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ABSTRACT. Continuing from [Cho22b|, we study random walks on (pos-
sibly asymmetric) metric spaces using the bounded geodesic image prop-
erty (BGIP) of certain isometries. As an application, we show that a
generic outer automorphism of the free group of rank at least 3 has dif-
ferent forward and backward expansion factors. This answers a question
of Handel and Mosher in [HMO7bh]. Together with this, we also revisit
limit laws on Outer space including SLLN, CLT, LDP and the genericity
of a fully irreducible outer automorphism.
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1. INTRODUCTION

This is the third in a series of articles concerning random walks on metric
spaces with contracting elements. This series is a reformulation of the pre-
vious preprint [Cho22a] announced by the author. In this article, we adopt
the following setting:

Convention 1.1. Throughout, we assume that:

e (X,d) is a geodesic metric space, possibly with an asymmetric metric;
e GG is a countable group of isometries of X, and
e GG contains two independent isometries that exhibit the bounded geo-
desic image property (BGIP).
We also fix a basepoint o € X.

The main purpose of this article is to generalize the random walk theory
in |[Cho22b] to asymmetric metric spaces. Our main result deals with the
mismatch between the forward and backward translation length of a generic
isometry of X.

Theorem A (Asymmetry of a generic translation length). Let (X,d,G)
be as in Convention [1.1. Let w be the random walk generated by a non-
elementary, asymptotically asymmetric measure i on G. Then for any K >
0, we have

lim P (w: |7(w,) — 7(w, ") < K) = 0.
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Together with this, the limit laws discussed in [Cho22b| and [Cho22¢], in-
cluding SLLN, CLT, LIL, geodesic tracking and the genericity of q.i. embed-
ded subgroups, also generalize to the current setting of asymmetric metric
spaces. As an application, we obtain the following corollary:

Corollary 1.2. Let X be Outer space of rank N > 3 and G be the cor-
responding outer automorphism group of the free group Fn. Let w be an
admissible random walk on G. Then for any K > 0, we have

nli_)IgOIP’(w LT (wn) — T(wp )] < K) = 0.

Corollary asserts that a generic outer automorphism is a fully irre-
ducible that has a different expansion factor than its inverse. This has been
suggested by Handel and Mosher in [HMO7b]. There, they proved the asym-
metry for a large class of automorphisms, namely, the class of parageometric
fully irreducibles. In contrast, a companion result in [HM07a) states that for
any fully irreducible element ¢ € Out(Fy ), the expansion factor A of ¢ and
N of ¢~ 1 satisfy 1/C < log(\/)N') < C for some constant C that depends on
N, the rank of the free group. In other words, the translation lengths of ¢
and ¢! are within bounded ratio (see also [AKB12]).

Together with this, we also recover Horbez’s SLLN [Horl6a] and CLT
[Hor1§]| for displacement, and Dahmani-Horbez’s SLLN for translation length
[DH18] on Outer space, the latter with a weaker and optimal moment con-
dition. We also present a CLT for translation length and its converse, which
seems new for Outer space. Moreover, we obtain optimal deviation inequali-
ties on Outer space; see [Horl§| for previously known deviation inequalities.
Using them, we also establish the geodesic tracking of random walks. Finally,
we also discuss the exponential genericity of (atoroidal) fully irreducible au-
tomorphisms, which is a recurring theme in [MT1§], [TT16] and [KMPT22];
note that we do not require moment conditions here.

In order to apply our general theory to Outer space, we crucially utilize
the BGIP of fully irreducible outer automorphisms. Namely, we modify
Kapovich-Maher-Pfaff-Taylor’s observation ([KMPT22, Theorem 7.8]) into
the following form:

Proposition 1.3. Let ¢ € Out(Fy) be a fully irreducible outer automor-
phism. Then the orbit {©'o}icz of o by ¢ is a BGIP axis.

1.1. Structure of the article. In Section[2] we recall the notion of bounded
geodesic image property (BGIP) and prove relevant lemmata. These lem-
mata have been used in [Cho22b] to establish subsequent alignment lem-
mata. Here, we rephrase them in the language of BGIP. In Section [3| we
review preliminaries on the outer automorphism group and Outer space.
The main theorem of this section is the BGIP of fully irreducible outer au-
tomorphisms on Outer space. In Section [d] we first generalize the limit laws
discussed in [Cho22b]| and [Cho22c] while pointing out subtle differences.
Next, we review the notion of pivotal times and the pivoting technique that
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are established in [Cho22b]. Using these, we finally prove Theorem [A] in
Subsection 4.3
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2. PRELIMINARIES

2.1. Asymmetric metric spaces.

Definition 2.1 (Metric space). An (asymmetric) metric space (X,d) is a
set X equipped with a function d : X x X — Rx>q that satisfies the following:

o for any x,y € X, d(z,y) = 0 if and only if x = y;

o (triangle inequality) for any x,y,z € X, d(z,z) < d(x,y) + d(y, 2);

e (local symmetry) for each x € X, there exist ¢, K > 0 such that
d(y,z) < Kd(z,y) holds fory,z € {a € X : min (d(z, a),d(a,z)) < €}.

In this situation, we say that d is a metric on X. d is said to be symmetric
if d(xz,y) = d(y,x) holds for all z,y € X. We define a symmetric metric
called the symmetrization of d by

A" (x,y) == d(x,y) + d(y, x).

We endow (X, d) with the topology induced by d*¥™.
The diameter of a set A C X is defined by

diam(A) := sup{d(z,y) : x,y € A},
and the (directed) distances between sets A, B C X are defined by

d(A, B) := inf{d(x,y) : x € A,y € B},
d*¥"(A, B) = inf{d*"(z,y) : x € A,y € B}.

For R > 0, the R-neighborhood of a set A C X is defined by
NRr(A) = {x: d*"(x,A) < R}.
The Hausdorff distance between A, B C X is defined by
dp(A,B) :=inf{R >0: AC Ar(B) and B C ANr(A)}.
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Definition 2.2 (Quasigeodesics). A path v : I — X from an interval or a
set of consecutive integers I is called a K-quasigeodesic if

(2.1) it = s~ K < d(3(5),7(0) < Kl — 5] + K

holds for all s,t € I such that s < t. If Inequality [2.1] holds for all s,t € I,
we say that v is a K-bi-quasigeodesic.

A metric space X is said to be geodesic if every ordered pair of points can
be connected by a geodesic, i.e., for every x,y € X there exists a geodesic
v : la,b] = X such that v(a) =z and y(b) = y.

We will frequently use Inequality [2.1]in the following form. For any points
p, q on a K-bi-quasigeodesic v, we have

(2.2) diam (y~'(p) Uy~ '(g)) < Kd(p,q) + K?
and
(2.3)  d(g,p) < Kdiam (v '(p) Uy ' (q)) + K < K?d(p,q) + K* + K.

Note that geodesics are necessarily continuous due to the local symme-
try. However, the reverse of a geodesic may not be a geodesic, or even a
quasigeodesic.

2.2. BGIP and random walks. Let us now recall the notion of bounded
geodesic image property.

Definition 2.3 (Bounded geodesic image property). A subset A C X of
a geodesic metric space X is said to satisfy the K-bounded geodesic image
property, or K-BGIP in short, if the following hold:

(1) for any z € X, wa(z) # 0;
(2) for any geodesic n such that nN N (A) = 0, we have diam(mw4(n)) <
K.

A K -bi-quasigeodesic that satisfies K-BGIP is called a K-BGIP axis.

One subtlety of asymmetric metrics is that contracting property and
BGIP may not be equivalent anymore. In principle, we often need to replace
d(x,y), the distance between two points x and y, with its symmetrization
d®¥™(x,y) in the arguments in [Cho22b] and [Cho22c|. For example, we now
define that:

Definition 2.4 ([BF09, Definition 5.8]). Bi-infinite paths k = (z;)icz, 1 =
(yi)icz, are said to be independent if the map (n,m) — d¥"™(zp,Ym) is
proper, i.e., for any M >0, {(n,m) : d*¥"™ (2, ym) < M} is bounded.

Isometries g, h of X are said to be independent if their orbits are inde-
pendent.

Definition 2.5. A subgroup of Isom(X) is said to be non-elementary if it
contains two independent contracting isometries.
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We now fix a non-elementary discrete subgroup G of Isom(X) and con-
sider the random walk w generated by a non-elementary probability measure
w1 on G. We employ the notions defined in [Cho22bl, Subsection 2.2], except
for two distinctions.

First, for a given p > 0, we define the p-th moment of y by

E,ld(o,go)?] := /d(o,go)pd,u.

Note that this and the quantity

Eyld(o,907)i= [ dlo.gordii= [ digo,ords

are distinct in general, and the finitude of the former does not imply that of
the latter. This technicality leads to a subtle difference between limit laws
for symmetric and asymmetric metric spaces. However, many asymmetric
metric spaces (including Outer space) satisfies the following coarse symme-
try: there exists a global constant K > 0 such that d(z,y) < Kd(z,y) for
x,y € G. Under such a coarse symmetry, a measure g has finite p-th mo-
ment if and only if its reflected version ji(-) := u(-~!) does so. Hence, the
current subtlety will not matter for Outer space and many other spaces.

