1,...,Np/2: there exist at least Ny/2 Schottky choices realizing them.
As aresult, each g € G belongs to A(S7, S2) for some subsets 51,52 € (Nf/2).
Hence, we have

Z Z p(g)d(o, go)* > Z 1(g)d(o, go)? = 400,
S1,52CS geA(S1,52) ged
#S/:No/Z

which implies that
E [d(o0, g0)* | g € A(S1, S2)] = +o0

for some 51,52 C S with cardinality No/2. Let pug, and ug, be the uniform
measure on S7 and Ss, respectively, and

= { 1(9)/1(A(S1, S2)) g € A(S1,S2)

0 otherwise.

Then E,/[d(0, go)?] = 400 and p < mu hold. We now consider the
decomposition

001) — a2, x py) + (1 )y

for some 0 < a < 1 and v. We then consider:
e Bernoulli RVs p; with P(p; =1) = @ and P(p; =0) =1 — a,
e 1; with the law p2 x p/ x p%,, and
e v; with the law v,

7

all independent, and define

v when pp =0,

(9(4M0+1)k+1a R 9(4M0+1)(k+1)) = { ne  when pj = 1.

Then (g;):2, has the law x>°. We now define € to be the ambient probability
space on which the above RVs are all measurable. We will denote an element
of 2 by w. We also fix

® Wk =41 Gk,
o B(k) = Zf:o pi, i.e., the number of the Schottky slots till £, and
e J(i) := min{j > 0: A(j) =i}, i.e., the i-th Schottky slot.
For each w € Q and 7 > 1 we define
Wi—1 = G4Mo[9(i—1)+1]+1 """ 94Mo 9(i)>
Oy 1= (94M0 9(@)+1s -+ GaMy 19(@')+M0)7
Bi := (9any 9(6)+ Mo+1 - - - » J4Mo 9(i)+2Mo )
Vi = G4Myo 9(i)+2Mo+1>
Yi ‘= (94M0 9(i)+2Mo+25 - -+ 94My 19(1')+3M0+1),
i 1= (Gany 9(5)+3Mo+2> - - » 94Mo 9(i)+4Mo+1)-
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In other words, 7y(;) corresponds to (v, Bi, viy i, 0;) and w; corresponds to
the products of intermediate steps v;’s in between ny(;_1) and ng(;). As in
Section we employ the notation a; := II(«;), b; := II(d;) and so on.

In order to represent w, for arbitrary n, we set n’ := |n/4My] — 1 and
w(") = GAMo[9(B(n)+1]+1 """ Gn- We then have

(4.12) Wnp = w0a1b1v101d1w1 s agg(n/)b@(n/)c@(n/)dgg(n/)w(”)

and we can bring the discussion in Subsection [4.3] here. Explicitly, we
first fix the choices of p;’s and v;’s; this determines %(n’) and the isome-
tries (wo, ... ,fw(”)), (v1,...,v,). Then we consider the set of pivotal times

Pg(nn(s) for s € (S?) X 5’52))". After this process, we define
Pu(w) := {(4Mo + 1) 9(i) : i € Py (s)} -

Note that Z(n') is a sum of i.i.d.s of Bernoulli distribution: it is linearly
increasing outside a set of exponential probability. Moreover, # Py, is
linearly increasing with respect to %(n’) in the sense of Corollary Hence,
we have P,(w) > Kn outside a set of exponentially decaying probability.
Fixing n, m such that 0.5Kn < 2™ < Kn, let £ be an equivalence classes of
n-step paths made by the v-pivoting at the first 2™ pivotal times. Suppose
that # P, (€) > 2™ and label their elements as

Pn(&) ={i(1) <...<i(2™) < ...}
For w € £ we define

(w21, T21) = (Wi(k)+2M0 0, Wi(k)+2Mo+1 0).

for k=1,...,2™. Note that wg,_1 is an endpoint of T(B;,) and g is an
endpoint of T (v;)). We also set z9 = o and w2.9m11 = wy 0. We observe
the following:

(1) d(x;,xiq1) is uniform in the equivalence class £ if ¢ # 1 mod 4.
Moreover, d(x1,x2), ..., d(x2.9m_1,x2.9m) are i.i.d. with infinite sec-
ond moment.

