CLASSIFICATION OF HOROSPHERICAL INVARIANT
MEASURES IN HIGHER RANK

INHYEOK CHOI AND DONGRYUL M. KIM

ABSTRACT. Let G be a product of rank-one simple real algebraic groups
and let I < G be a Zariski dense Anosov subgroup, or relatively Anosov
subgroup. In this paper, we prove a complete classification of invari-
ant Radon measures for the maximal horospherical action on I'\G. In
particular, when I" is Anosov, this solves the open problems proposed
by Landesberg—Lee—Lindenstrauss—Oh for rank G < 3, and by Oh in
general.

More generally, we consider the horospherical foliation of a product
of CAT(—1) spaces, and present a classification of Radon measures sup-
ported on a recurrent subfoliation that are invariant under the action of
transverse subgroups.
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Given a dynamical system, classifying invariant measures is a natural and
important questions with many applications, as also indicated by the cel-
ebrated theorem of Ratner [Rat91]. We study this question for dynamical
systems given by horospherical actions.
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Let G be a connected semisimple real algebraic group and P < G its min-
imal parabolic subgroup with a fixed Langlands decomposition P = M AN,
where A is a maximal real split torus of G, M < P is a maximal compact
subgroup commuting with A, and NV is the unipotent radical of P.

Let I' < G be a Zariski dense discrete subgroup. The right multiplication
of N on I'\G is called (maximal) horospherical action. For a uniform lattice
I' < G, the N-action on I'\G is uniquely ergodicﬂ with the Haar measure
for G as the ergodic measure. This was first shown for G = PSL(2,R) by
Furstenberg [Fur73|, and by Veech [Vee77| in general. When I' < G is a
non-uniform lattice, Dani classified all N-invariant ergodic Radon measures
on I"\G (|[Dan78g|, [Dangll).

We are mainly interested in the case that I' < G is not a lattice, i.e.,
I" has infinite covolume. The first classification of horospherical invariant
measure in this setting is due to Burger [Bur90|, who considered the case
that G = PSL(2,R) and " < G is convex cocompact with critical exponent
strictly bigger than 1/2. More generally, when G is of rank one and T' <
G is geometrically finite, Roblin classified all N M-invariant ergodic Radon
measures on I'\G |[Rob03|. The main component of the works of Burger
and Roblin is that the N M-action is uniquely ergodic on the recurrence
locus, the subset of I'\G where the forward frame flow (or geodesic flow) is
recurrent to a compact subset. This unique ergodic measure is now called
the Burger—Roblin measure. Later, Winter showed that the Burger—Roblin
measure is N-ergodic and provided the classification of N-invariant Radon
measures [Winlh|. For geometrically infinite cases, Babillot and Ledrappier
first discovered that there may be continuous family of N M-invariant ergodic
Radon measures (|[Bab04], [BLIS]); see also ([Sar04], [Sar10], [Led08], [LS07],
[Win15], [OP19], [LL22], [Lan21], [LLLO23|) for partial classification results
in the rank-one case.

We now move to the case that G is of higher rank. Edwards—Lee—Oh
extended the notion of Burger-Roblin measure to higher rank, introduc-
ing higher-rank Burger—Roblin measures [ELO23|. Their ergodicity with
respect to horospherical actions were proved for Zariski dense Borel Anosov
subgroups by Lee-Oh (JLO23|, [LO24]), and for a larger class of discrete
subgroups by the second author [Kim24]. Later in this paper, we will also
generalize this ergodicity to horospherical foliations of products of CAT(—1)
spaces using a different approach (Theorem [5.1]).

On the other hand, the only known result towards measure classification
in higher-rank settings was the work of Landesberg-Lee-Lindenstrauss—Oh
[ILLLO23|. They considered

(1.1) G::ﬁGi

1By unique ergodicity, we mean that there exists a unique invariant ergodic Radon
measure up to a constant multiple.
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where G; is a simple real algebraic group of rank one. In this case, we have
r =rank G. We also assume Equation in the rest of the introduction.

They also considered the directionally recurrent set in I'\G for each 1-
dimensional diagonal flow (or, directional flow). More precisely, denote by
a := Lie A and fix a positive Weyl chamber a* C a. Then for each v € inta™,
they showed that up to scaling, there exists at most one N-ergodic invariant
Radon measure supported on Rr, C I'\G consisting of elements each of
whose 1-dimensional exp(Rxgv)-orbit is recurrent to a compact subset.

On the other hand, whether Rr, supports a nonzero, N-invariant Radon
measure or not is understood only when I' < G is an Anosov subgroup. An
Anosov subgroup is a higher-rank generalization of convex cocompact sub-
groups, introduced by Labourie [Lab06] for surface groups and generalized
by Guichard—Wienhard [GW12] for hyperblic groups.

In the setting of product of rank-one Lie groups, I' < G is (Borel)ﬂ Anosov
if the projection I' — G; has finite kernel and convex cocompact image for
all 1 < i < r. Based on the ergodicity results of Lee-Oh (JLO23]|, [LO24])
and Burger-Landesberg-Lee-Oh [BLLO23|, the rigidity result of [LLLO23|
is as follows:

Theorem 1.1 (JLLLO23|). Let T' < G be a Zariski dense Anosov subgroup
and v € inta*. Let Lr C a® denote the limit cond) of T.

(1) Forr <3 and v € int Ly, the N-action on Rr, is uniquely ergodic.
(2) Forr >3 orv ¢ int Lr, there exists no non-zero, N -invariant mea-
sure Radon measure supported on Rr .

The ergodic measures in (1) above are higher-rank Burger—Roblin mea-
sures, whose ergodicity was proved in [LO24|, and being supported on the
directionally recurrent set was proved in [BLLO23|. Delaying their defini-
tions, we note that in contrast to rank-one settings, they come as a family
of mutually singular measures, because higher-rank Patterson—Sullivan mea-
sures do so. The reason for the rank dichotomy in Theorem [1.1|2) is that
Rr ., has zero Burger-Roblin measures when r > 3 [BLLO23].

A genuine region for the horospherical action is the unique P-minimal set

&r c TN\G

where the uniqueness is due to Benoist [Ben97|. In view of Theorem the
following open problem was proposed by Landesberg-Lee-Lindenstrauss—
Oh, towards classifying horospherical invariant measures.

Question 1.2 ([LLLO23, Open problem 1.8]). LetT' < G be a Zariski dense
Anosov subgroup and suppose r < 3. Is any N-invariant ergodic Radon
measure on Ep supported on Rr ., for some v € inta™?

2i.e., with respect to a minimal parabolic subgroup. Throughout the paper, we only
consider this case, and similarly for relatively Anosov and transverse subgroups.

3The limit cone of I is the asymptotic cone of the Cartan projections of I' in a. We
will revisit this later.
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More generally, in a very recent preprint for the Proceedings of the ICM
2026, Oh asked for horospherical measure classification for Anosov subgroups
without any rank assumption on G, i.e., on r.

Question 1.3 ([Oh25l Section 8.2]). Let T' < G be a Zariski dense Anosov
subgroup. Is any N -invariant ergodic Radon measure on Er a Burger—Roblin
measure?

1.1. Main results for Anosov subgroups. Main results of this paper are
affirmative answers to Question [1.2] and Question [1.3] resolving the open
problem proposed by Landesberg—Lee-Lindenstrauss—Oh in |[LLLO23| and
by Oh in [Oh25]. Indeed, we give a complete classification of horospherical
invariant measures.

Theorem 1.4. Let I' < G be a Zariski dense Anosov subgroup. Let u be a
non-zero, N-invariant ergodic Radon measure on I'\G. Then either

(1) w is supported on Er and is a constant multiple of a Burger—Roblin
measure, or

(2) p is supported on a closed NM-orbit in (I'\G) \ Er.

Note that the same holds for N M-invariant ergodic Radon measures (see
Corollary [1.6| below).

Remark 1.5. Under an extra assumption that the measure is AM-quasi-
invariant, the measure classification was proved by Lee-Oh (|JLO23l, Theorem
1.1], [LO24] Theorem 1.3|) for Anosov subgroups as above, and by the second
author [Kim24] for relatively Anosov subgroups and transverse subgroups as
in Theorem [I.9] below. These are consequences of N-ergodicity of Burger—
Roblin measures.