A measure p is said to be admissible if ((supp p)) equals the entire group
G. A measure p is said to be non-elementary if ((supp p)) contains two in-
dependent isometries that satisfy BGIP. Note that by taking suitable powers
if necessary, we may assume that two independent BGIP isometries belong
to the same supp p*V for some N > 0. p is said to be non-arithmetic if there
exist N > 0 and g, h € supp u* such that 7(g) # 7(h). Finally, we say that
w is asymptotically asymmetric if there exists N > 0 and g, h € supp u*VV
such that

7(g) = 7(g7") # 7(h) — 7(h7Y).

The random walk w generated by p is said to be admissible (non-elementary,
non-arithmetic or asymptotically asymmetric, resp.) if u is admissible (non-
elementary, non-arithmetic or asymptotically asymmetric, resp.).

2.3. BGIP and alignment lemmata. In [Cho22b|, we collected some
properties of contracting axes and deduced some alignment lemmata. We
will prove the same properties for BGIP axes here.

Lemma 2.6. Let v be a K-bi-quasigeodesic such that my(y) # 0 for any
y € X. Let also x € Ny(y). Then d(z,p) < K and d(p,z) < 3K> + 2K

hold for any p € 7 (x).
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Proof. Let us take € > 0 and y € A¢(x) N A%k (). For p € m\(x) and q € ¢
such that d*¥™(q,y) < K, we observe

d(z,p) < d(z,q) < d(z,y) +d(y,q) < e+ K,

d(p,z) < d(p,q) + d(q,y) + d(y, z)
< [K*d(q,p) + K* + K]+ K + ¢
< K?*[d(q,y) + d(y, z) + d(x,p)] + K* + 2K + €
<K K +e+ (K +e)]+ K+ 2K +e.

By decreasing € down to zero, we deduce d(z, p) < K and d(p, ) < 3K3+2K
for any p € m,(x). O

Lemma 2.7 (Continuity of the projection). For each K > 1 there exists a
constant K' = K'(K) that satisfies the following property.

Let v be a K-BGIP axis and x,y be e-close points in X, that means,
d¥"(z,y) < e. Then my({z,y}) has diameter at most K' + 2e.

Proof. We first show diam(7(w)) < 3K3 + 3K for any w € X. If w ¢
Ak () then diam(m, (w)) < K by K-BGIP, and if w € A% () then for any
w',w” € my(w) we have d(w',w”) < d(w',w) + d(w,w") < K + (3K3 + 2K)
by Lemma [2.6

Let us now prove the lemma. If one of [z,y] and [y, ] is disjoint from
Nk (7), then diam(7m ({z,y})) < K by the BGIP. If not, we take z € [z,y]N
Nk () and 2 € [y,z] N Ak (y) such that [z,2),[y,2') are disjoint from
Nk (7). In other words, we take z, 2’ to be the ‘leftmost’ ones among the
candidates.

Then for any ¢’ € m,(z) and ¢ € my(y), we have

d(q',q) < d(q',2) +d(z,y) +d(y, q)
< 3K? 42K +d(z,y) + d(y, 7 (2)
< 3K 42K +d(z,y) +d(y,2') + d(2, 7(2))
<3K3 43K +e

Moreover, we have diam (7. ([z, z])) < 3K+ 3K since either x = z € A% (7)
or [z, 2] is disjoint from A% (7). Hence, we have d(p,q) < 6K3 + 6K + € for
any p € my(x) and q € m,(y).

By symmetry, we also have d(q,p) < 6K3 + 6K + ¢ for such pair. Finally,
we know that diam(m(z)) < 3K3 + 3K and diam(m,(y)) < 3K3 + 3K.
Combining these, we conclude that diam (7, (z) U m,(y)) < 12K3 + 12K +
€. (]

This leads to the following corollary.

Corollary 2.8 (Continuity of projections II). Let X be a geodesic space. For
each K > 1 there exists a constant K' = K'(K) that satisfies the following

property.
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FiGURE 1. Schematics for the proof of Lemma . The
projection of 7(J') onto v is small for each component J' of
J\ Jo.

Let v be a K-BGIP azxis, A C X be a connected set and a € R. If
v~ 17, (A) is contained in the union of I := (—o0,a] and I := [a+ K', +00)
then it is contained in either Iy or I5.

Lemma 2.9 (Large projections are nearby). For each K > 1 there exists a
constant K' = K'(K) that satisfies the following property.

Letv:I — X be a K-BGIP axis and n : J — X be a geodesic such that
diam(my(n)) > K. Then for m = infy~'my(n) and M = supy~'m(n),
v([m, M) N T) is within Hausdorff distance K' from a subsegment of n that

contains N (y) Nn.

Proof. Let Ko = K'(K) be as in Corollary 2.8] Let also Jo = {s € J : (s) ¢
N5 ()}, which is open since geodesics are continuous with respect to the
d*¥™-topology on X.

For each component J' of Jy, n (j’) is disjoint from A% (v) so we have
diam (m,n (J')) < K. In particular, the assumption diam(m(n)) > K forces
that Jy has more than 1 component; hence J \ Jy is nonempty. We now let

A:=inf J\ Jy, B:=supJ\Jy

and claim that ~([m, M] N I) and n([A4, B]NJ) are close to each other.
First observe that each component of Jy, except the leftmost and the
rightmost ones, are shorter than a uniform bound. For such a component

J' = (a,B), we have n(a),n(8) € 04k (y) and diam (myn ([, ])) < K.
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This implies that

8 —af = d(n(a),n(B))
< d(n(), myn(a)) + diam (myn(a) U myn(B)) + d(myn(8),1(8))
<K+ K + [3K® + 2K] =: K.

Now let s € J be such that A < s < B. By its construction, s either
belongs to J \ Jy or a component J' = (a, ) of Jp such that a, 8 € J\ Jo.
In the former case, we have d¥™(n(s), myn(s)) < 3K3 + 3K by Lemma
In the latter case, for any p € myn(3) we have

d(n(s),p) < d(n(s),n(B)) +d(n(B), mmn(B))
< K; + K,

d(p,n(s)) < diam (m(J')) + d(myn(e), n(e)) + d(n(e), n(s))
< K +[3K3 + 2K] + K.

Since myn(B) € v([m, M] N 1), this establishes one direction.
For the other direction, let us take t € IN[m, M]. Let Jp, := JN(—o0, A),
Jr:=JN(B,+00) and J; := J N [A, B]. Then we have

v () Sy (L) U vy (n(dh) U oy ey (n(JR))-

Also note that v~ ', (n(J1)) is a Ko-connected set by Corollary and
that v~ my(n(JL)),y 'my(n(Jr)) have diameters bounded by 2K“. This
implies that there exists ty € I, sop € Ji such that y(¢y) € 7,(n(so)) and
[t —to| < Ko+ 2K2.

If 59 € J\ Jo, then d*¥™(v(to),n(s0)) < 3K + 3K by Lemma since
v(t) and (to) are close to each other, we are done in this case. If sg € Jo,
it belongs to a component J' = («, ) of Jy that is not the leftmost or
the rightmost one. We then have 8 € J \ Jy and d*™(v(to), my(n(5)) <

2diamm,(J') < 2K. By replacing so with 8 and to with an element of
7 (n(B)), we similarly deduce the conclusion. O

Lemma 2.10 (BGIP is contagious). For each K > 1 there exists a constant
K' = K'(K) such that any subsegment of a K-BGIP axis is a K'-BGIP axis.
Moreover, if a set A is within Hausdorff distance K from a K-BGIP axis
and wa(x) # 0 for any x € X, then A has K'-BGIP.

Proof. Let v : I — X be a K-BGIP axis, v/ = 7|p : I' — X be its
subsegment and 7 : J — X be a geodesic. Let also I, :={x € l:a <I'},
Ig:=={zxe€l:x>1I} Let K; = K'(K) be as in Lemma .9, K» = K'(K)
be as in Lemma R =3K(K; + Ko + K), Ry = K; +2(R+ 1) and
K'= KRy + K.

Let z € n. We first claim that if y7!(m,(2)) N Iz # 0, then v~ 17, (2) C
[sup I’ — R,sup I']. If not, then there exists w € m,(z) such that y~!(w)
intersects (—oo,sup I’ — R). Then diam(m(z) Uw) > R/K — K > K +1 so
[z, w] passes through A%, (v(sup I’)) by Lemma Let p € [z, w] be that
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intersection point. Then
d(z,y(supI' —€)) < d(z,y(supI’)) + Ke + K
<d(z,p) +d(p,y(supIl')) + Ke + K
< d(z,w) — d(p,w) + d(p,y(supI')) + Ke + K
< d(z,w) —d(y(supI'),w) +d(y(supI'),p) + d(p,y(sup I')) + Ke + K
<d(z,w)+ K1+ Ke+ K —(R/K — K) <d(z,w)
for sufficiently small € > 0, which is a contradiction.

By a similar reason, v~ (m,(2)) N1y, # 0 implies 7./ (2) C ([inf I’, inf I’ +
R)). Finally, if v~ (my(2)) N I" # 0 then 7y (2) = my(2) N 7.