(2) For any i < j < k, x; and zj, are endpoints of a Dy-aligned sequence
of Schottky segments, one of whose endpoint is z;. By Proposition
we have (z;, 2x)z; < Eo always.

(3) Forany i < j < k < i < j <K, (v, 7).

; and (xi/,:):k/)xj, are
independent.

From these ingredients, we can deduce a contradiction with the conver-
gence in law. Since the proof is already given in [Cho2lal, Section 6.1], we
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only sketch the idea. First observe the equality
2’"L+1
d(o0, wn 0) Zd1721 2, L2i-1 +de21 1, 2i)

11 12
m 2'm—l
—2 E E ($21(2k—2)a1‘21.2k)w21(2k,1> =2 (0, T2:2m 1) 29 3m -
=0 k=1 A
I3

Here, the third term I3 is composed of sums of 2™ independent RVs
bounded by Ey. Using the estimation of the variance and Chebyshev’s
inequality, one can deduce that

i (\13 —E[I3|&]| > 800E, - 2m/2) < 1/2000.

Meanwhile, I is constant on £ and Iy is bounded by Ey. At the moment, we
bring an independent equivalence class & and define I, ..., I; in a similar
manner; there is only slight chance that one of £, &€ have less than 2™
pivotal times, due to our choice of K. We then compare I; + E[I3| €] and
I + E[I3 | £]. Since the situation is symmetric, the former will win or tie
with the latter for probability at least 0.5. Now for a combination (&,&)
falling into such event, we now compare I and IQ, since Iy — Ig is a sum
of 2™ i.i.d.s of symmetric distribution with infinite second moment, for any
K’ > 0 we have
P(Iy — I, > K'2™?) > 1/5

for sufficiently large m. Combining all these, for arbitrary K’ > 10000E),
d(0,wn 0) — d(0,wn0) > 0.5K'2™/2 > 0.25K’\/n for probability at least
1/10 — 1/500 for sufﬁciently large n. However, this cannot happen for
arbitrary K’ > 0 if f[d(o wp,0) — d(0,w,0)] converged in law. Hence,

ﬁd(o, wy, 0) cannot converge in law even after suitable translation.

Let us now deduce the contradiction from the convergence in law of trans-
lation length. We gather all sample paths with at least 27*! pivotal times
till n, where m = [logy Kn| — 1; this misses only a set of probability less
than K2~"/K_ At the moment, we consider the usual pivoting at the first
and the last 22 pivotal times and the v-pivoting at the intermediate piv-
otal times to construct an equivalence class £. On &, we have w € S,i holds
for some k < 2™ with probability at least 1 — (8/Np)2" ~ by Lemma
We freeze such choices for the usual pivoting at the first and the last 2™~
pivotal times, and freeze some more choices for the v-pivoting at some in-
termediate pivotal times, to leave the freedom of 2™ v-pivotal choices at the
intermediate pivotal times i(1) < ... < 4(2™). On the finer equivalence class
& after this freezing, let us define x;’s as

— — — m
Tom+1jpol—1 1= Wil)42M O Tam+igyar i= Wit)yraMerm © (K € Z,1=1,...,2™).
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Then as before, we have that (z;,zt)s; < Ep for all i < j < k Here, note
that d(xo,21) = d(zgm+1, Tgm+1,1) = ... is constant over &, since it only
depends on the pivotal choices that we have already frozen. We have that

om om m 2m— l
E d(z2i—2,22-1)+ g d(z2i—1, x2;) 25 E iUzl 2k—2)> Lal. ok)z Tol (o1 1) +14,
=0 k=1
I I I3
where
k—1