The major part of the proof our main results is to show that any N M-
invariant ergodic Radon measure on &r is A-quasi-invariant. Once we have
the quasi-invariance, then the classification follows from [LO23| Proposition
10.25]. See also [ANSS02, 0.1 Basic Lemma] and [Sar04, Lemma 1] for this
in a more abstract setting.

In fact, we classify horospherical invariant measures for a more general
class of discrete subgroups. Delaying this general result to the next subsec-
tion, we first describe higher-rank Burger—Roblin measures.

Fix a maximal compact subgroup K < G so that the Cartan decomposi-
tion G = K(expa™)K holds. Then we have the Furstenberg boundary

F:=K/M=G/P.

Let I' < G be a Zariski dense discrete subgroup. For § > 0 and a linear
form ¢ € a*, a Borel probability measure v on F is called a J-dimensional
-conformal measure of I' if

dg.v

y (‘5)26—5'1#(/35(971@) a.e.
v
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where  is the a-valued Busemann cocycle (Equation ), each of whose
components is a usual Busemann cocycle for a rank-one symmetric space.
This notion of conformal measures was first introduced by Quint [Qui02b],
generalizing the classical Patterson—Sullivan theory to higher rank.

In [ELO23|, Edwards-Lee-Oh extended the classical Burger-Roblin mea-
sure to higher rank. For a d-dimensional -conformal measure v of I' on
F, the (higher-rank) Burger—Roblin measure associated to v is the Radon
measure u2% on I'\G induced by the I'-invariant measure iE® on G defined
as follows: for g = k(expu)n € K(expa)N in Iwasawa decomposition of G,

(1.2) diBR(g) := YW dp(k)dudn

where U is the M-invariant lift of v to K and du and dn are Lebesgue
measures on a and N respectively. The measure uB® is N M-invariant.

We denote by A(I') € F = G/P the limit set of I, which is the unique
-minimal subset [Ben97]. In terms of the limit set, we have

&r ={lg] e\G: gP € A(I')}.

Hence, uBR is supported on &r if and only if v is supported on A(T), and
in this case, the N M-ergodicity and N-ergodicity were proved by Lee—Oh
(JLO23|, [LO24]). As a corollary of Theorem [1.4] we conclude that Burger—
Roblin measures are all such ergodic measures.

Corollary 1.6. Let I' < G be a Zariski dense Anosov subgroup. Then the
following three sets are the same, up to constant multiples:

(1) {uB® : v is a conformal measure of T' on A(T)}.
(2) the set of all N M -invariant ergodic Radon measures on Ep.
(3) the set of all N-invariant ergodic Radon measures on Ep.

The set of N-ergodic measures in Corollary [I.6] can be described more
explicitly. Denote by x : G — a™ the Cartan projection, defined by the
condition g € K(expr(g))K for all g € G. The limit cone Lp C a® of T is
the asymptotic cone of Cartan projections k(I'). Benoist showed that if " is
Zariski dense, Lr is convex and has non-empty interior [Ben97]. For a Zariski
dense Anosov subgroup I' < G, Lee—Oh classified conformal measures of I
on A(T) in [LO23|, and provided a natural homeomorphism

(1.3) P(intLr) <— {u2%:vis a conformal measure of I on A(T')}

constructed using tangencies of the growth indicator of I', introduced by
Quint [Qui02a]. Corollary is now rephrased as follows:

Corollary 1.7. Let I' < G be a Zariski dense Anosov subgroup. Then
the homeomorphism in Equation (1.3)) becomes homeomorphisms among the
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following three sets:

{ N M -invariant ergodic }
non-zero Radon measures on Er
int Lp < I
{ N-invariant ergodic }
non-zero Radon measures on Er

In particular, they are all homeomorphic to R™ 1.

Corollary and Corollary do not have any rank assumption, and
hence gives an affirmative answer to Question which was proposed by
Oh in [Oh25|. For Question we note that Rr, C &r is the same as
the set of [g] € I'\G such that gP € F is contained in the “directional
limit set for v,” which is a subset of A(I"). In [BLLO23|, it was shown that
when r < 3, any conformal measure v of a Zariski dense Anosov subgroup
I' < G supported on A(T") is in fact supported on the directional limit set
for some v € int a*. Therefore, Question the open problem proposed in
ILLLO23], is resolved by Corollary

1.2. Beyond Anosov subgroups. Our approach to measure classification
applies to subgroups beyond Anosov ones, namely the transverse subgroups.

The notion of transverse subgroups of general Lie groups was introduced
and studied by Canary-Zhang—Zimmer |[CZZ24]. This notion extends rank-
one discrete subgroups to higher rank, and Anosov subgroups are special
examples of transverse subgroups.

We now define transverse subgroups in our setting of Equation . Note
that the associated Riemannian symmetric space G/K and the Furstenberg
boundary F can be written as

T '
G/K=][X; and F=]]ox,
i=1 i=1
where X; is the rank-one symmetric space associated to GG; and 9X;i is its
Gromov boundary, for each 1 <14 < r. Fix a basepoint o = [id] € G/K.

Definition 1.8. A Zariski dense discrete subgroup I' < G is called transverse
if

e for any infinite sequence {g,}neny C I', we have that g,o € G/K
diverges as n — 400 in each component X;, 1 <1 < r, and

e for any two distinct (&1,...,&), (C1,...,¢) € A(T), we have & # (;
forall 1 <i¢<r.

A Zariski dense transverse subgroup I' < G acts on the limit set A(T") C
F as a convergence group. When the I'-action on A(T") is a geometrically
finite convergence action, we call I' relatively Anosov. If the I'-action on
A(T") is a uniform convergence action, then I' is Anosov, and vice versa. As
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Anosov subgroups are higher-rank version of convex cocompact subgroups in
rank one, relatively Anosov subgroups are higher-rank analogues of rank-one
geometrically finite subgroups.

For this general class of discrete subgroups, we consider a subset R C &p
which we call recurrence locus, defined as follows:

(14)  Rr:={r€T\G:z-expa’ is recurrent to a compact subset},

i.e., x € Rr if and only if there exists a sequence {a,ney C at diverging
in each component of a = R" such that {xa,}nen is contained in a fixed
compact subset. The set Rp is much larger than Rr,, v € inta™, dis-
cussed before, because Rr considers the full exp a™-orbits, not only a fixed
1-dimensional one given by v. Indeed, when I' is Anosov, Rr = & while
Rr,, is a proper subset of &r.

For a linear form v € a*, we denote the associated Poincaré series by
Pry(s) =2 ger e~*¥(5(9)) We also denote its critical exponent by &,(T) :=
inf{s > 0 : Pry(s) < +oo}. We say that a conformal measure v of I" is of
divergence type if v is a dy(I")-dimensional 1)-conformal measure of I" for
some 9 € a* such that 0, (I') < +o00 and Pr 4 (64(I")) = +oo. Note that in
our setting, the Cartan projection x(g) € a = R” is the vector whose i-th
component is the displacement between o, go € G/K in the component X;.

By the higher-rank Hopf-Tsuji-Sullivan dichotomy for transverse sub-
groups ([CZZ24], [KOW25]), the Burger-Roblin measure pu2® is supported
on Rr for a divergence-type conformal measure v. Moreover, in this case, the
second author showed N M-ergodicity and N-ergodicity of u2R in [Kim24].
It turns out that they are the only ergodic measures.

Theorem 1.9. Let ' < G be a Zariski dense transverse subgroup. Then the
following three sets are the same, up to constant multiples:

(1) {uBR . v is a divergence-type conformal measure of T on A(T)}.
(2) the set of all N M -invariant ergodic Radon measures on Rr.
(3) the set of all N-invariant ergodic Radon measures on Rr.

For relatively Anosov subgroups, all conformal measures on limit sets are
of divergence type, as shown by Canary-Zhang—Zimmer [CZZ25|. Hence,
when I' < G is relatively Anosov in Theorem one can remove the
divergence-type condition in (1).

As a corollary of Theorem [1.9] we have the horospherical measure classi-
fication on I'\G, for relatively Anosov subgroups.