Let us now suppose that the diameter of 7,/ (n) is greater than K’. With-
out loss of generality, let z,y € n and s’ € v~ (), ' € v~ 7, (y) be such
that ¢ — s’ > K'/K — K = R;. We then pick s to be s if s’ € vy~ ()
and an arbitrary element of y~!7.,(z) if not. Similarly we take ¢ = ' or an
element of v~ 17, (y).

We claim that s < s/ + R + 1. If not, we have either s € Ip or s <
s—R—1<supl’— R— 1. In the former case we have supl’ — R < §' <
t' <supl’ and ' — s’ < R < Ry, a contradiction. In the latter case, the

previous observation tells us that v~ !(m,(z)) N Ig = 0. This forces one of
the following cases:
e v Ymy(x)) N I' # O holds, in which case 7, (z) = 7y N+'(z) and
s — §'| < K diam(m(z)) + K2 < R hold; or,
e v I(my(z)) < I' and s < ¢; in either case we have a contradiction.
By a similar reason, we also deduce ¢t >t/ — R — 1. In conclusion, we have

(2.4) t—s > min(t,t') —max(s,s’) > t'—s' —2(R+1) > R —2(R+1) > K,

and A5 (y(s*)) Nn # 0 for all s < s* <t by K-BGIP of 4. Also, Inequality
implies that s* € [min(¢,t"), max(s, s’)] exists, which clearly belongs to
I'. This establishes K'-BGIP of +'.

We now investigate the second assertion. Let

K3 :=2K?*(10K> 4+ K| + K>) + K.

As before, let v : I — X be a K-BGIP axis and A be a K-bi-quasigeodesic
that is within Hausdorff distance K from . For x € X, we claim that
7y (z) Uma(zx) is bounded. To see this, let z € m(x) and 2’ € ma(x). Since
~v and A are within Hausdorff distance K, there exist w € v, w’ € A such
that d*¥™(w, 2’), d*¥™(w', z) < K. Then for any w* € m,(z') we have

diam (2’ Uw*) < d(2/,w*) + d(w*, )
< d(Z,w) + d(w*,w) + d(w, 2')
< d¥™(w, 2') + K?d(w,w*) + K3 + K
< dV™(w, 2) + K2[d(w, 2') + d(Z,w*)] + K> + K
< (K2 4+ 1)d¥™(w,?') + K3 + K < 2K° 4 2K.
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Now, if d(z,2') > 2K + 3K + K; + K>, then
diam(7([z, 2'])) > diam(z Uy (2")) > diam(z U 2’) — diam(m,(z") U z) > K
and [z, 2] passes through A%, (z) by K-BGIP of 7. Let p € [z, 2/] be a point
in the intersection. This implies that
d(z,w') < d(z,p) +d(p,w')
< d(fL‘, Z/) - d(p7 Z,) + d(pa Z) + d(zu ’UJ,)
< d(x,2) = [d(z,7) — d(z,p)] + d(p, z) + d(z, )
<d(z,2') — (2K® + 3K + K1 + Ko) + K1 + K < d(x,2'),
which contradicts the fact that 2’ € w4 (z). Hence, we conclude that d(z, 2) <
2K? + 3K + K1 + Ko and d(z,w) < 2K3 + 4K + K| + K,. Since v is a
K-bi-quasigeodesic, we have
d(w, z) < K*(2K>® + 4K + K1 + K») + K° + K,
d(7,2) < K*22K? + 4K + K| + Ko) + K® + 2K
< K*(10K? + K1 + K»).
In short, we have d*¥™(z, z’) < K3—K>. Since diam(my(z)) < K3 by Lemma
2.7} we conclude that dlam( y(@)Uma(z)) < Ks.
Now suppose diam(ma(][z, y])) > 2K3 + K. By the previous argument,

we deduce that diam(m([z,y])) > K and [z,y] passes through A%k (y) C
Mok (A). Hence, A has (2K3 + 2K)-BGIP. O

Lemma 2.11 (No backtracking). For each K > 1 there exists a constant
K' = K'(K) that satisfies the following property.

Let v:1 — X be a K-BGIP azxis, n: J — X be a geodesic and o; € J be
such that a1 < ap < asz. Let also a1, a2, a3 € I be such that y(a;) € myn(cy).
Then a1 and as cannot both belong to (—oo,az — K'] nor [ag + K', 4+00).

Proof. Let K3 = K'(K) be as in Lemma and Ky = K'(K) be as in
Lemma 2.7 We claim that K’ = K (2K + 3K; + 1) works.

Suppose first that a1, a3 € [aa + K, +00). Let a := min{ay, as}. We then
have a € [az, a1], y(ai) € myn(e;) and
(2.5)

diam(7yn([a1, o)) > diam(myn (o) Umyn(or)) > %|a1 —as]—K > K+1.
Hence, by Lemma there exists wi, wy € [a1, ag] such that

d" (n(w1),v(a)) < K, d¥"(n(ws),~(a2)) < Ki.
Similarly, we have w}, w), € [ag, a3 such that

d*™ (n(wi), y(a)) < K1, d™¥™(n(wh),v(a2)) < K.

Meanwhile, Inequality 2.5 also shows that diam(m([n(a1),7(az2)])) is larger
than K +1. Since as < a < a1, Lemma 2.9 implies that [n(a1),y(a2)] passes
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FIGURE 2. Schematics for the proof of Lemma

through A%, (7v(a)). Let p be the intersection point and note that
)

d(n(a1),n(az)) = d(n(ar), n(ws))

d(n(ar),~(az)) — d(n(wa),~(az))

d(n(ar),p) + d(p,v(a2)) — d(n(w2),~(a2))

[d(n(en),v(a)) = d(p,v(a))] + [d(v(a),7(a2)) — d(v(a), p)] — 2K

dlafan) (@) + | ela = aal = K| = (1 (a) = 26

> d(n(en), 7 (@) + 7 — K - 3K

By a similar reason, [y(a2),n(as)] passes through A%, (vy(a)) and we can
deduce

>
>

v

v

/

dln(2),n(as) 2 d((a), n(0g)) + o — K — 3Ky,

Since (a1 ), n(ae) and n(as) are aligned on the same geodesic 7, we deduce

d(n(a1),n(as)) = d(n(ar),n(az)) + d(n(az), n(as))

> d(n(a1), 7(a)) + d((a), n(as)) +2 (i K- 3K1>

> dlgfan)ntaa)) +2 (5o — K =383,

Since K’ > K(K + 3K3), this gives a contradiction. Similar investigation
also prevents a1, a3 € (—o0, a2 — K']. O

Lemma 2.12 (Fellow traveling). For each K > 1 there exists a constant
K' = K'(K) that satisfies the following property.

Let v : I — X be a K-bi-quasigeodesic and my : [0,L1] — X, 1o :
[0, Lo] — X be geodesics such that dg(v,m1),dg(v,n2) < K. Suppose also
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that d(n1(0),m2(0)) < K. Then |Ly — Lo| < K', and m1 and ny K'-fellow
travel on the interval [0, min{ L1, La}].

Proof. For each 0 < s1 < Ly, let t € I be such that d*¥"(n1(s1),7(t)) < K
and let sy € [0, Lo] be such that d*¥™(n2(s2),v(t)) < K. Then we have

|51 — s2| = [d(11(0),m(s1)) — d(1n2(0), m2(s2))|
< @™ (m1(0),m2(0)) + [d(n2(0), m2(s2)) — d(12(0), n2(s2))| + d*™ (n2(s2),m1(51))
<4K.
In particular, this implies that Lo > Ly —4M. By symmetry, L1 > Lo —4M
also holds.
Now for 0 < s; < min{Lq, Lo}, define ¢ and s2 as above. Let also ¢’ € T
be such that d*¥"™(na2(s1),7(t')) < K. We then have
d(ni(s1),m2(s1)) < d(m(s1),m2(s2)) + d(n2(s2),m2(51))
< 2K +d(nm2(s2),7(t)) + d(y(t), y(t')) + d(v(t"), m2(s1))
<2K+2K+ K|t—t|+ K
<5K 4+ K2d(y(t),y(1) + K*

< (5K + K?) + K*[d(y(t'),m2(s1)) + d(n2(s1), n2(s2)) + d(ma2(s2),v(t))]
< (5K + K? + 2K3) 4+ K2d(na(s1), m2(52)).

Since one of d(n2(s2),n2(s1)) and d(n2(s1),n2(s2)) is bounded by |s1 — sa| <
4K, we conclude that d(n1(s1),n2(s1)) < 6K + K? 4 6K3. Similar estimate
holds for d(n2(s1),m1(s1))- O

Thanks to these lemmata, we can copy the alignment lemmata in [Cho22b)]
by replacing K-contracting axes with K-BGIP axes.

Definition 2.13 ([Cho22Dh, Definition 3.2]). Given paths k; from x; to
for each i =1,...,n, we say that (K1, ...,ky) is C-aligned if

diam (9:; U W,{i(lﬁi_:,_l)) < C, diam (azi_H U Ty (Iil)> <C.
hold fori=1,...,n—1.