1
I4 = 11]?1 E Z(Cﬂo, l‘(l+1)2m+l)x12m+1
=1
is bounded by Ey. We can now deal with I, Is and I3 just as we did
for displacement: for independent and identical random walks w and w
generated by p, we have

I —I-E[Ig‘g] > jl + E[Ig|€],
Iy — Iy > K'2™/2,
I3 — E[I5|€]|, |15 — E[I3]€]| < 800E;2™/?

for probability at least 1/10 — 1/1000. This implies that 7(wy) — 7(wy) >
0.5K'2™/2 for probability at least 1/11 for K’ > 10000Ey and sufficiently
large n, leading to a contradiction. O

In the above proof, it is not enough to check that the intermediate pro-
gresses made by v;’s are visible in the entire progress and results in the
spreading, as [d(o,wp, 0) — ¢,]/y/n may converge in law to an RV with in-
finite second moment. It really matters to precisely compare the effect by
v;’s and remove the other effect, which is done by comparing independently
chosen equivalence classes and working on them.

4.5. Pivoting and repulsion among independent random walks. In
this subsection, we temporarily consider two random walks w, W@ gen-
erated by non-elementary measures ), u(2). By adapting Proposition
2.10,, we can assert the following. Fixing a constant Ng > 410, there exists
Ko, My > 0 that satisfy Inequality (recall the other constants there) and
Schottky sets S C (supp )Mo, §@) C (supp pu@)Mo of cardinality at
least Ny.

We now fix isometries ( ) 20s (v (t))‘?O fort=1,2inG and draw choices

(1) — (a§1)7ﬂ§1)’7§1)75(1)) c §4 and 5@ — ( (2) 75] (2) 5( )) c
5S4 independently. We can then define the sets PT(L ), Rg ) of p1votal times
on the words

e,

w® = w((f)a?)b?)vf)c

1)d§1) 3
2)d§2)

—

Dp0 (D 1) gD (1)

n

2)(2)(2) (2 4(2) 1 (2)

n

wt) = w -a

3

(
1
(
1

—

)

3



RANDOM WALKS AND CONTRACTING ELEMENTS II 21

respectively. Let £V x €@ be the product of equlvalence classes made by
pivoting on w() and w®| respectively. Let P, (W) = {i)(1) < ... <
iOMD)} for t =1,2.

This time, we want not only that w® and (w®)~! heads in different
directions for ¢t = 1,2, but all 4 directions made by w®, w®, (w®)=1,
(w®)~1 are distinct. For this purpose, we define:

() - ®) (t)

Phyinner = (w(t))i@)(k)z = Wo Wi k-1
<P1(fi2mter = (w(t));t)(km = w((Jt) T w%(k)_lai(t)(k),
Phsinner = (w(t))_l(w(t)):g”(M(t)_kJrl,o - (wg))_l o (vgt))(M(ﬂ_k—i-l)_l’
l(ct;)outer = (W) 7w )I’f)(M(ﬂ—k—&-l,l = (W)™ (”%(M(w—kﬂ) (bgff) ) (M®) — k+1)_1‘
We also pinpoint Schottky axes
Tt ront = T(af) ) = Plotner (A1) )

Tt;back = (w(t))_l T(Bfft))(M(t)_k+1)) = ¢k;outerr(6z‘((i?>(M(t)—k+1))’

It should be noted that ap,(fznn . depends on the choices agft)) (1) - ’yz(ft)) (h-1)
(t)

and not on the later pivotal choices. Ph-outer depends on one additional

(t) <Z>(t)

factor, namely, o i) Phiinner and ¢l(€; outer @180 have analogous dependence

on the last pivotal choices.
Let us now choose t,t' € {1,2}. We consider three cases:

(1) front-front repulsion: let us assume ¢ <, i.e., t = 1 and ¢/ = 2,
without loss of generality. We define:

gl(ct;t’)yfront — { (ft))( K € S . (gpl(g Z)mero Tt;f,.,mt> is Ko—aligned},

c(t'st), front t t . .
S}g ). fro '_{ ((t’)>(k) c ) . (@]izmtero ’I‘t/;fmnt) is Ko—ahgned}.