Corollary 1.10. Let I' < G be a Zariski dense relatively Anosov subgroup.
Let p be a non-zero, N-invariant ergodic Radon measure on I'\G. Then
either

(1) w is supported on Rp and is a constant multiple of a Burger—Roblin
measure, or

(2) p is supported on a closed NM-orbit in (I'\G) \ Rr.
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Note that the same holds for N M-invariant ergodic Radon measures by
Theorem [1.9]

Remark 1.11. As we will see, we prove Theorem for a product of general
CAT(—1) spaces, when the vector-valued length spectrum is non-arithmetic,
L.e., generates a dense additive subgroup. See Theorem [f.4and Theorem [5.1]

To give a more concrete sense, we consider the following example. Let I' be
a genus 3 surface group acting simultaneously on two open disks 3, ¥/ with
pinched negative curvatures. Let 3 and ¥’ be the resulting genus 3 surfaces.
Then T sits in Isom(X x ¥') as a transverse and non-elementary subgroup.
We claim that given ¥ and ¥’, one can slightly perturb the metrics on X
and Y’ so that T’ < Isom(i x 3/ ) admits non-arithmetic vector-valued length
spectrum.

Let 41, ...,v4 be disjoint simple closed curves on X and let ~1,...,7} be
the corresponding ones on Y. Their lengths ¢5(-) on X and #sv(-) on ¥/ are
determined by the local choice of metrics on disjoint annular neighborhoods
Ay, ..., Ay and Al ..., A}, as long as global CAT(—1)-ness is guaranteed.
Fixing the choices of metrics on A; and A}, thereby fixing a length vector
vy = (ls(11), s/ (7)) € R?, we perturb the metrics on As and A) slightly
so that v := (fx(72), £x(7%)) € R? is not commensurable to vi. If (vq,vs)
is the full R%, we can stop here. If not, we similarly perturb the metrics on
Ag and A} so that v3 := (fx(73), £sv(74)) € R? is not commensurable to the
subgroup (vi,va). Do the same for A4 and A). The worst case is when we
see subgroups isomorphic to Z, Z?, Z x R, or R?, and in every case we get a
perturbed metric for which vi,. .., vy generate a dense subgroup of R2.

Meanwhile, if & and ¥/ are equipped with constant curvature —1, whence
Y x Y is a symmetric space H2 x H2, then I' has non-arithmetic vector-valued
length spectrum whenever Y and ¥/ are not isometric, as shown by Benoist
[Ben00] (see Theorem [6.2)).

1.3. On the proof. Our proof is rather geometric, and does not make use of
any continuous flow on I'\ G, such as one-dimensional diagonal flows given by
v € int a™t, or multi-dimensional action of exp at. We also do not rely on the
existence of Besicovitch-type covering. These are major differences between
our argument and previous literature, and enable us to classify horospherical
invariant measures without restricting the supports of measures to smaller
subsets.

More generally, we consider the product space Z := []/_; X;, where X;
is a proper geodesic CAT(—1) space, not necessarily a symmetric space for
a Lie group. In this setting, the notion of transverse subgroup I' < Isom(Z)
is defined similarly. We then prove a measure classification for the I'-action
on the horospherical foliation H := 0Z x R", where 0Z = []._, X, and
the I'-action on R"-component is given by Busemann cocycles for each X;
componentwise. Then all results in the introduction are deduced from this.

The proof of this measure classification is based on extending the technique
developed in our recent work [CK25| to vector-valued cocycles in R". In
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[CK25|, so-called squeezing geodesics were key players. While every geodesic
in a CAT(—1) space is squeezing (Lemma [2.4)), it is no longer true in the
product of CAT(—1) spaces due to the presence of flats. Our major technical
difficulty lies in overcoming the presence of flats, by controling tuples of
geodesics in each X;’s and obtaining squeezing properties simultaneously in
each component. We use geometric aspects of transverse subgroups for this.

We elaborate this further. Given a I'-invariant ergodic Radon measure p
on H, we first show that for p-a.e. (§,u) € H = 0Z xR", the point £ € 97 is
accumulated by a I'-orbit in Z, not just conically but “fellow traveling” the
translates of the axis of a chosen loxodromic element of I' in each component
simultaneously (Theorem |4.5). The “fellow traveling” property is based on
the contracting property of a geodesic in a CAT(—1) space which is weaker
than squeezing, and we use the transverse property of I' to guarantee the
fellow traveling simultaneously in each component.

Next, using the squeezing property of axes in each component simultane-
oulsy, we investigate the “fellow traveling accumulations” further and show
that the measure p is quasi-invariant under the translation by the vector-
valued translation length in R" of the chosen loxodromic element. Control-
ling this squeezing property and fellow traveling in each component simul-
taneously, we are able to precisely get the vector-valued translation length
(Theorem [4.6). These compose the major step of the proof of our mea-
sure classification. We emphasize that we do not care about the “speed” of
fellow traveling in each component, which might correspond to considering
1-dimensional diagonal flows.

1.4. Organization. In Section [2| we present a brief review of the geometry
of CAT(—1) spaces. We consider products of CAT(—1) spaces and prove
simultaneous alignment property in Section |3| which is one of the key ob-
servations in this paper. Section [4is devoted to the main rigidity result for
measures on the horospherical foliations of product spaces. The ergodicity of
such measures is proved in Section [5} In Section [6] we consider higher-rank
homogeneous spaces and deduce results stated in the introduction.

1.5. Acknowledgements. The authors would like to thank Hee Oh for
helpful conversations and useful comments on the earlier version of this pa-
per. Kim extends his special gratitude to his Ph.D. advisor Hee Oh for her
encouragement and guidance.
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1.6. Notation. For reals a, b, ¢, we write the condition |a —b| < ¢ by a =, b.
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2. Basic CAT(-1) GEOMETRY

In this section, we review basics of the geometry of CAT(—1) spaces. We
refer the readers to classical references including [Gro87]|, [CDP90], [GAIH90],
and [BH99| for more details.

CAT(—1) spaces are geodesic metric spaces where every geodesic triangle
is no fatter than the corresponding comparison triangle in H2. Throughout
this section, let (X, d) be a proper geodesic CAT(—1) space and let g € X
be a basepoint. This forces that X is uniquely geodesic: for each z,y € X,
there exists a unique geodesic connecting = to y, which we denote by [z, y].

2.1. Contracting property and squeezing property. We say that two
geodesics [z, y] and [2/, 9] in X are C-equivalent if d(z,2") < C and d(y, ') <
C. The CAT(—1) property implies the following:

Fact 2.1 ([GdIH90, Proposition 3.4.27]). Let~ and~" be two compact geodesics
that are C-equivalent. Then their Hausdorff distance is at most C.

Given a geodesic v C X and a point x € X, there exists the unique
closest point on v from x. We denote that point by 7 (x). The map m(-) is
distance-decreasing, i.e., 1-Lipschitz and continuous. In fact, we have:

Lemma 2.2 (Contracting property). Let v C X be a geodesic and let x,y €
X be such that d(my(x), 7y(y)) > 2. Then there exist points p,q € [x,y] with
d(xz,p) < d(z,q) such that

o Diam(m, [z, 7)) U {p}) < 2,

o Diam(m([g,3]) U{g}) < 2, and

o [my(z),m(y)] and [p,q] are 2-equivalent.

See Appendix [A] for its proof. As a consequence, any geodesic that is
far away from - cannot have large projection on «. This is the so-called
contracting property of .

Up to changing the constant 2 above, this lemma follows from the classical
tree approximations ([CDP90, Théoréme 8.1], [GAIHI0, Théoréme 2.12]).
We give a proof in the appendix for completeness.

For every x € X, every geodesic v C X, and every p € ~, the triangle
Az (x)p is right-angled at 7 (z). Hence, 7y () is 0.604-close to [z, p]. This
implies that:

Corollary 2.3. Lety : R — X be a geodesic, let x € X and let y(t) = ny(x).
Then for every s € R, we have
(2.1) d(x,7(s)) =13 d(z, (1)) + [t — s|.

We now record a finer contracting behavior exhibited by geodesics in X,
which we call the squeezing property. See Figure [I}

Lemma 2.4 (Squeezing property). Let v : R — X be a geodesic. Then for
any € > 0, there exists L = L(e) > 0 such that for each x,y € X andt € R
with y(t — a) = my(x) and y(t +b) = 7y (y) for some a,b > L, we have

d([z,y],7(t)) <e.
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In fact, geodesics in CAT(—1) spaces enjoy even stronger exponentially
squeezing property thanks to the comparison principle. We leave the proof
to interested readers.