Lemma 2.14 ([Cho22b, Lemma 3.3]). For each C > 0 and K > 1, there
exists D = D(K,C) > C that satisfies the following property.

Let k,m be K-BGIP axes that connect x to o' and y to y', respectively.
Suppose that (k,y') and (x,n) are C-aligned. Then (k,n) is D-aligned.

Proposition 2.15 (|Cho22b, Proposition 3.5]). For each C > 0 and K > 1,
there exist D = D(K,C) > C and L = L(K,C) > C that satisfies the
following.

Let J be a nonempty set of consecutive integers, and p, {x;,y; }ics be points
in X. For each i € J, let k; be a K-BGIP azxis connecting x; to y; whose
domain is longer than L. Suppose also that (k;)icy is C-aligned. Then we
have the following:
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(1) the statements
(ki,p) s D-aligned, (p,k;) is D-aligned

cannot hold stmultaneously;
(2) the set

Jo=Jo (p; (Ki)ies, D)

—Jicy. (ki,p) is D-aligned for i € J such that i < j,
S L " (p, ki) is D-aligned fori € J such thati > j

consists of either a single integer or two consecutive integers;
(3) Uk () is monempty and is contained in \J{7x;(p) : j € Jo}; and
(4) (Ki, km) is D-aligned for any l,m € J such that | < m.

Proposition 2.16 ([Cho22b, Proposition 3.6]). For each C' > 0 and K >
1, there exist E = E(K,C) > C and L = L(K,C) > C that satisfy the
following. Let x,y € X and k1,...,kN be K-BGIP axes whose domains are
longer than L.

If (x,Kk1,...,6kN,Y) is C-aligned, then (x,k;,y) is E-witnessed for each
i=1,...,N. Moreover, p € Ng([z,y]) and (z,y), < E for any p € k;.

Lemma 2.17 ([Cho22b, Lemma 3.7]). For each C,M > 0 and K > 1,
there exist K' = K'(K,C,M) > C and L = L(K,C) > C that satisfies the
following.

Let J be a nonempty set of consecutive integers and {x;,y;}ics be points
in X. For each i € J, let k; be a K-BGIP axis connecting x; and y; whose
domain is longer than L. Suppose that (k;)icy is C-aligned and d(y;, xi+1) <
M forie J\supJ. Then Uk; is a K'-BGIP axis.

We now recall the concept of Schottky sets. Given a sequence s = (qﬁi)f:l
of isometries of X, we denote the product of its entries ¢; - ¢ by II(s).
We also define the reversal of s by s~! := (cb,;_liﬂ)f:l, ie.,

s= (1, k) & s =(o" ..., 00h).
Now let
Tokti = 11(8)" 1 -+ dio = (d1 -+ d)"d1 - -~ o

for each n € Z and i = 0,...,k — 1. We let I'"(s) := (xo,21,---,Tmk)
when m > 0 and I'"(s) := (xg,%-1,...,Tmk) when m < 0. When m = 1,
we usually omit the superscript and write I'(s) = (zg, ..., x). Finally, let
['#%°(s) = (x;)iez. Note that I~ (s) = I'"(s~ 1), and I'"(s) is a concatena-
tion of |m| translates of I'(s) or its reverse.

Definition 2.18 ([Cho22b, Definition 3.11]). Let K > 0 and S € G™ be
a set of sequences of M isometries. We say that S is K-Schottky if the
following hold:

(1) I'™(s) is a K-BGIP axis for all s € S and m € Z;
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(2) for each x € X, all element s € S except at most 1 satisfies that
(x,T"(s)) is K-aligned for all n € Z;

(8) for each x € X and s € S, if (x,T"(s)) is not K-aligned for some
n >0 (n <0, resp.) then (x,I"™(s)) is K-aligned for all m < 0
(m >0, resp.).

Proposition 2.19 ([Cho22b, Proposition 3.12]). For any Ny > 0, there
exists a K-Schottky set of cardinality Ny in (supp pu)™ for some m and K.

From now on we fix an integer Ny > 410. Let Ky := K(Ny)
be as in Proposition [2.19} and
e Dy := D(Ky, Kp) be as in Lemmam
e for i = 1,2, Dl = D(Ko,Dl',l), L,L = L(K(],D,L;l) be
as in Lemma and Proposition 2.15
e Fy:= E(Ky,D2), Ly := L(Ky, D2) be as in Proposition
2. 10l
Let us now fix a Ko-Schottky set S C (supp )0 of car-
dinality at least Ng.
Note that the set of n-self-concatenations of elements of S
is also a K-Schottky set. Hence, we may assume that

(2.6) Mo > Li+ Lo+ L3+ 20K0(K0 + Eo).

From now on, Ko-BGIP axes of the form I'"*(s) for s € S
and m # 0 are called Schottky azes.

Our choice of constants is important: since My is larger than Ls, Propo-
sition tells us the following.

Corollary 2.20. Let (I'1,...,I'y) be a Ds-aligned sequence of Schottky
azes. Let us also define a relation for x,y € U;I';: x <y if
e xc andy €y for somei < j, or
e x and y are the beginning and terminating points, respectively, of the
same axis I'; for some j.

Then y € Ngy([z, 2]) and (x, z)y < Ey hold for any triple x,y, z € Uyy; such
that x <y < z.

3. OUTER SPACE

The aim of this section is to collect facts regarding the outer automor-
phism group and Outer space. For detailed definitions and theories, see the
general exposition of Vogtmann [Vogl5| or individual papers, e.g. [BH92|,
[EM11], [FM12], [AKB12], [AK11], [DH18], [DT1§| and [KMPT22].

Let X be the Culler-Vogtmann Outer space CVy of rank N > 3, which
is the space of unit-volume marked metric graphs with fundamental group
Fy. In other words, a point p € C'Viy corresponds to the homotopic class of
a homotopy equivalence h : Ry — ', where Ry is a fixed rose with NV petals
and I' is a unit-volume metric graph. The corresponding space without the
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volume normalization is called the unprojectivized Outer space cvy, and
there is a projectivization from cvy to C'Vy by dilation.

Outer space comes equipped with a canonical metric, the Lipschitz dis-
tance, which is defined as follows: for two markings h; : Ry — I'1 and
ho : Ry — I'9, the distance from I'y to I'y is defined by

dov(T'1,T2) := inf{log Lip(f) : f ~ fao fi '},

where Lip(f) is the (maximal) Lipschitz constant of f. We now make a
convention that differs from the traditional one. Namely, the outer auto-
morphism group Out(Fy) of rank N acts on CVx by changing the basis
of the marking with the inverses: given ¢ € Out(Fy) and h : Ry — T’

representing a point of CVy, ¢ moves h to ho ¢~ : Fy ¢—>1 Fn M T, This
is a left action by isometries. We denote action by X 2 h+— ¢ - h € X.

It is known that the Lipschitz distance is asymmetric [FM11] and not
uniquely geodesic. However, distances among e-thick points (i.e., those
with systole at least €) have the coarse symmetry: there exists a con-
stant C' = C(e) < 400 such that for any e-thick points = and y, one has
d(z,y) < Cd(y,z) [AKBI2]. In particular, distances among the translates
of the reference point o by Out(Fy) satisfy the coarse symmetry.

Just as Teichmiiller space T (X) is accompanied by the curve complex
C(¥) and the coarse projection 7€ : T(X) — C(¥), CVy is accompa-
nied by the complex of free factors FFy and the coarse projection 777 :
CVxn — FFy. This projection is coarsely Out(Fy)-equivariant and coarsely
Lipschitz. Moreover, geodesics in C'Vy projects to K-unparametrized bi-
quasigeodesics for some uniform K > 0 [BF14, Proposition 9.2].

Outer space also accomodates lots of BGIP isometries. We say that an
outer automorphism ¢ € Out(Fy) is reducible if there exists a free product
decomposition Fy = Cj * -+ % C * Cyyq, with £ > 1 and C; # {e}, such
that ¢ permutes the conjugacy classes of C1, ..., Ck. If not, we say that ¢ is
irreducible. We also say that ¢ is fully ireducible (or iwip) if no power of ¢
is reducible, or equivalently, no power of ¢ preserves the conjugacy class of
any proper free factor of Fiy. We also say that ¢ is atoroidal (or hyperbolic)
if no power of ¢ fixes any nontrivial conjugacy class in Fy. When ¢ is fully
irreducible, it is non-atoroidal if and only if it is geometric, i.e., induced by
a pseudo-Anosov ¢ : X — X on a compact surface > with one boundary
component, via an identification of Fy with 7(¥). Bestvina and Feighn
proved in [BE14] that ¢ € Out(Fy) is fully irreducible if and only if it acts
on FFn loxodromically.

We say that a subgroup G < Out(Fy) is non-elementary if it acts on FF y
in a non-elementary way, or equivalently, contains two fully irreducibles
with mutually distinct attracting/repelling trees. It is known that if G <
Out(Fy) does not fix any finite subset of FFy UJFFy, or equivalently, if
it is not virtually cyclic nor virtually fixes the conjugacy class of a proper
free factor of Fyy, then G is non-elementary [HorI6h]. Since 777 is coarsely
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Lipschitz, the independence of two fully irreducibles in FFy is lifted to the
independence in C'Vy.