Ifagft))(k) c glgt;t’),front and a%,)) o c S,I(c,y;t),froms7 then (Tt,;fmnt,,rt;fmm)
is Dy-aligned due to Lemma

(2) back-back repulsion: we again assume ¢ < t’. We define:

Sl(c )back _ {/B,L(t) MO k1) c S(t) . (Tt;baCk’(pl(:;z‘)nnero) is Ko—aligned},
Slit it).back . _ {5(t/> M) s c S . (Ttl}b@Ck?SOIEiluterO) is Ko—aligned}.

(t) &(t;t) back &(t'5t),back
It 5@'(t)(M<t)7k+1) S S Sk , then

- d ﬂ(t) M®E) k11
(Ye:back> Ytback) is Do-aligned due to Lemma



22 INHYEOK CHOI

(3) front-back repulsion: this time we do not assume ¢ < ¢'. We define:
S,Igt//t) = {a((t)( o € S . <¢,(€t;;)nnero, Yt;fmnt> is Kg—aligned},

S(t / t . .
S,(C - {B.(W))( () 1) e s, (Tt’;back7901(¢;)()utero) is Ko—ahgned}.

(2

() (' )
If o i) € Sy and 6 2 (MO et 1
is Dp-aligned due to Lemma

Finally, for each t € {1,2} we deﬁne
S,](Ct),front — (mt/#tg(t/;t),fr(mt) A <ﬂt/e{1 2}S(t /‘t)) ’

glgt),back: — ( S(t it) back) (mt’e{l 2}5 't ))

Lemma 4.9. Let 1 < k < min(M®M /2, M® /2).  Suppose that sV =

1 1 1 €] 1 2 (2 )
(ag(l))(l) 1((1)()’7((1)>(l))l]\/[1 657(1) and s :<0‘(<2)) 5(2>(z Z<2))())M <

57(12) satisfy

(1) S(l) front

(1) &(1), back:
ity € B €S,

MMM —k+1)

Y

(2) c S]E}Q) ,front

(2) &(2), back‘
00 (k) Sh

’ 6i<2)(M<2>—k+1)

Then w® and w® are contracting isometries that generate a free group
of order 2. Moreover, the orbit map is a quasi-isometric embedding of
(w®, w®) into a quasi-convex subset of X.

The proof is not different from the one for Lemma so we will only
sketch it. We first observe that (Y¢.pack, Yv/; front) are Ko-aligned for all ¢, ¢/,
as well as (Y, front, Yo: front) and (YLepacks Terpack) for t # ¢'. Now consider
a word r = w(M (w®)~! for an example. Then we note that

(07 Tl;fromba w(l) Tl;backy w(l)TZ;backy w(l) (w(2))71T2;fr(mt7740>

is a subsequence of Dy-aligned sequence, hence Di-aligned. This implies
that

A(0,70) = (AP} er0s 0 D9y 0) + AWV, 0,0 (W) NG 0)) = 2Ep -4
Z (d(gogfl;gnnero’ w(l)qbl(iz?nnero) + d(’LU(2 ¢I(€21)nner 7S0](€ znner )) - 2E0 -4

Likewise, any word r of letters w(?) and w® has displacement at least C ],
where |r| is the word length and

C' = min {d(ﬁpé )mnero w(t ¢k yinner ) ( (bk sinner ) (pl(ct)mner ) rt=1, 2}_4E0 > 0.