As we will see later, squeezing geodesics are well-suited for studying ho-
rofunctions due to the following lemma.

Lemma 2.5 ([CK25, Lemma 5.6]). Let v : R — X be a geodesic. Fix e > 0
and let L = L(e) > 0 as in Lemma . Let x1,x2,y1, and yo be points in X
and let t € R be such that

my(z;) € v ((—oo,t — L))  and my(y;) € v ([t + L,+00)) fori=1,2.
Then we have

d(z1,y1) — d(x1,92) =8¢ d(22,91) — d(z2,y2).

FIGURE 1. A squeezing geodesic y

2.2. Alignment. We now define alignment between geodesics and points.

Definition 2.6 (Alignment). Let w,z,y,z € X. For a geodesic [z,y] C X
and K > 0, we say that the sequence (w, [z,y]) is K-aligned if

d(ﬂ'[x’y](w), .T) < K.
Similarly, we call that the sequence ([z,y],2) is K-aligned if (z,[y,z]) is
K-aligned.

Finally, we say that the sequence (w,[z,y],z) is K-aligned if both se-
quences (w, [x,y]) and ([x,y], z) are K-aligned. See Figure

The following is immediate.

Lemma 2.7. Let v C X be a geodesic of length L > 0, let 0 < D < L and
let v € X. Then (,z) is not D-aligned or (x,~) is not (L — D)-aligned.

In general, we can define the alignment between compact geodesics and
boundary points in the same way (see Definition . We first need the
following fact. See Appendix [A] for its proof.

Lemma 2.8. Let v C X be a compact geodesic. Then the nearest-point
projection m(-) : X — v extends continuously to the boundary 0X. More
explicitly, for every sequence {z,}neny C X converging to z € X U0X, the
limit 1imy, 4 oo 7 (2n) exists.



12 INHYEOK CHOI AND DONGRYUL M. KIM

w z
v ‘
A\ 7"

A\ 7
W ‘1
W ]

\ ‘\ // '
\\ N , I/
\ ’
vy S
vy ’
vy ;0
R . 1
K K

FIGURE 2. Alignment of geodesics and points.

Using this extended nearest-point projection, we can define the alignment
between compact geodesics and boundary points.

Definition 2.9. Let £ € 0X and v C X be a compact geodesic. For K > 0,
we say that (£,7) is K-aligned if for every sequence {z;};eny C X converging
to &, (zi,7) is K-aligned eventually (i.e., for all large i € N). We define the
alignment for (v, &) and (&,~,&’) similarly for & € X U0X.

2.3. Shadows and alignment. We make a useful elementary observation
that the alignment can be interpreted in terms of shadows.

Definition 2.10. For z,y € X and R > 0, we define the shadow Og(z,y)
of a ball of radius R centered at y viewed from x, as follows:

Or(z,y) :={w e X UOX : d([x,w],y) < R}.
It is easy to see that for z,y € X and R > 0, if £ € Ogr(z,y), then
d($7y) —2R < 6§($,y) < d(.%', y)'
We now interpret the alignment using shadows. First, note that one can
imagine that if x,y, z, w € X satisfy
w € Og(z,y) N Or(y, 2),

then y comes earlier than z along [z, w]. Let us make this more precise.

Lemma 2.11.
(1) For each R> 1 and z,y,z,w € X, if w € Or(z,y) N ORr(y, z) holds,
then
(z, [y, z],w) is 6R-aligned.
(2) For each R > 1 and z,y,z,w € X, if (z,[y,z],w) is R-aligned and
d(y,z) > 3R, then

w € O3r(z,y) N O3r(y, 2).

Proof. Let us prove (1). By the assumption, z is R-close to a point p € [y, w].
This implies that d(y,w) > d(y, z) + d(z,w) — 2R. In view of Corollary
Ty, (w) is (R + 3)-close to z.
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Meanwhile, note that
d(z,w) > d(z,y) +d(y,w) — 2R (" w € Ogr(z,y))
>d(z,y) +d(y,z) +d(z,w) —4R (. w € Og(y,2))
> d(z,y) + d(y,w) — 4R.
Since p is on [y, w], we then have
d(x,p) = d(z, w) — d(p,w) = d(x,y) + d(y, w) — d(p, w) — 4R
=d(x,y) + d(y,p) — 4R.

Since p and z is R-close, we then have d(z,z) > d(z,y) + d(y,z) — 6R. In
view of Corollary , y,2) () is (3R + 3)-close to y.

Let us now prove (2). By the assumption, we have Diam 7y, j{z,w} > 1.
We can thus apply Lemma and conclude that 7, () is 2-close to [z, w].
Together with the R-alignment, w € Ogyg(x,y). Next, since d(y, z) > 3R,
y = 7y (y) and 7, o (w) are at least 2R > 2-far. For the same reason, we
conclude that w € Oayr(y, 2). O

2.4. Isometries. We now turn to isometries of X. As a Gromov hyperbolic
space, X has the Gromov boundary 0.X. The isometries can be classified in
terms of their fixed points in X U0X. A non-trivial isometry g € Isom(X)
is either elliptic (i.e., fixes a point in X)), parabolic (i.e., has a unique fixed
point in 0X), or loxodromic (i.e., has a unique pair of two fixed points in
0X). If g € Isom(X) is of infinite order, it is either parabolic or loxodromic.
Among them, a loxodromic element g € Isom(X) preserves a unique geo-
desic v : R — X connecting two fixed points of g, called the axis of g, and
acts on it as a translation by 7, > 0. We call 74 the translation length of g.
Given a loxodromic g € Isom(X), note that

. d(z,g"x)
Ty = lim ———=
n—+00 n

>0 for each z € X.

Then we can observe the following:

Ty = xlg)f( d(r,gr) and 74 = |k|7y for each k € Z.

Note that in the CAT(—1) space X, every geodesic is squeezing (Lemma
and hence every loxodromic isometry g possesses a squeezing axis, which
is unique up to reparametrization. Ideally, it is the most convenient to
capture the squeezing property of g in terms of the nearest-point projection
onto the axis of g. However, the chosen basepoint xg € X might not be on
the axis -, and one often needs to relate the nearest-point projections onto
v and [xg, g¥z0] for various k € Z. The following lemma serves this purpose,
whose proof can be found in [CK25, Lemma 5.9].

Lemma 2.12. Let g € Isom(X) be a loxodromic isometry, v : R — X its
axis, and xy € X. Then there exists C = C(g,7v,x0) > 0 such that the
following holds.

(1) d(g*zo,v(14k)) < C for all k € Z.
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(2) Let ke N, z € X, and K > C. Then
(a:, [mo,gkxg]) is not K -aligned =— m,(z) € v([K — C,+0)).
(3) Let ke N,z € X, and 0 < K <74k —C. Then

(x, [$g,gkx0]) is K-aligned =— m(x) €y ((—o0, K + ().

Moreover, C' can be chosen so that C(g,~,x0) = C(g*,~,x0) for all k € N
and C(g~ 4,7, z0) = C(g,7,r0) where 7 is the inversion of .

We often write C'(g) = C(g,7, zo) by implicitly choosing its axis 7.

2.5. Non-elementary subgroups of isometries. We call T' < Isom(X)
discrete if it acts properly on X. The class of subgroups of Isom(X) we are
interested in is as follows:

Definition 2.13. A discrete subgroup I' < Isom(X) is called non-elementary

e [' is not virtually cyclic, and
e ' contains a loxodromic isometry.

We can characterize non-elementary subgroups in terms of their limit sets:

Definition 2.14. Let I' < Isom(X) be a discrete subgroup. Its limit set
A(T") € 0X is the set of all accumulation points of 'z C X on 90X, for any
fixed z € X. One can see that A(T") is compact and I'-invariant.

Since X is a Gromov hyperbolic space, the I'-action on X U9X is a con-
vergence action, and the limit set A(I") is also the limit set as a convergence
group. It is a fact that a discrete subgroup I' < Isom(X) is non-elementary
if and only if #A(I") > 3, and in this case the I'-action on A(I") is minimal.