We refer the readers to [BH92|, [AK10], [BF14] and [AKKP19| for the
precise definition of a train-track representative f : I' — I' of an outer
automorphism ¢. Roughly speaking, a train-track representative of ¢ is a
self-map f : I' = I' in the free homotopy class of ¢ on a simplicial graph I
that sends vertices to vertices, restricts to an immersion on each edge of T,
and sends edges to immersed segments after iterations. It is due to Bestvina
and Handel [BH92] that every irreducible outer automorphism admits a
train-track representative, although it may not be unique.

Given such a structure, one can endow I' with a metric such that f
stretches each edge of I' by the same constant A > 1, which is called the
expansion factor of f. This expansion factor is uniquely determined by the
choice of ¢ and does not depend on the choice of f. Moreover, in view of
Skora’s interpretation of Stallings fold decompositions, one obtains a contin-
uous path on cvy from I' to I'o ¢ by folding a single illegal turn at each time
(cf. [AKKP19]). This descends to a geodesic segment of length log A (after
a reparametrization) and the concatenation of its translates by powers of ¢
becomes a bi-infinite, ¢-periodic geodesic. We call this a (optimal) folding
axis of ¢. Algom-Kfir observed the following:

Theorem 3.1 ([AK11]). Folding azxes of fully irreducible outer automor-
phisms are strongly contracting.

Unfortunately, we need BGIP instead of the strongly contracting property
in our setting, and the author does not know a way to promote the latter
to the former. Meanwhile, I. Kapovich, Maher, Pfaff and Taylor observed
the following version of BGIP in Outer space. This requires the notion
of greedy folding path, whose accurate definition can be found in [FMII],
[BE14] and [DHI§|. In short, a greedy folding path « : I — cuy is obtained
by folding every illegal turns at each time with speed 1, where the illegal
turn structures at different forward times are identical and define a well-
defined illegal turn structure. This also descends to a geodesic on C'Vy, and
we have the following theorem:

Theorem 3.2 ([KMPT22, Theorem 7.8]). Let ¢ € Out(EFy) be a fully ir-
reducible outer automorphism. Suppose that v is a bi-infinite, ¢-periodic
greedy folding path. Then there exist C > 0 such that the following holds.
Let z,y € X be points such that d*¥™(m,(x),7y(y)) > C, and satisfy
AV (my(x)) = y(t1), d¥™(my(y)) = ~(t2) for some t1 < ta. Then any
geodesic [x,y] between them contains a subsegment [z1, z2| such that

A" (21, my(x)) < O, d¥(22,m(y)) < C.

This uni-directional version of BGIP is designed for outer automorphisms
that have an invariant greedy folding line. It seems not shown that all fully
irreducibles have such a line. (The author thanks Sam Taylor for pointing
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this out.) Nonetheless, by adapting Dowdall-Taylor’s idea and Kapovich-
Maher-Pfaff-Taylor’s proof of Theorem [3.2] we can obtain the following re-
sult. This proof was kindly informed by Sam Taylor.

Proposition 1.3. Let ¢ € Out(Fy) be a fully irreducible outer automor-
phism. Then the orbit {p'o}icz of o by ¢ is a BGIP axis.

Proof. Before we begin, we recall the following facts regarding a geodesic
d-hyperbolic space Y.

(1) (Morse property) A K-quasigeodesic and a geodesic with the same
endpoints are within Hausdorff distance Ko = K»(K, ).

(2) The closest point projections onto a K-quasigeodesic and a geodesic
on Y with the same endpoints are within distance K3 = K3(K,J).

(3) If the projections of x,y € Y to K-quasigeodesic v contain 7(s) and
~(t), respectively, and d(y(s),v(t)) > K4 = K4(K,J), then [z, y] and
[z, 70 (2)] U Y(s,q U [m(y), y] are within Hausdoff distance K.

(4) If K-quasigeodesics v, +' are within Hausdorff distant K and the
distance between starting points is at most K, then 4/ crosses v up
to a constant K5 = K5(K,d), i.e., v and 7' o p Ks-fellow travel for
some orientation-matching reparametrization p.

Let T", T~ be the attracting and repelling trees of ¢, respectively. There

exist optimal greedy folding lines 4+ : R — CVy such that

. +\ _ ot . +\ _ F
(3.1) Jim a7 () =17, lim 47(#) =T
(IBR15], Lemma 6.7 and Lemma 7.3). Since {g;0}; is a quasigeodesic whose
endpoints agree with v, Theorem 4.1 of [DT18]| asserts that dy ({po}:,v) <
K1 and 777 (1) is a Kj-quasigeodesic for some K. Similarly, by compar-
ing {¢©_;0}; and v, we deduce that dg({p'0};,7~) < K1 and 777 (y7) is
a Kj-quasigeodesic. Also, v* are uniformly thick.
Let us now take z;7 € 7+ (¢'0) and z; € m,-(¢'0) for each i. We
recall the following result of Dahmani and Horbez ([DHI8, Proposition 5.17,
Corollary 5.22|; see also Section 7 of [KMPT22]): there exist B, D > 0 such
that v+ are (B, D)-contracting at z7’s (with a suitable crossing constant
k). In other words, a geodesic 7 on C'Vy projects to a path that x-crosses
up a large enough subsegment of 777 ~4* that begins from 777 (mf), then n
has a point p whose distance to 4* is bounded by D. Since 4% are thick,
the distance from v+ to such point p is also controlled and 7 intersects a
neighborhood of 4* in such a case.

We now observe that 7% 7T,y+,71']: 7 Ty - and TprF((4i0),) © T are coarsely
equivalent. First, Lemma 4.11 of [DTI8] asserts that 7.+ and Pr,- are
equivalent, where Pr stands for the Bestvina-Feighn left projection. Then
Lemma 4.2 of the same paper asserts that =77/ Pro+ and m 77 +) o are
FF (nt

(vF)
©'o};) are close to each other and 777 ({¢’0};), a quasi-geodesic on
the Gromov hyperbolic space F.F, is strongly contracting.

equivalent. These are then equivalent to TR FF ({gio};) O SiNCE T and

71..7-']-'({



18 INHYEOK CHOI

We now lift these projections: we claim that m,+, m,— and 7,y are
equivalent. First, suppose that m,+(z) and 7, (z) are far from each other
for some x € X. Since y*, 77, {p'o}; are close to each other, we may
take ¢’o and @’/o near m,+(z) and 7, (), respectively, and conclude that
|i — j| is large. This implies that 777 (¢?0) and 777 (x70) are also far from
each other (since ¢ is loxodromic on C'Vy), and consequently 777 (. + (2)),

777 (m,- (x)) are far from each other. (x) Since we have proved that 777+
and 77 7, are equivalent, this cannot happen. Hence, 7.+ and 7, are
equivalent.

Now suppose that ¢, (%) and 7.« (x) are far from each other for some

r € X. We take plo € Tipio}, (z) and ¢ 0 near m\+(7) and conclude
that |5’ — j| is large. If j is much larger than j/, then 777 ([z,¢70]) is
a quasigeodesic whose endpoints project onto 77 ({'0};) near 7/ )
and 777 pJo, respectively. Since 5/ — j is large enough, this quasigeodesic
crosses up long enough subsegments of 777 ({¢?0};) and 777 (y1) that begin
at 77 (p7'0) and 777 (x;), respectively. Using the (B, D)-contraction at
l’j/ of ¥T, we conclude that [z, /0] contains a point p nearby x;r,, which

makes d(z, ¢ 0) shorter than d(z, ¢70) and leads to a contradiction. Similar
contradiction occurs due to the contracting property of v~ at x; ’s when j’
is much larger than j. Hence, 7oy, (z) and m«(z) are equivalent.

Now if a geodesic  on C'Vyy has a large projection on {¢'0};, then it also
has large projections on y*. This also forces large %7 (my=(n)), due to the
argument as in (x). When 777 (7, (1)) progresses in the forward direction
with respect to {®;0};, then we employ the contracting property of v to
conclude. If it progresses in the backward direction, then we employ the
contracting property of v~ to conclude. ([

We now explain more details on the classification of fully irreducible outer
automorphisms. Coulbois and Hilion classified fully irreducibles into the
following mutually distinct categories in [CH12):

(1) geometric automorphisms that have geometric attracting and re-
pelling trees,

(2) parageometric automorphisms that have geometric attracting tree
and non-geometric attracting tree,

(3) inverses of parageometric automorphisms that have geometric re-
pelling tree and non-geometric attracting tree, and

(4) pseudo-Levitt automorphisms that have non-geometric attracting
and repelling trees.

Sometimes, automorphisms of category (3) and (4) are together called ageo-
metric automorphisms.

In Theorem [A] we are concerned with fully irreducibles whose expansion
factors differ from that of their inverses. Examples of such automorphisms
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are given in [HMOQ7b]: parageometric fully irreducibles have expansion fac-
tors that are larger than the expansion factors of their inverses. Mean-
while, geometric fully irreducibles and their inverses have the same expan-
sion factor, due to the analogous fact for pseudo-Anosov mapping classes.
For pseudo-Levitt automorphisms, both situations can happen ([HMO7h],
[CH12]).