Furthermore, thanks to the alignment, we have that [o, 0] passes through
the Fy-neighborhoods of o, w(Mo, w(l)(w(z))_lo and ro. In other words,
[0, 70] lies within the K-neighborhood of {go : g € (WM, w?)} where K =
max{d(o, wMo),d(o,wPo)} + 2Ej.
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We now estimate the probability that this happens. For notational pur-
pose, we temporarily denote by
1) (1) (1) (1)
X0 (k) @m(k)’ 1Ok GO MO k1) P (0 g1y Vi (0 1y
2 2

R WN¢) 2 O (
Q@ (k) ﬂ@)(k Ni@ ) GO M@ —kr1)y P @ k1) Vi (M@ gty

a choice in Sl,(u))( By < S(<11))( MO k1) < S%))( By < S(<12))( M@ i1y Given a partial
choice
§=(s1,...,86-1) € H gl((tt))( k) ><S()(M(t —k+1)°
te{1,2},1<I<k—1
we define

8= {sn s o € ST 1), B iy € ST (5, 80) for te (1,2}

Then we have the following:

Lemma 4.10. For each 1 <k < min(M(l)/27 M(Q)/Q), we have
#5] = ((#5D)0 - (12#8D)) (#5P)° — (12#5@)7)

. . t t
Proof. We first pick appropriate Vz'((t))(kfs and 'yi((% (MO k1)

4.2, Fixing such choices, we then pick B.(Q) k)’s that satisfy In-

’s that satisfy

Inequality

equality Now, we first pick oV that satisfy Inequality |4.5| and the

i (k)

S’,(Cl) o "o The latter conditions are that

conditions for
((gogcl;gnner)*lgol(f;gnnero, F(ai}l))(k)» is Ky-aligned,
((d),(cl;gnner)_lgp,(ignnero, F(ag(ll))(k)» is Ky-aligned,
<(¢§cl;2nner)71901(cz;z?nnero7 F(a,%(k)ﬂ is Ko-aligned;

all of these conditions are determined by the choice of § and do not depend

(k)
; this time it should satisfy Inequality and the conditions for

)
ST which depend on 5 and )

on other coordinates of si. After deciding the choice of ozz(,(ll)) we pick

valid 0‘5(22)> k

D(k)’

Next we move on to choosing 5i((11)> (MO k41 It should satisfy Inequality

)
and the conditions for Sél)’bm;k; these depend on 5 and ag(ll)) k)’ ozgé)) (k)

We then pick appropriate 52((22)) (M@ k11 and then the remaining choices.

)

Following this order, we obtain at least

(151" (591 (-3 -

> ((#50)° — (12450 ) (#5)° - (1245)°)
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valid choices for sj thanks to the properties of Schottky sets S, ). O

Recall that we have implemented pivotal times for random walks in [Cho22b),
Section 4.3], which is pretty much repeated in the proof of Proposition [4.8]

Given this, by combining Lemma [£.9] and Lemma we deduce the follow-
ing corollary:

Corollary 4.11. Let (X,G,0) be as in Convention and W, w@ pe
two independent random walks generated by a non-elementary measure p on
G. Then there exists K > 0 such that the following holds outside a set of
probability Ke~™'% . The n-th step isometries wg), wg) arising from two
random walks generate a free group of order 2. Moreover, the orbit map is
a quasi-isometric embedding of (wg),wg)) nto a quasi-convex subset of X.

It is also not difficult to consider k£ independent random walks; the argu-

ments are identical. Hence, we conclude Theorem

5. COUNTING PROBLEM
We first begin with a quantitative version of the main theorem in [Cho21b].

Theorem 5.1 (Translation length grows linearly). For each A > 1, there
exists Ao > 0 satisfying the following. Let G be a finitely generated non-
elementary subgroup of Isom(X) and S" C G be a finite symmetric generat-
ing set.
Then there exists a set S” 2 S" of G with #5” < (1 4+ N)#S" + Ao such
that
#{g € Bgn(n) : g is not contracting or 7x(g) < Ln}

< Ke K
#BS//(TL) -

holds for some L > K.