Given a loxodromic isometry g € Isom(X), we denote by g* and g~ the at-
tracting and the repelling fixed points on the boundary 0X of g, respectively.
We say that two loxodromic isometries g,h € Isom(X) are independent if
{9%,97} and {h" A~} are disjoint.

Lemma 2.15. Let I' < Isom(X) be a non-elementary subgroup. For a loz-
odromic isometry g € T, there exists h € T such that hgh™' and g are
independent. Moreover, there are infinitely many pairwise independent loxo-
dromic isometries in .

The following is a variant of the so-called extension lemma of Yang, which
can be regarded as the coarse-geometric version of the Anosov closing lemma
(cf. [Bow(8, Lemma 3.8|).

Lemma 2.16 (Extension lemma [Yanl9, Lemma 1.13|). Let I' < Isom(X)
be a non-elementary subgroup. Then for each loxodromic isometry ¢ € T,
there exist ai,ag,a3 € I' and o = a(p) > 0 such that for each z,y € X UOX,
there exists a € {a1,az,as} that makes

(z,a- [xo, " x0],ap™a-y) «-aligned for all n € N.
Moreover, o can be chosen so that a(pF) = a(p) for all k € Z.

f

—



HOROSPHERICAL INVARIANT MEASURES IN HIGHER RANK 15
The proof can be found in [CK25, Lemma 5.12, Lemma 5.15].

2.6. Horofunctions. We now discuss the boundaries of X. Recall that X
is proper and CAT(—1). Hence, its visual compactification, Gromov com-
pactification and the horofunction compactification all coincide, i.e.,

Oyis X = 0X = 9" X.

In particular, for each { € 0X the Busemann cocycle B¢ : X x X — R is
well-defined: for every x,y € X and every sequence {z, }neny C X converging
to X in the Gromov compactification X U 0X,

is well-defined. Furthermore, & is wvisible, i.e., the sequence {zp}nen for &
above can be taken along a geodesic.

We now give more detailed description of the horofunction compactifica-
tion. Let Lip!(X) be the space of R-valued 1-Lipschitz functions on X and
let Lip;0 (X)) be its subspace vanishing at the basepoint z¢ € X, i.e.,

Lip!(X) := {f: X — R : f is 1-Lipschitz},

Lipg, (X) := {f € Lip'(X) : f(zo) = 0},
equipped with the compact-open topology. Here, LipglﬁO is closed in Lipl(X ).

Recall that X is separable as it is given a proper metric. Therefore,

Lipy, (X) is compact, Hausdorff, and second countable [MTI8, Proposition
3.1]. Hence, it is completely metrizable and is Polish. We identify Lip!(X)
and Lip; (X) x R via the homeomorphism
(2.2) f € Lip'(X) = (f — f(z0), f(x0))-

We also identify Lipz}c0 (X)) with the space of R-valued 1-Lipschitz cocycles
on X, ie, ¢ : X x X — R such that |c(z,y)| < d(z,y) and c(x,z) =
c(z,y) + c(y, 2) for all z,3,2z € X. For each f € Lip'(X), we define the
associated cocycle By : X x X — R by

B(x,y) = f(x) — f(y).

Its restriction to Lipj (X) gives the homeomorphism between Lip;, (X)
and the space of all R-valued continuous cocycles. Then the identifiaction
Lip' (X) ~ Lip,, (X) x R in Equation (2.2) can be rephrased as

The Isom(X)-action on Lip!(X) is now given as follows: for g € Isom(X)
and f € Lip*(X),

g+ (B, f(x0)) = (Bgps [ (wo) + Br(g™ w0, 0)).

Note that on the first component, which corresponds to Lipglv0 (X), we have
Br = Bgr-
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There is a natural embedding ¢ : X < Lipglc0 (X), defined by
t:zeX = [f(0)=d(2) — d(zo,2)].
The closure of «(X) C Lip;, (X) is called the horofunction compactification

of X and is denoted by X" The complement D GRN 1(X) is called the
horofunction boundary (or horoboundary) of X and is denoted by O"X. As
explained above, "X is naturally identified with 0.X.

In terms of the identification Lip'(X) ~ Lip} (X) x R, the subspace of
Lip!(X) corresponding to 9" X is the space

(2.3) H:=0"X xR,

which is Isom(X )-invariant.

We call elements of 0" X xR horofunctions. They are 1-Lipschitz functions
that are limits of sequences of the form {f., (:) + ¢p}nen for some z, € X
escaping to infinity and ¢, € R.

Both 9" X and H = 0" X x R are Polish. Hence, every locally finite Borel
measure on these spaces is Radon, i.e., it is both inner and outer regular on
Borel subsets.

2.7. Conical limit sets. We define conical limit sets using Busemann co-
cycles, which are also called radial limit sets. Fix a basepoint zg € X, while
the conical limit sets do not depend on the choice of the basepoint.

Definition 2.17. Let I' < Isom(X) be a subgroup acting properly on X. A
point £ € 0X is called a conical limit point of I" if there exist K > 0 and an
infinite sequence { gy }nen C I' such that

Be(xo, gno) > d(x0, gnro) — K for all m € N.
We denote the conical limit set by A (') C 0X.

Geometrically, £ is a conical limit point if and only if some (equivalently,
every) geodesic ray v C X converging to £ has a R-neighborhood that con-
tains infinitely many points in the I'-orbit, for some R > 0. Equivalently,
¢ € A(T) if and only if there exist R > 0 and a sequence {gn}neny C T’
such that & € Opr(xg, gnro) for all n € N. The conical limit set A.(T) is
T'-invariant.

2.8. Guided limit sets. In [CK25|, we introduced the notion of guided
and guided limit sets, which are variants of Coulon’s contracting limit sets
[Cou24] and Yang’s (L,.%)-limit sets [Yan24].

Definition 2.18. Let I' < Isom(X) be a non-elementary subgroup. Let
¢ € I' be a loxodromic isometry and let C(¢) > 0 be as in Lemma and
fix K > C(p). We say that £ € 0X is a (¢, K)-guided limit point of " if for
each sufficiently large n € N, there exists h € I" such that

(zo, hlxo, ©"x0],§) is K-aligned.
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The collection of (¢, K)-guided limit points of I' called the (p, K)-guided
limit set of I'. We denote it by A, g (T).

The role of K in the definition of (¢, K)-guided limit set is quite flexible:

Lemma 2.19 ([CK25| Lemma 6.4]). Let I' < Isom(X) be a non-elementary
subgroup. Let ¢ € T' be a loxodromic isometry and let C = C(p) > 0 be as
in Lemma[2.13. Then for each K > C,

Ay g(T) = Ay c(T).
Moreover, Ay, c(I') is I'-invariant.

For a non-elementary subgroup I' < Isom(X), isometries g, € I', con-
stants C' > 0, and n € N, we set

Uc(g;o,n) :={& € A(T') : (0, g[wo, ¢"x0],§) is C-aligned} .

In [CK25], we observed that they form a basis for the topology on the guided
limit set.

Lemma 2.20 ([CK25| Lemma 7.9]). Let I' < Isom(X) be a non-elementary
subgroup containing a loxodromic isometry ¢ € I', and let C = C(p) > 0 be
as in Lemmal2.13. Then

{Uc(g;0.n) : g €T,n € N}

forms a basis for the topology of A, c(I') C 0X.

In other words, for each & € A, (), for each open set O C 0X with
& € O and for each N € N, there exist g € I', n > N, and an open set
V C 0X such that

e VNAT) CcUc(g;p,n) CO.

3. PRODUCT SPACES

We now consider a product of CAT(—1) spaces. Let X1, ..., X, be proper
geodesic CAT(—1) spaces. Abusing notations, we use the same notation d
for the metric on each X;. We consider the product space

Z=X1x--xX,
and set its boundary as
07 := 0X1 X -+ x 0X,.

One can see that 07 is not the same as the geometric boundary of Z. We
define the convergence of sequences in Z to 07 as follows:

Definition 3.1. We say that a sequence {z, = (Z1n,...,Zrn)}neny C Z
converges to £ = (&1,...,&,) € 0Z if foreach 1 <i <,

Tin — & asn — +oo.

In this case, we also write z, — &.
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We also set
Isom(Z) :=Isom(X7) x --- x Isom(X,).
We call I < Isom(Z) discrete if its action on Z is proper. With the above

notion of convergence, we also define the limit set on 97.