As mentioned before, fully irreducibles in Out(F,) are always geometric.
In contrast, [JLO8] provides an example of parageometric automorphism for
each N > 3. Moreover, when N > 3, if a non-elementary random walk w
on Out(Fy) has bounded support that generates a semigroup containing a
principal fully irreducible and an inverse of a principal fully irreducible, then
the probability that w,, is pseudo-Levitt tends to 1 as n — oo [KMPT22].
Hence, the above property of parageometric automorphisms does not im-
ply that a generic automorphism and its inverse have different expansion
factors. Despite this, we will observe in Theorem [A] that, for example, if
the support of a non-elementary random walk w on Out(F)) generates a
semigroup containing a geometric and a parageometric automorphism, then
the probability that 7(w,) = 7(w,!) tends to 0 as n — oc.

4. LIMIT LAWS

4.1. Limit laws and deviation inequalities. In [Cho22b|] and [Cho22c],
we have established several limit laws using the pivoting technique and the
existence of Schottky sets. The usage of Schottky sets were guided by the
alignment lemmata for contracting axes, which are now phrased in terms of
BGIP. Hence, the exactly same proofs as in [Cho22b] and [Cho22c| guarantee
the following limit laws.

Proposition 4.1 ([Cho22bl Proposition 5.5]). Let (X, G,0) be as in Con-
vention [1.1] and p be a non-elementary probability measure on G. Suppose
that i has finite p-moment for some p > 0. Then there exists K > 0 such
that for any x € X, we have

E

sup (wpr0,wn0)b| < K.
n,n'>0

If [i also has finite p-moment, then there exists K > 0 such that for any
x € X, we have

n>0 n,n'>0

E [sup(x,wn 0){)’} <K, E [ sup (Wnr0,wn 0)?] < K.

Note that there is a slight difference between the originally stated version
in [Cho22b]. This difference comes from the asymmetry of the metric. In
order to establish the latter estimate with doubled exponent, we defined
v(@,w) in [Cho22b, Lemma 5.3] to be the minimal &k such that:

(1) a:=(git1,---,9i+M,) is a Schottky sequence;
(2) (0,w;T'(a),wy 0) is Dj-aligned for all n > k, and
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(3) (0 0,w; T'(a)) is Day-aligned for all n’ > 0.

We then proved that the v(@,w) has finite exponential moment. Similarly,
we defined its dual 0(w, w) and observed that (&, 0, wy, 0), < min{d(o, w,, 0),d(0,wy0)}
to prove Proposition (1]

Meanwhile, this time (@,/0,wy 0), is not bounded by d(o,w, 0) but by
2d%¥™(0,w,, 0). This quantity can be controlled only when E,[d*¥™(o, go)?]
is finite, or in other words, when p and & have finite p-moment. Similarly,
it is impossible to control (z,w, 0)h using d(o,w. 0).

Still, it is true that (&,0,wy, 0), is bounded by

Lo .
5d(@50,0) + d(0,wy 0)].

The p-th power of this quantity can be controlled using the finite p-th mo-
ment of p and the finite exponential moments of v and ¥, even without a
moment condition for fi. Hence, we obtain the first estimate in Proposition
41

Meanwhile, Gouézel’s results in [Gou2l] only concerns the summation
of forward progresses ) _; d(0, g,(;)0) for a choice {n(i)};. Hence, by realiz-
ing Gouézel’s strategy using the BGIP and the concatenation lemmata in
[Cho22b|, we obtain the following:

Theorem B (SLLN). Let (X,G,0) be as in Convention[I.1, and w be the
random walk generated by a non-elementary measure p on G. Then there
exists a constant A = A(w) € (0,400] such that

1
(4.1) lim —d(o,w, 0) = A
nn
for almost every w. Moreover, \(u) is finite if and only if p has finite first
moment.

In particular, we recover Horbez’ SLLN on Outer space for non-elementary
random walks ([Horl6a, Corollary 5.25]).

Theorem C (Exponential bound from below). Let (X, G,0) be as in Con-
vention[1.1], and w be the random walk generated by a non-elementary mea-
sure p on G. Then for any 0 < L < A(u), there exists K > 0 such that

P[d(0, wy 0) < Ln] < Ke ™%
holds.
As pointed out in [Cho22b|, Theorem |C|leads to the following corollary:

Corollary 4.2 (Large deviation principle). Let (X, G,0) be as in Conven-
tion 1.1}, and w be the random walk generated by a non-elementary measure
won G. If p has finite exponential moment, then {d(o,wy 0)/n}, satisfies
a large deviation principle with a proper convez rate function I : [0, 400) —
[0, +00] which vanishes only at X = A(u).

This is a generalization of Boulanger-Mathieu-Sert-Sisto’s LDP on Gro-
mov hyperbolic spaces.
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Theorem D (CLT and its converse). Let (X,G,0) be as in Convention
and w be the random walk generated by a non-elementary measure p
on G. If i has finite second moment, then there exists a Gaussian law with
variance o(u)? to which ﬁ(d(o, wp 0) — nA) converges in law. Here, A is
the escape rate of w. Moreover, o(u) > 0 if and only if p is non-arithmetic.
If 1 has finite third moment or u, i have finite second moment, then

d —A
lim sup + X2 ¥ 0) — An
n—oo v2nloglogn

Conversely, suppose that i has infinite second moment. Then for any se-
quence (Cp)n, both ﬁ(d(o, Wp 0) — Cp) and ﬁ(r(wn) — ¢p) do not converge

=o(p) almost surely.

m law.

The CLT for displacement on Outer space has been discussed by Horbez in
[Hor18] based on Benoist-Quint’s CLT for cocycles. Meanwhile, the CLT for
translation length has not been discussed previously. The converses of these
CLTs also seem new. The following theorem also improves the previously
known results deduced from Horbez’ deviation inequalities in [HorI§].

Theorem E (Geodesic tracking). Let (X, G, 0) be as in Convention[1.1] and
w be the random walk generated by a non-elementary measure y on G.
(1) Suppose that p, i have finite p-th moment for some p > 0. Then

for almost every path w = (wy)n, there ezists a quasigeodesic v such
that

1 S
. ym -
1171111 n1/2pd (wn0,7) = 0.
(2) Suppose that p, [i have finite exponential moment. Then there exists
K < oo satisfying the following: for almost every path w = (wp)n,

there exists a quasigeodesic vy such that
1
limsup ——d*™(wp 0,7) < K.
n  logn
We now discuss the exponential genericity of fully irreducible outer auto-

morphisms with linearly increasing translation length.

Theorem F. Let (X,G,0) be as in Convention[1.1, and w be the random
walk generated by a non-elementary measure p on G. Let \(w) be the escape
rate of w. Then for any 0 < L < Aw), there exists K > 0 such that

P (wy, has BGIP and T(wy) > Ln) > 1 — Ke ™K
holds.

Recently, Kapovich, Maher, Pfaff and Taylor discussed the genericity
of ageometric triangular fully irreducible outer automorphisms for random
walks on Out(F) that involve a principal fully irreducible automorphism
. A crucial step there was as follows:
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Lemma 4.3 ([KMPT22], Corollary 5.14]). Let v be the lone azis of ¢ in CVy
and € > 0. Then there exists R > 1 such that, if 1 is a fully irreducible outer
automorphism with an axis v such that a fraction of ' and a translate of ~
fellow travel for more than length R, then v is a triangular fully irreducible
automorphism.

Meanwhile, we will later observe in Subsection [4.3] that:

Proposition 4.4. For each non-elementary probability measure p on Out(Fy ),
there exists K1 > 0 such that the following holds. Let g € ((suppp)) and

M > 0. Then there exists Ko > 0 such that the following holds except for an
exponentially decaying probability. For a random path w = (w;)52,, we have

0 <i(l) <...<i(Kan) < n suchthatwqyo,w;q) gMo, ... s Wi(Kan) 05 Wi(Kan) Mo
are all within K1-neighborhood of [0,w, o] and the axis of wy,, in order from
nearest to farthest from o.

In particular, if g was chosen to be a fully irreducible automorphism,
which has BGIP, we can further argue that the axis of w, and a translate
of the axis of g Ks-fellow travelled for long enough; here, K3 is a constant
that depends on the nature of g and p but not on M. Note that we do not
assume any moment condition here. Using this observation, we deduce the
following strengthening of Kapovich-Maher-Pfaff-Taylor’s theorem:

Theorem G (cf. [KMPT22, Theorem A]). Let N > 3 and let 1 be a non-
elementary probability measure on Out(Fy) such that ((supp(u))) contains
the inverse of a principal fully irreducible automorphism. Then outside a set
of exponentially decaying probability, w, is an ageometric triangular fully
wrreducible outer automorphism.