Our strategy is to add Schottky isometries to S’. We encounter one
technicality: the Ky-Schottky set S that we have in hand can never be
symmetric. Hence, in the following construction, we should allow choosing
i, Bi, Vi, 0; from S U S for the pivotal time construction, where

S;: {5_1;565}:{(a5410,...,(1171) : (CLl,...,(lMO GS}

Lemma 5.2. Let s; € S and ¢; € {£1} fori=1,...,k. Suppose that there
does not exist © such that s; = s;11 and €je;+1 = —1. Then:

(1) the sequence
(C(s1), T(sT)T(sF), -ony TI(sT) -+ TI(s3E T (s30)

18 Dy-aligned, and
(2) T1(s5") - - - II(s3¥) is not the identity element.

Proof. Note that
diam (7p(se) (II(5)0) U 0) = diam (IL(s“)o U 0) > My/Ko — Ko > Ko
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holds for each s € S and € € {£1}. This implies that
(5.1) diam (7pn (5 (II(s%)o) Uo) < K
holds for all n if s # s (Property (2)), and for ne < 0 if s = s’ (Property

(3))-

Now for each i, we have the following cases.
(1) s; # siy1: then we have
diam (Wr(sjﬂl)(ﬂ(siei)o) U 0> < Kp, diam (Wr(s:i)(H(S?)O) U H(sgi)()) =0.
Here, the first inequality is Inequality [5.I]and the second inequality is
immediate. Hence, (T'(s5"), II(s;)T(s; ') is Do-aligned by Lemma
(2) s; = siy1: then €; = €11, and the above inequalities similarly hold.

This concludes the Dy-alignment. Now the nontriviality of II(si') - - - II(s}*)
follows from this Dg-alignment, namely,

k
d(o, II(s{") - - (" )o) > [Z d (o, H(si’“)o)] —2(k—1)Ey > Eok. O
i=1

This leads to the following corollary:
Corollary 5.3. S and S are disjoint. Moreover, if we define
(5.2) T :={(s1, 82,83,54) € (s, € SU S)4 s F s;rll fori=1,23}
and the map
(5.3) O:T— G, P(s1,82,53,84) := H(s1)(s2)(s3)I1(4),
then f is injective.

Proof of Theorem[5.1] Let us first observe the function

fa) = 1+1fA (f)x <1ix>lx‘

We have lim, o4 f(z) = 1/(1++vA) < 0.5 so there exists 0 < e; < 1/3 such
that f(e;) < 1/2. We then set

o )]

Our choice of \g satisfies that:

12 1 C14+1/VA
(5.4) 1_\‘777)21_2\5/(\5_1)_ 5 > 1/V),

(5.5) Xo/VA>12. 2%/,
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Given 5, let S be the Ky-Schottky set with cardinality L% VA#S"+ Ao .
We then define T and ® : T'— G as in Equation [5.2] and We then have

3
e o) 1 = (58] ) (o 3R] 1) <
and
o= (VS0 3)" 2 0+ 00) (1~ g

> VS + Xo/VA > VA#S + 8- 2204

Here, we used Inequality [5.4 and [5.5] at the second and the third inequalities,
respectively.
We consider the simple random walk on S" U ®(T"). We have

1= aper) + (1 —a)y,
where jig(7) is the uniform measure on ®(7) and v is the uniform measure
on the remaining choices. Here, note that o > v/A/(1 + V/A). As in the
proof of Proposition we consider:
e Bernoulli RVs p; with P(p; =1) = @ and P(p; =0) =1 — a,
e 7; with the law g (1), and
e v; with the law v,

all independent, and define

/

| v when pp =0,
Jk+1 = m, when py = 1.