Definition 3.2. Let I' < Isom(Z) be a discrete subgroup. The limit set
A(T) € 0Z of T is the set of all accumulation points of a I'-orbit in Z, in
the sense of convergence defined in Definition [3.1] One can see that A(T') is
a compact [-invariant subset of 0Z.

In this product case, we consider vector-valued Busemann cocycles. For
E=(&,...,&) €0Z and z = (x1,...,2.),2" = (2},...,2).) € Z, we set

(3.1) Be(z,2") i= (B, (w1, @), -, Be, (2, 2)) -
Similarly, we consider the vector-valued distance
(3.2) K(z,2') = (d(xy, 2h), ..., d(zy, @) .

For simplicity, we also use the notation
ﬁg(z,z') i= Be,(zi, ;) and  di(z,2') == d(z,x;) for 1 <i<r.

3.1. Transverse subgroups. We mainly consider discrete subgroups with
certain transversality.
Definition 3.3. We say that I' < Isom(Z2) is transverse if
e (divergent) for any infinite sequence {g,}neny C T' and any fixed
z € Z, we have for each 1 < i < r that
di(gnz,z) = +00 as n — +o0,
and
e (antipodal) for any distinct & = (&1,...,&),¢ = (C1,--.,¢) € A(T),
EF#G foralll <i <.
Note that for a transverse subgroup I' < Isom(Z), each of its projection
I'i < Isom(X;) is a discrete subgroup. Moreover, its limit set A(T;) C

0X; is the same as the projection of A(T') C dZ. The following is an easy
observation.

Lemma 3.4. Let I' < Isom(Z) be a transverse subgroup. Then for each
1 <4 <, the projection A(I') — A(T';) is an equivariant homeomorphism.

Proof. Equivariance is clear. So it remains to prove that the projection is
injective. This is a direct consequence of the antipodality. ([

Since each projection I'; < Isom(X;) acts on X; U 0X; as a convergence
group with the limit set A(T';) C 0X;, we have the following corollary:

Corollary 3.5. Let I' < Isom(Z) be a transverse subgroup. Then the I'-
action on A(T") is a convergence action.
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Lemma also induces a I'-equivariant homeomorphism
A(T;) - A(T;) foreachi,j=1,...,r

This yields componentwise “type-preserving” phenomenon for transverse sub-
groups.

Corollary 3.6. Let I' < Isom(Z) be a transverse subgroup. Then each
projection I' — T'; < Isom(X;) has a finite kernel. Moreover, for any
(g1,---,9r) €T, if g € Isom(X;) is loxodromic for some 1 < i < r, then
gj € Isom(X;) is lozodromic for all1 < j <.

We now define the non-elementary property.

Definition 3.7. We say that a transverse subgroup I' < Isom(Z) is non-
elementary if #A(T") > 3.

By Corollary non-elementary transverse subgroup I' < Isom(Z) acts
minimally on A(T") C §Z.

3.2. Simultaneous alignment. For each 1 < <7, let z;,z; € X; and let
/

vi C X; be a geodesic. Writing tuples z = (x1,...,2,),2 = (2},...,2.) € Z
and v = (71,...,7), we say that

(2,7,2") is K-aligned for K >0
if (2,7, x}) is K-aligned for all 1 <1i <r. We also write

[2,2'] == ([x1,2)], ..., [z, 2)]).

Divergence and antipodality in the definition of transverse groups imply
that the projections of a I'-orbit to different factors are somehow synchro-
nized. For example, the divergence implies the following.

Proposition 3.8. Let I' < Isom(Z) be a transverse subgroup. Let z =
(x1,...,2) € Z. Then for each R > 0, there exists R' = R'(R, z) > 0 such
that, for every (g1, ...,gr) € I with d(x1,g121) > R, we have d(x;, gijz;) > R
foreach 1 <i<r.

Proof. For simplicity, we suppose 7 = 2. Suppose to the contrary that there
exists a sequence {gn = (g1,n,92,n) tnen C I' such that d(x2, g2 nz2) < R but
d(z1,91nx1) > n for all n € N. Then {gy }nen is indeed an infinite sequence
but the projection of the orbit on X9 does not diverge. This contradicts the
divergence condition. O

A key observation in this paper is that for a transverse subgroup, align-
ment occurs simultaneously at each component. By the interpretation of
alignment using shadows given in Lemma this is a consequence of the
following:

Proposition 3.9. Let I' < Isom(Z) be a transverse subgroup. Let z =
(x1,...,2,) € Z. Then for any R > 0, there exists R' = R'(R,z) > 0 such
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that if g = (gl,...,gr),h = (hl,...,hr) € I satisfy hix1 € OR(I’l,gllL‘l),
then

hix; € Opi(xi, gizi) for all 1 <i <.

Proof. For simplicity, we assume r = 2. Suppose to the contrary that there
exist sequences {(g1,n, 92.n) tnen, { (P10, h2.n) tneny C T such that

thJJl c OR(xhgl,n«Tl) and hg,nmg ¢ On<$2,gg7n.®2) for all n € N.
Then for all n € N,
gl_}bhlmxl € OR(gl_}Lxl, x1) and giihgml’g ¢ On(gz_;bxg, x2).

In particular, both {g, e and {92, Lhontnen are infinite sequences. This
implies that, after passing to a subsequence,

lim h T lim Ly, and lim h T lim g5 tas.
n—>—&-c>og1 Ln 1# ——+00 gl 1 n—>+0092 2nt2 = n—>+oog2’n 2

Note that both

. -1 -1 : -1 -1
ngrfoo(glv”hlv”’ 9o nh2n)(x1,22) and nEIfOO(QLm 9o.0) (@1, T2)

are points in A(T"). However, their first components are different while their
second components are the same. This contradicts to the antipodality. [

Proposition [3.9] and Lemma [2.T1] say that once we have an alignment on
one component, we have it for all other components.

Proposition 3.10. Let I' < Isom(Z) be a transverse subgroup and z =

(x1,...,2p) € Z. Then for any K > 0, there exists C = a(K, z) > 0 such
that if g = (91,---,9r),h = (h1,...,hy), k = (k1,..., k) € T satisfy that
(21, [g121, hix1], k1) is K-aligned, then

(z,]92, hz], kz) s C-aligned.

Proof. For simplicity, assume that r = 2. F1x z = (xl,(lfg) € Z and K > 1.
Then by Lemma - and Proposition there exists C > 0 so that if
(91,92), (h1,h2), (k1, ko) € T satisfy that (:1;1, [g121, hiz1], k1x1) is K-aligned
and d(gix1, h1z1) > 3K, then (z,[gz, hz], kz) is C-aligned.

Now by Corollary [3.6] #{(g1,92) € I': d(z1, g121) < 3K} < +00. Hence,
we can take C' > 0 large enough so that if (91,92), (h1, h2), (k1, k2) € T satisfy
d(gix1,hix1) < 3K, then (z, [gz, hz], kz) is C-aligned. O

We are now ready to define the subset of 97 that captures the dynamics
of I'. We first define shadows in Z. For R > 0 and z = (z1,...,2,),2 =
(x),...,2;) € Z, we set

Or(z,7)) HOR T, 7)) C ZUOZ.
i=1
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Definition 3.11. Let I' < Isom(Z) be a transverse subgroup. We define the
conical limit set A.(T') C OZ by

Ae(T) = {f coz - JR > 0,z € Z, an infinite sequence {g, }nen C F}

s.t. £ € Og(z,gnz) for all n € N.

Proposition says that A.(T") is precisely the homeomorphic preimage
of A.(T;) C 0X; under the homeomorphism A(T') — A(T;) in Lemma
This is again the same as the conical limit set of I, for its convergence action
on A(T).

3.3. Patterson—Sullivan theory. We revisit the Patterson—Sullivan the-
ory for this product space Z. In this generality, one can use recent theory of
Blayac—Canary—Zhu—Zimmer [BCZZ24b|. As our Busemann cocycles take
vector values, a choice of linear form ¢ : R” — R is involved in defining
conformal density. We fix a basepoint zg € Z.