Theorem H. Let (X,G,0) be as in Convention[I.1, and w be the random
walk generated by a non-elementary measure p on G.
(1) If p has finite p-th moment for some p > 0, then
. 1
HILII;O m[d(o,wn 0) —7(wp)] =0 a.s.
(2) If u, it have finite p-th moment for some p > 0, then
Jim m[d(o,wn 0) —T(wn)] =0 a.s.

(8) If u, it have finite first moment, then there exists K > 0 such that

lim sup

— <K .S.
m su Ogn[d(o,wn 0) — T(wn)] < a.s

Again, the estimate in (1) without doubled exponent is due to the lack
of moment conditions for ji; we bound the discrepancy with 1[d(wy0,0) +
d(o,w, 0)], not min{d(o,w, 0),d(o,0z0)}.
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Theorem 1. Let (X,G,0) be as in Convention and suppose that G is
finitely generated. Then for each k > 0, there exists a finite generating set
S of G such that

Y ) 91,---,9k € Bp(e),{g1,--.,9k) is q.i. embedded
Gio--or9k) mnto a quasi-convex subset of X

(#Bn(e))"
converges to 1 exponentially fast.
Theorem J. Let (X,G,0) be as in C’onvention and w®, ... w®) be k

independent random walk generated by a non-elementary measure p on G.
Then there exists K > 0 such that

P [(wq(ll), WY s i embedded into a quasi-convex subset of X| > 1—Ke /K.

Having recalled these results, we now prepare the machinery of pivoting
technique to prove our main theorem.

4.2. Pivotal times and pivoting. In this subsection, we recall the pivot-
ing technique developed in [Gou2l], [BCK21] and |Cho22b]. For a complete
proof, refer to Section 4 of [Cho22b].
Let (w)$2, (v3)2, be isometries in G. Now given a sequence
s = (a1, 81,71, 61, - - - Oy By Yo, On) € S,
we first define
(42) a; ‘= H(Oéi), bl = H(Bz) C; = H(’)/i), dl = H((Sl)
We then consider isometries that are subwords of
woalblvlcldlwl s akbkvkckdkwk LRI

More precisely, we set the initial case wfm :=id and define

— ot — — - aibs
W, o 1= W qWim1, Wi = W; 5, w; = wmalb,,

+ ., + ., + .,
w; = wmaibivi, w;y = wmaibivici, w;'y = wivgaibivicidi.

We also employ notations
T() = w; (), T(Bi):=
Y(vi) = w; T(w),  T(6;) ==
for simplicity.

We then defined the set P, = P, (s, (w;)i, (vi)i) C {1,...,n}. Our main
estimates were as follows.

Lemma 4.5 (|Cho22bl Lemma 4.1]). Let P, = {i(1) < ... <i(m)}. Then

(0, T(ai(l))a T(ﬁz’(l))a T('Yi(l))y T(5i(1))a ceey T(ai(m))’ T(/Bi(m))v T(%‘(m))a T(éi(m))v y;+172>

is a subsequence of a Dg-aligned sequence of Schottky azes. In particular, it
s D1-aligned.
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In [Cho22b], we have observed a sufficient condition for P, = P, U {k}
to hold. Namely, the conditions

(4.3)
diam (WT(%)(y,;O) U y,::O) = diam (WF(%)(vk_lo) Uo) < Ko,
(4.4)
diam (Wy(ék)(yl;rm) U y,_:Q) = diam (WF_1(5k)(wk0) Uo) < Ko,
(4.5)
diam (wY(Bk)(yZI) U y,;o) = diam (ﬂpﬂ(ﬁk)(vkcko) Uo) < Ko,
(4.6)
diam (ﬂ'T(ak)(Zk_l) U 91;2) = diam (Wr(ak) ((w,;Q)*lzkA) U o) < Kp.

guaranteed the addition of k to the set of pivotal times. Each condition
excluded at most one element out of the Schottky set S and we obtained:

Lemma 4.6 ([Cho22b, Lemma 4.2]). For 1<k <n, s € S**=1 we have
P (#Pu(s,an, By s 01) = #Pa-1(5) +1) 2 1= 4/No.

Given aq, Bla 71, 51a sy Of—1, Bk—la Vk—laék—la we define the set gk
of triples (ag, Bk, V&) in S that satisfy Condition and We
then observed that # [53 \ 5’4 < 3(#5)%. Moreover, for (ag, Bi, Vi) € Sk,

{(ag, By, 1) € Sk : B € S} has at least #5 — 1 elements. We finally had:

Lemma 4.7 (|Cho22b, Lemma 4.3]). Let i € Py(s) for a choice s =
(a1, 81,715,015 - -« s Wy By Yn, On), and § be obtained from s by replacing (o, Bi, i)
with - ~

(Q, Bi, Vi) € Si(ar, Br,71,01, -+ i1, Bio1,%i-1, 0i—1).
Then Py(s) = P,(5) and Si(s) = S)(5) for each 1 <1< k.

Given 1 < k < n and a partial choice s = (a1, 81,71, 61, - - -, O, B, Vks Ok),
we defined pivoting as follows: 5§ = (@1, f1, 91,01, - - - , Ok, Bk, Vi, Ok ) 1S pivoted
from s if:

° @z&foralllﬁjﬁk,

o (a;,Bi,7%) € Sz(s) for each i € Py(s), and

b (O‘jﬁﬁj?’}/j) = (O_‘j>ﬁjv'7j) for each j € {17 ce >k} \ Pk(s)-
Lemma then asserted that being pivoted from each other is an equiva-
lence relation.

Corollary 4.8. When s = (g, Bi,7i,0:)", is chosen from S with the
uniform measure, #P,(s) is greater in distribution than the sum of n i.i.d.
X, whose distribution is given by

(No—4)/No if g =1,
(4.7) P(X; =j) =14 (No—4)4~7/N;7T ifj <o,
0 otherwise.
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More generally, the distribution of # Pyyn(s) —#Px(s) conditioned on the
choices of (cv, Bi, Vi, 6:)5_, also dominates the sum of n i.i.d. X;.
Moreover, we have P(#P,(s) < (1 —10/Ng)n) < e~ 5" for some K > 0.

We now recall the pivoting for translation length in [Cho22c, Subsection
4.2]. We fix an equivalence class £ C S4" made by pivoting. € has a well-
defined set of pivotal times P, (&) = {i(1),...,i(M)}, and a choice s € £ is
determined by the choices (a(), 52'(1)»%;(1)){\11- We also denote w,, 1 5(s) by
w for convenience.

Let

bk = (wi_(Mfk+1),0) WW;1y 9
= Vi(M—k+1) Ci(M—k+1) Li(M—k+1) Wi( M —k+1) * * * AnbpUnCpdnwn
~woarbyvrcrdiwy - 'ai(k)—lbi(k)—lvi(k)—lci(k)—ldi(k)—lwz‘(k)—1
for 1 <k < |[M/2] and

SZ(S) = {al(k) es : (w_lyi_(Mfk+1),07 T(%(k))) is Ko—aligned},

S?h_k_;'_l(s) = {ﬁi(M—k-‘—l) € S . (w_l T(Bi(M—k—Fl))?y;(k)J) iS Ko—aligned} .

We observed that:
Lemma 4.9. Let 1 < k < M/2. Suppose that s = (ai(l)aﬁi(l)»%‘(l)){ﬁ €&y
satisfies
ik € Sk(8),  Bivr—k+1) € Shr—k41(8)-
Then w = Wyt 9 18 a contracting isometry. Moreover,

("'7w71T(/8i(M7k+1))7’r( ) (/31 ) (’Yz(k)) Y(/Bi(Mkarl))aw’r(O‘i(k))v"

is a subsequence of a Di-aligned sequence of Schottky axes.

Given a choice

= (@i, Bitys i) Di=1,. 1, M —k42.m € Sig1y ¥ XS 1) X Si(m—k+2) X
we deﬁne
(Qikys Bitys Vik)s Qi(M—kt1)s Bi(M—k+1)s Vi —k+1)) € Sik) X Si(M—k+1)
St = S d
' : (k) € SE(8, YM—kt1) an

Bi(Mkarl) € 57\4_k+1(§a ai(k)a%’(Mfk+1))
Then we proved the following:

Lemma 4.10. For each 1 < k < |M/2], the cardinality of 5,1 is at least
(#5)° — 8(#5)°.
Let us finally mention a variant of the usual pivoting called v-pivoting.

We fix subsets S1, 52 C S of cardinality at least Np/4, and a subset A C G.
We then assume that for each s; € S1,s3 € S9 and v € A, the two sequences

(4.8) (v™'0,T(s2)),  (vTL(s2)0, T~ (s1))

are Ky-aligned.

)
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As in Subsection we consider the subwords of

woarbrvicrds -+ - anbpvpcndpwn, - - -
£
1,77
G and v;’s are chosen from A. Also, we will not fix the choice of (v;); this
time; only (w;); is fixed. Also, «;,3;’s are chosen from S; and ~;,d;’s are
chosen from Ss. In other words, a choice s = (a1, 1, ..., Vn,0n) is drawn
from (S% x S3)™. We could still define the set of pivotal times based on the

same criteria with Subsection 4.2 and observed:

and define w yfcj analogously. This time, however, w;’s are chosen from

Lemma 4.11. Let i € Py(s,v) for a choice s = (a1,...,0,) and v =
(V15 svp). If V= (v],...,vy) is made from v by replacing v; with an
element of A, then Pi(s,v) = P/(s,v") and Si(s,v) = Si(s,Vv’) for each

1<I<E.