Then (g;):2; has the law ;>°. We now define € to be the ambient probability
space on which the above RVs are all measurable. We will denote an element
of Q by w. We also fix

® Wk =401 Gk,
o B(k) = Zf:o pi, i.e., the number of the Schottky slots till £, and
o J(i) :=min{j > 0: A(j) = i}, i.e., the i-th Schottky slot.
Let us estimate the probability that Z(n — 1) < e;n. Since #B(n — 1) is
greater in distribution than the sum of n independent Bernoulli distribution
with expectation v/ A/(1 4+ v/\), we have

P8 —1) < em) Szo(n) (1?&)1 <1+1ﬁ>n_i'

1

is mono-

Since €1/(1—€1) < l/ﬁ, the term a; = (721) (h\f\&)z <1+1\/X>(1—61)TL

tonically increasing for i = 0, ..., e;n. Hence, the probability is bounded by

() ()
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The growth rate of this term is f(e;), which is smaller than 1/2. Hence, we
can conclude that

P(#A(n—-1) <en) < 2%

for some C > 0.

Now given the choices of {p;}; that gives Z(n — 1) > e1n, we further fix
the values of v;’s. At the moment, we define n; := (a, 8i,7i,0;) € T such
that ® (v, B, vi, 0i) = 77/79(2')+13 note that the correspondence 7; <> 77/79(z')+1 is

one-to-one. Then 7;’s are chosen with the uniform measure 77"~ We
first define

Wi = Gy(i—1)+2 - - - 99(i)"

We also set w(™ := 99(Bn—1))+2 "+ gn and a; = Il(;), ..., d; = 1(6;). Then
we have

W, = Wolg(1)W2 -+ * Vi((n—1)) W)

= woarbrcrdiwy - 'a%’(nfl)be%’(nfl)ce%’(nfl)d%‘(nfl)w(n)'

In this setting, we define the set of pivotal times as in [Cho22bl Subsection
4.1]. A slight difference here is that (a4, 8;, Vi, 51-):{(171 ~U is chosen with the

uniform measure on 741 not §4#(™=1)  This affects the lemmata in
[Cho22bl Subsection 4.1] as follows.

e For choices («, 5i,7i,0;) € T, [Cho22b, Observation A.1] still holds
thanks to Lemma [5.2] and Lemma [£.1] also holds.

e In Lemma we first pick §; € SUS, and then ; € (SUS)\{6;} 1,
and then 3; € (SUS)\ {7, '}, and then a; € (SUS)\ {B;'}. First,
there exists at most 1 candidate for d; that violates Condition
this rules out at most (Ng—1)3 choices in T'. Picking 6, that satisfies
Condition Condition and [4:4) are automatically guaranteed
for any valid ~; and (5 due to the definition of 7" and Lemma [5.2
Finally, there exists at most 1 candidate for «; that violates Condi-
tion This rules out at most No(Ny — 1)? choices in T. Overall,
we have

(20 — 1)(Np — 1)? )
N()(Ng — 1)3 - Nog—1 '

P (#Pk:(saak»ﬁkaVka(sk) = #Pk—1(5)+1> >1-

e Similarly, in the proof of [Cho22b, Lemma 4.4], we first have

2
No—1

P(A|T) > 1 —

Next, in the case of j = 1 we similarly set [ < m as the last 2 elements
of Pkil(s). Fixing (ak,ﬂkj Yk, 0k) € T and § € Ex_1(s), we define
A = A(S, ag, By Vi, Ok) € Sm(s) as in the proof of [Cho22b, Lemma
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4.4]. In other words, for (Gum, Bm,3m) € A, Bm is now subject to
(5.6)

diam (WF—I(Bm)((’1111;’0)_1wl€_7172akbkvk6kdk0) U o)
= diam (0 U Fp—l(,ém)(vmémczmwm C g1 by 1VE— 181 dp—1wE—1 - akbkvkckdkwk0)> < Ky

in addition to the standing condition that 3,, # &, 7,,'. Since
the additional Condition [5.6|rules out at most 1 choice, we have the
conditional expectation