Definition 3.12. Let I' < Isom(Z) be a subgroup. For § > 0 and a linear
form ¢ : R" — R, a family of Borel measures {v,},cz on A(I') C 07 is
called a d-dimensional 1-conformal density of T' if

o (I-invariance) for every g € I" and z € Z,
gxVz = Vgz,

o (conformality) for every z,w € Z, two measures v, and v, are in the
same class and
dv,

dvy,

(&) = e 0V Bezw) g6 and

e (normalization) v,,(0Z) = 1.

Similarly, we also choose a linear form to define a Poincaré series of I': for
a linear form ¢ : R” — R and s € R,

Pry(s) = Z e 5% (r(20,920))
gel

The associated critical exponent is defined as

dy(I') :=inf{s > 0: Pry(s) < +oo} € [0, +00].

Definition 3.13. We say that a transverse subgroup I' < Isom(Z) is of
-divergence type if 0,(I') < 400 and Pr (04 (I')) = +00. We also say that
a conformal density v of I is of divergence type if I" is of i-divergence type
where 1 is a linear form associated to v.

As a special case of results in [BCZZ24b|, we obtain the following. The-
orems stated below were proved in (|[CZZ24], [KOW25]) when each X; is a
rank one Riemannian symmetric space.
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Theorem 3.14 (|[BCZZ24b, Theorem 4.1|). Let I' < Isom(Z) be a non-
elementary transverse subgroup and let ¢ : R™ — R be a linear form. If

0y (I") < 400, then there exists a 0, (I")-dimensional 1-conformal density of
r.

Indeed, existence of conformal density is equivalent to finiteness of the
critical exponent. The following was proved for transverse subgroups of Lie
groups, but the same proof works in our setting.

Theorem 3.15 (|[BCZZ24al Proposition 10.1]). Let I' < Isom(Z) be a non-
elementary transverse subgroup and let ¢ : R” — R be a linear form. If there
exists a 6-dimensional Y-conformal density of ', then

(5¢(F> <.
In particular, 6,(I") < +o0.

When §,(I') < 400, we have ¥(k(29, gnz0)) — 400 for any infinite se-
quence {gntnen C I'. Then a classical construction of “Schottky subgroup”
of I' < Isom(Z) implies 6,(I") > 0 as well.

As part of their generalization of Hopf-Tsuji—Sullivan dichotomy, Blayac—
Canary—Zhu—Zimmer proved the following:

Theorem 3.16 (|[BCZZ24bl Theorem 1.3]). Let I' < Isom(Z) be a non-
elementary transverse subgroup and {v,}.cz a 0-dimensional 1-conformal
density of I', for a linear form ¢ : R" — R.

Then the following are equivalent:

(1) 0 =64(I") < 400 and I is of ¢-divergence type.

(2) the conical limit set Ao(T) is v -conull for all z € Z.

Moreover, in this case, the I'-action on (A(I'),v;) is ergodic for all z € Z.

In fact, the conical limit set considered by Blayac—Canary—Zhu—Zimmeer
has a slightly different form, because their result is for an arbitrary con-
vergence group, not necessarily induced by an isometric action, and they
introduced shadows defined intrinsically to the convergence group action.
We first describe their shadows in our setting. For a non-elementary trans-
verse subgroup I' < Isom(Z), noting that I' acts on A(I') as a convergence
group, fix a metric d on the compactification TUA(T") [BCZZ24b), Proposition
2.3]. Then for € > 0 and v € T, the set

Se(7) =v(AD) ~ Be(y™))

is the associated shadow defined in [BCZZ24b|, where B.(y~!) denotes the
open ball centered at v~ of radius e with respect to the metric d. Then
they showed that a point £ € A(T") is a conical limit point in the sense of
convergence action if and only if there exists ¢ > 0 and an infinite sequence
{Yn}nen C T such that £ € Sc(vy,) for all n € N [BCZZ24b, Lemma 5.4].

To apply their results to our setting, as in Theorem [3.16] we record the
following comparability of their shadows and the shadows we consider.
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Lemma 3.17. Let I' < Isom(Z) be a non-elementary transverse subgroup
and z € Z.

(1) For any € > 0, there exists R = R(e, z) > 0 such that
Se(v) C Ogr(z,vz) forallyeT.
(2) For any R > 0, there exists € = €(R, z) > 0 such that
Or(z,72) NA(I) C Sc(y) forallyeT.

Proof. We first show (1). Suppose to the contrary that for some € > 0, there
exist sequences {7y, tneny C I' and {&, }nen € 0Z such that

&n € Se(Yn) N Op(2,7mz) forallm € N.

Here, the sequence {7, }nen must be infinite. For each n € N we have

Voo tn & Be(vn ') U On (7,12, 2).

Since the T'-action on Z U 90Z is convergence action (Corollary , after
passing to a subsequence, there exists ¢ € A(T') so that v, ! — ¢ in the com-
pactifiaction TUA(T) and 7, 1z — ¢ in ZUOZ. Since v, *&, & O, (7, 2, 2) for
all n € N, we have 7, 1&, — ¢ as well. On the other hand, B/s(€) C Be(v, 1)
for all large n € N, and hence this contradicts that v, &, & Be(v, ') for all
n € N.

To see (2), suppose that for some R > 0, there exist sequences {7, }neny C
I' and {&, }nen € A(T") such that

§n € Or(2,2) N Si/p(n) forallm € N.
Again, {7, }nen is an infinite sequence, and we have that for each n € N,
v, € Or(vtz,2) N Bl/n(q/,;l) for all n € N.

After passing to a subsequence, we denote by £ € A(T") the limit of sequences
{7V 2 nen and {7y, nen. Since v, ¢, € Ogr(y;, 12, 2) for all n € N, we have
limy, s 400 ¥, t€n # € after passing to a subsequence. On the other hand, this
contradicts that ~;, &, € Bl/n(fygl) for all n € N. O

4. RIGIDITY OF ERGODIC INVARIANT RADON MEASURES

We continue the setting of Section [3] In this section, we prove a measure
rigidity on horospherical foliations.

In the rest of this section, we fix a basepoint zg € Z. The horospherical
foliation of Z is the space

(4.1) =07 x R"
and Isom(Z) acts on H as follows: for g € Isom(Z) and (§,u) € H,
g- (ga U) = (gga U+ ﬂﬁ(g_lz()a ZO))

We define a Radon measure on H as follows:
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Definition 4.1. Let I' < Isom(Z) be a non-elementary transverse subgroup
and v := {v;},cz be a §,(I")-dimensional 1-conformal density of I, for a
linear form 1 : R" — R. We define a Radon measure p, on H = 0Z x R" by

dpy, (&, u) = v (D) ¥(u) dvy, (&) du

where du is the Lebesgue measure on R”". If I' is of ¢-divergence type, then
we write

ap 2= [l
Remark 4.2. It follows from the conformality of v that p, is I-invariant. If
I' is of ¢-divergence type, then there exists a unique d,(I")-dimensional -

conformal density of I' by Theorem[3.16] This is a reason for writing f1, = 1,
in this case. Moreover, by Theorem fy is supported on A (I") x R”.

To present the precise statement of our rigidity result, we also consider
the following notion for the distribution of translation lengths of loxodromic
elements. We say that an element g = (g1,...,¢,) € Isom(Z) is lozodromic
if g; € Isom(Xj;) is loxodromic for all 1 <4 < r. In this case, we write its
vector-valued translation length as

Ty = (Tgrs- -, Tg.) €R".
Definition 4.3. For I' < Isom(Z), its (vector-valued) length spectrum is
defined as
Spec(I") := {7y € R" : g € I is loxodromic.}
We say that Spec(I') is non-arithmetic if it generates a dense additive sub-
group of R".

4.1. Rigidity of measures. The following is our main rigidity theorem.

Theorem 4.4. Let I' < Isom(Z) be a non-elementary transverse subgroup
with non-arithmetic length spectrum. Suppose that there exists a I'-invariant
ergodic Radon measure p on H.
(1) If u is supported on A (I') x R", then ' is of 1-divergence type for
some linear form ¢ : R"™ — R and

i 1s a constant multiple of iy.

(2) If p is supported on H ~ (A(T") x R"), then p is a constant multiple
of
> Dye for some & € H~ (A(T) x R")
gel
where Dg.¢ is the Dirac measure at g - §.