Given a choice s = (ag,...,d,) € (57 x S3)" and v = (v;)"; € A", we
declared that (s,v’) is v-pivoted from (s,v) if v/ differs from v only at the
pivotal times for (s,v). Then Lemma tells us that being v-pivoted from
each other is an equivalence relation that preserves the set of pivotal times.

4.3. Proof of Theorem [Al We are now ready to prove Theorem [A]

Proof. Let us first fix a positive integer n’. Since p is asymptotically asym-

metric, we can take a = (¢1,...,0nm7), 8= (¥1,--., oM7) € (Supp'u)M/ with
(a) = ¢, TI(B) = ¢ such that

L:=[1(¢) —m(¢7H)] = [r(p) = 7(¢™))] > 0.
Let also
Ly :=d(0,¢™"0), Ly :=d(0,9™0)
By taking self-concatenations of a and (3 if necessary, we may assume that
(L{ —L7)— (L3 — Ly) > L/2 > 8Eyn'.
At the moment, there exist at least Ny — 2 Schottky choices s5 € S
such that (¢~'o,I'(s2)) and (¢~ lo,I'(s2)) are Ko-aligned. Choose Ng/3

of them and label as sgl), .. '782N0/3). We now seek choices s1 € S such

that (d)H(sg))o,F*l(sl)) and (¢ H(sg))o,l“*l(sl)) are Ky-aligned for each
i =1,...,Np/3. Since these are 2Ny/3 conditions in total, there exist at
least Ny/3 Schottky choices realizing them. In summary, there exist subsets
Sy, 82 C S of cardinality Ny/3 such that

(670, T(52)) , (7" 0,T(52)) , (T(s1), M(s1)9 (550 ), (T (1), (st ) T1(55”)o)

are Ky-aligned for all s; € S; and s9 € Ss.
Let u/ be the measure assigning 1/2 to each of a and 8. We then consider
the decomposition

ptMEM = o (03 X < pd,) + (1 )y

for some 0 < o < 1 and v. Here, we perform the same procedure as in the
proof of Proposition 4.8 in [Cho22c]. We then consider:



RANDOM WALKS AND CONTRACTING ELEMENTS III 27

e Bernoulli RVs p; with P(p; =1) = @ and P(p; =0) =1 — a,
e 1; with the law ,u%l x p x N%‘Q, and
e v; with the law v,

all independent, and define

v, when pp =0,

(9(4M0+1)k+1’ T 9(4M0+1)(k’+1)> - { N when pp = 1.

Then (g;):2, has the law x>°. We now define € to be the ambient probability
space on which the above RVs are all measurable. We will denote an element
of 2 by w. We also fix
® Wk = g1 Gk
o B(k) = Zf:o pi, i.e., the number of the Schottky slots till k£, and
e J(i) :=min{j > 0: B(j) = i}, i.e., the i-th Schottky slot.
For each w € Q2 and 7 > 1 we define

Wi—1 = G4AMo[9(i—1)+1]4+1 "~ 94Mo 9(3)>

oy = (g4MOq9(i)+17 ) 94M019(i)+M0)a

Bi += (9aMo 9(i)+ Mo+1> - - -+ 9aMo 9(i)+2Mp)>

Vi *= GaMy 9(3)+2Mo+15

Yi := (gan, 9(i)+2Mo+25 - - - > 94My 19(1')+3M0+1)’
i = (9ans, 9(@)+3Mo+25 -+ 4My 19(1')+4Mo+1)'

In other words, 7y(;) corresponds to (e, Bi, viy i, 0;) and w; corresponds to
the products of intermediate steps vx’s in between ny;_1) and ny;). As in
Section we employ the notation a; := II(«;), b; := II(d;) and so on.

In order to represent w, for arbitrary n, we set n’ := [n/4My| — 1 and
w™ = 9aMo[9(B(n'))+1])+1 "+~ gn- We then have

(4.9) Wnp = w0a1b1v101d1w1 s agg(n/)b@(n/)CQ(n/)d%(n/)w(n)

Here, we first fix the choices of p;’s and v;’s; this determines #Z(n’) and the
isometries (wo, ..., w™), (v1,...,v,). Then we consider the set of pivotal

times Py, (s) for s € (S?) X Séz))”. After this process, we define
Pu(w) := {(4Mo + 1) 9(i) : i € Po((s)} -

Note that Z(n') is a sum of i.i.d.s of Bernoulli distribution: it is linearly
increasing outside a set of exponential probability. Moreover, #Pg, is
linearly increasing with respect to #(n’) in the sense of Corollary Hence,
there exists K > 0 such that P, (w) > 10Kn outside a set of exponentially
decaying probability.

At the moment, we consider an equivalence class £ of n-step paths with
M > 2Kn + n pivotal times. Here, the equivalence relation is made by
the usual pivoting at the first and the last Kn pivotal times, and by the
v-pivoting at the (Kn + 1)-th, ..., (Kn + n’)-th pivotal times. By the
previous observation, such equivalence classes take up all cases except a set
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of exponentially decaying probability. Moreover, most pivotal choices at the
first and the last Kn pivotal times will lead to ;) € Sj(w), Bivr—k+1) €
S&7k+l(w) for some 1 < k < Kn. We stick to such choices and give up a
set of probability (8/Ng)%™.

Now we are discussing the situation on a finer equivalence class & C &
made by v-pivoting at the (Kn + 1)-th, ..., (Kn + n/)-th pivotal times.
Each choice in & can be recorded by € = ()1, € {0,1}", where Vi) = ¢
if ¢ =0 and v;;) = ¢ if ¢ = 1. Let us now define

n'—1

o -1+ - + -
Dy = |d (wn yi(Kn-l—n’),O’yi(Kn—i—l),O) + Z d (yi(Kn+l),0’yi(Kn—l—l—i—l,O),O) )

n'—1

D_ = d<y(Kn+1)0’w yKn+n ) Zd< Kn+l+10)ovy‘JEKn+l),0>

Note that Dy, D_ do not depend on the choices {v; }ZK’}( +n - these are
invariant across & . Moreover, Lemma [4.9] and Corollary guarantee
that:

n ’

! n
T(wn) —D+—L1~' (n/—2q> —L;‘Zel =

=1 =1

D.,.—Zdovl

Similarly, we have

n' n'
T(wyt) = D_ — Ly (n/—2q> —Ly ) ¢|=
l

These two implies that
(4.10)

) = )] = (D = D) = (5 = L0

/

=1

At the moment suppose that w € & satisfies |7(wy,) —7(w,; )| < n'Ep. Then
Equation tells us that |7(@,) — 7(@, )| > n'Ey for any other @ € &
such that Z (w) # > e(w). Note that on &, Ze follows the binomial

distribution: P(Ye = k) = 27 (, ) Since maxj, 27" (" ) is O(1/v/n'), the
conditional probability is controlled as

(4.11) P (|T(wn) — (Wb < W' Ey ‘ 51) <o/

for some C' > 0. We then sum up the conditional probabilities for these &;
and the remaining exponentially decaying probability to deduce

P (I7(wn) — T(wy, )| < n'Ep) < 20 /V/n!
for large enough n. We now send n’ to infinity to conclude. O

The previous proof also implies Proposition [£.4] One can pick some suit-
able M’" and a = 8 € (supp p)™’ such that g™ = ¢ = Il(a) = ¢ = ®(3).

71) -D_— Zd(O, vi(l)o)

<2n Ey.

< 2n'E,.




RANDOM WALKS AND CONTRACTING ELEMENTS III 29

Then the linear growth of the set of pivotal times, Lemma [4.5] and Corollary
2:20] imply the desired conclusion.

5. FURTHER QUESTIONS

In contrast to the exponential genericity in Theorem [G] Theorem [A] only
asserts that the unwanted probability converges to 0 and does not discuss
the decay rate. This is due to the nature of our argument in the proof:
Inequality followed from the estimation of a single binomial coefficient,
which does not decay exponentially.

In principle, the proof of Proposition [G] relied on the appearance of a sin-
gle geodesic segment along the axis of a random isometry. In other words,
the triangularity of a random isometry was due to the stability of the lone
axis of a principal fully irreducible automorphism. In the proof of [A] we ob-
served the opposite situation; regardless of what happened in the beginning
or the ending part of [0,wy, 0], the v-pivotal choices made at the interme-
diate pivotal times can cause the asymmetry of the forward and backward
expansion factors. In other words, the stability of certain geodesic segments
cannot rescue the situation. Rather, the asymmetry arises from the cumu-
lative effect of two types of progresses that differ in the differences between
forward and backward distances.

Considering this, a refined argument may lead to the CLT for the differ-
ence between forward and backward expansion factors. For the moment, we
only content ourselves with the following question:

Question 5.1. Is the mismatch of forward and backward expansion factors
of an outer automorphism exponentially generic?
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