#EG S \EG A 1 2
#E(5,5,) “No—27~ Nyg—1

This leads to the estimation

P (#ﬂ(i%ﬁkﬁkﬁk) < H#HP_1(s) -1 ’ 5 € &Er_1(5), (g, Brs Wiy Ok) € 54)
2 2

< - )

" No—1 Nog-—1

By similar induction steps, we get

2 Jj+1
P(#Pk(gaak7ﬁk7 )k75k) < ﬁ]k,l(S) ]‘5 Eék 1(8)’( ks Pk Tk k) S) <(V —1)
0

This eventually affects Corollary [4.4]

e For the pivoting for translation length, let us compare the proportion
of S in Sz(k) x S, i(M—k+1) for an equivalence class & with M pivotal
tlmes Fixing valid choices for B, Yi(k)s ®i(ar—k+1) and Yiar—i+1),
we have three constraints for a;): a;m) # Bi_(;), Condition and
Condition [£.7 In other words, among at least Ny — 2 choices of
(k) that makes (o), Bik), Vi) € S’i(k), all choices but at most
one satisfy Condition Fixing such ), we obtain a similar
estimate for f;p7_x41) and we conclude

* * 2 "
P (cti(r) € Si(), Bii—k+1) € Sir—pr1(s) for some k <m |E) > 1— <N0 _ 2> :
Having these modifications, we now estimate
P <#Pn(w) > eln/2’ B(wy) > em) .

If #(wy,) = N, then #P,(w) is greater in distribution than the sum of N
i.i.d. X; with the distribution

1 - §2 Cifj=1,
(5.7) P(X; = j) = (1 _ ﬁ) (ﬁ)*j if j <0,

0 otherwise.
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Note that

N02—1Xi]:(1 No—l) [\/;JFZ N0—1] \/;

We then calculate:

E

e1n/2 5 SN X

N
2
P(E Xi<61n/2>- <E
— Nog—1 Nog—1

Eap—
i=1 No—1
€en
< 2.147 2
No—1

This implies that

N ein/4 e1n/4
2 2-20 1
P(E Xl-<em/2>§2.161”-<N0_1> §< No > §27-

=1

At the final stage we used Ny > 40 - 2%/€1.
Now, for an equivalence class &, with P,(&,) > e1n/2, we know that w is
contracting with 7(w) > €;n/10 except probability

9 e1n/5 1
< —.
<N0—2> AL

In summary, P(w, is not contracting or 7(wy,) > ein/10) < 1 — (1/2)™;
the number of sample paths corresponding to this event is at most ((#S5’ +
No)/2)™.

Meanwhile, the ball B, (e) contains all

{II(s1) - - - II(84p) : si € So, i # s;rll}.
Their number is at least

(VA#S + Ao=3)"" > <A#S’+Ao)( —\%))nz ((A#S’+Ao) (H;/ﬁ»

Since
#S 4+ No < (1+ N#S" + Ao < (VA+NFS" + Ao(1+1/VN),

we conclude that the growth rate of #B,(e) is strictly greater than the
growth rate of elements w in #B,(e) such that w is not contracting or
T(w) > e1n/10. O

Using a similar argument that involves pivoting for quasi-isometric em-
bedding of k£ independent random walks (Lemma [4.10]), we can deduce the
following version of Theorem [E}
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Theorem 5.4. For each k € Z~o and A\ > 1, there exists Ag > 0 satisfying
the following. Let G be a finitely generated mon-elementary subgroup of
Isom(X) and S’ C G be a finite symmetric generating set.

Then there exists a set S” 2 S’ of G with #5" < (1+X)#S’+ \o such that

for all k-tuples (g1,...,gx) of elements in Bgn(n) except an exponentially
decaying proportion, {(g1,...,gk) is q.i. embedded into a quasi-convezr subset
of X.
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