The rest of this section is devoted to the proof of Theorem [£.4, We prove
the theorem by establishing a robust relation between invariant Radon mea-
sures and guided limit sets. Note that due to ergodic decompositions, Theo-
rem [4.4] can be regarded as the classification of I'-invariant Radon measures

on H.
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4.2. Concentration on guided limit sets. We first show that invariant
ergodic Radon measures on H are charged on guided limit sets. Let

U A(Ty) — A(T)

be the I'-equivariant homeomorphism give in Lemma [3.4] For a loxodromic
¢ € I'and C > 0, denote by ¢; € T'; < Isom(X;) the i-th component of
@ €I and set

Apc(T) == ¥(Ap, c(I'1)).

Theorem 4.5. Let I' < Isom(Z) be a non-elementary transverse subgroup,
let o € T be a lozodromic element, and let C = C(¢1) be as in Lemma .
Let pu be a I'-invariant ergodic Radon measure on H supported on A.(I') x R".
Then the measure u is supported on

Apc(T) x R" C H.

Proof. Applying Lemma [2.16] to ¢ € I'1 < Isom(X1), we get a(¢1) > 0 and
ai,az,a3 € I' whose first components satisfy the conclusion of Lemma [2.16|
for 1 and I'y < Isom(X7). Let C(g1) > 0 be as in Lemma [2.12] for g = ¢;.
We set Cp := 10(a(p1) + C(¢1)).

For each K > 0 let

Ag = {5 oz 3 an infinite sequence {g;}jen C I s.t. } ‘

/351(20793'20) > di(z0,9520) — K for all j € N
Then I' - (Ax x R") C H is I'-invariant. Moreover,

A xR = | T (Ag xR")
K>0

since A.(I') = U(A.(T'1)) by Proposition Since A.(T") x R" has positive
u-value,

' (Ax xR") has positive p-value for all large K > 0.

We fix such K > 100Cy+2> "7, Z?Zl d;i(z0,a;jz0). Then it follows from the
I-invariance of p that p(Ag x R™) > 0. For each R > 0, we set

HK,R = AK X [—R, R]T.
Since Ax x R" = U%_ HK R,
p(Hr,r) >0 for all large R > 0.

We fix such R > 0.

Now we pick n > 100(Co+K+1)

min; T,

F:Fn,kt’HK’R%/H

and k > 0. We define a map

as follows. For each = = (§,u) € Hx R, there exists g € I" such that
(4.2) d1(20,920) >k and B¢ (20,920) > di(20,920) — K.
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Among many such g¢’s, take the one with minimal d;(zp, gzp) and call it ggﬁ
Then the map = € Hx r — g= is Borel measurable. By Lemma there
exists ag € {ay,as,as} such thatﬂ

the first component of
(4.3) (20, 9= - az[z0, ¢" 20, 9= - az¢taz - g=€)
is Cy-aligned.
This map = — axz is also Borel measurable. We now set
1

—_
—
—

F(E) =gz -az¢"az - g2

Let
r 3
D :=100 | Co+n-maxTy,, + Z Z d;i(20,a;20)
! i=1 j—1
By |[CK25| Claim in the proof of Theorem 7.5],
(4.4) Fis at most 3-#{g € T : d1(20,920) < D}-to-one.

We simply write M := 3 - #{g € T : di(20,920) < D}, which is finite by
Corollary Then we have

W(F(Hir)) = p U  FUEeHknr:g==gaz=a})

gel'ae{ai,az2,a3}

Z p(F({E€Htkr:g9==9g,0az = a}))

g€l ,ae{a1,a2,a3}

v
<[~

S

> u(gagtag {E € Hir : g= = g,az = a})
g€l,ac{a1,a2,a3}

Z pr({E€Hkr:9= =g,az = a})

g€l ae{a1,a2,a3}

1
= MN(HK,R)'

Now to see the image of F', let Z = (§{,u) € Hx r. For simplifity, write
g :=g= and a := a=. Then
F(E) = (gag"ag™ '€, u + Be((gap™ag™") ™ 20, 20))

Fixing a sequence {z;}jen C I'20 C Z converging to gap"ag'¢ € 0Z, we
have

S

B&((ga@nag_l)_lz()a ZO) = 5gago"ag*1£(z07 ga@nag—lz(])

= lim k(20,2)) — w(gap”ag™' 20, 7).
J—+o0

AThere exists a technicality when several candidates tie. An easy rescue is to first
enumerate I' = {g(l), g, .. .}, and we choose the earliest whenever there is a tie.
5Ag;ain, when more than one of {a1,a2,as} do the job we choose the earliest.
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By Equation (4.3) and Proposition there exists C = C (Co, 2z0) > Co+2
such that
(20,9020, 9" 20], zj) s a—aligned for all large 7 € N.
Lemma then tells us that, for each large j, there exist p,q € [20, 2]
with p coming first (as tuples of points) such that d;(p, gazp) < C + 2 and
di(q, gap™zy) < C + 2. It follows that for each 1 < ¢ < r and all sufficiently
large 57 € N,
Bt((gap™ag™") " 20, 20) = .7 di(20, gazo) + di(20, 9" 20) + di(gay™ 20, 2;)
— di(gag"ag ' 20, 7j)
=g di(20, gazo) + di(z0, ¢" 20)
+ Byagpnag-1e(9a9" 20, gap"ag™
=d,(z0,a20) 4i(20,920) + di(z0,¢" 20)
+ BE(ga™" 20, 920) + Bt (920, 20)
=d;(s0,0%0) di (20, 920) + di(z0, 9" 20) + BE(920, 20)-

120)

By Equation and Proposition there exists K = K (K, zp) such that
di(z0,920) — K < Bé(zo,gzo) < di(z0,920) foralll<i<r.
Hence, setting D:=D+16C+ K + max; d; (20, ¢"2p), we have
|52((9‘180na971)7120720)| <D foralll<i<r
Therefore,
u+ Be((gay"ag™)'z0,20) € [-R—D,R+D| .

In addition, by Equation (4.3]), we have d;(zp, gazo) > k — Z;’:l di (20, aj20)
and that the first component of (zq, ga[zo, " 20], gap™ag—'€) is Co-aligned.
This implies that F(Hk r) is contained in

v E [—R — 5,R+ /ﬁr and Jh € I' such that
Bkz;n = (C?U) EH: dl(ZO, hZO) >k — 2?21 dl(ZO,ajZ()) and
first component of (zg, h[z0, ¢"20], () is Cy-aligned

Hence, we have

1(Bin) = u(Hi,r)/M > 0.
Note that the set By, is decreasing in k. Since p is a Radon measure and
By C 0Z X [—R - lA), R+ B}T which is compact, we have p(By.y,) < +o00.
Therefore, setting

(4.5) B, = ﬂ Ben,
k>0
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we have

(4.6) p(Bn) = lim p(Byn) > p(Hir)/M >0,

k—+o00

noting that M does not depend on k.
Now, I' - B), is a I-invariant set of positive u-measure. Hence, by the
I-ergodicity of u, we have that I' - B, is p-conull, and therefore

m I'- B, is p-conull.
n

We then show that for each ((,v) € (), I'- By, we have ¢ € Ay cy42(I"). This
finishes the proof by Lemma [2.19
Let (¢,v) € ,,I' - Bn. Then for each large enough n € N, there exists

ho € T so that the first component of (2o, h[20, ¢" 20], haIC) is Cy-aligned for
infinitly many A € I'. In other words,

the first component of (hgyzo, hoh[z0, ¥"20], ()

is Cy-aligned for infinitely many h € I
Among infinitely many such h € I, we can choose one such that

d1(hozo, hohlzo, 9" z0]) > di(20, hozo) + 2
and hence

d1([hoz0, 20}, hoh[20, " 20]) > 2.
Lemma tells us that mpp(eg omz0] ([P020, 20]) has diameter at most 2.
Therefore,
the first component of (zg, hohlzo, ¢"20],¢) is (Cp + 2)-aligned.
Since this holds for all large n € N, we conclude ¢ € Ay cy42(T). O
4.3. Quasi-invariance under translations. For a € R", consider a map
T, : H — H given by (£, u) — (§,u+ a). For a Radon measure p on H, we
consider its pullback measure T, u: for each Borel subset £ C H,
T u(E) = p(T,E).

For a loxodromic g € Isom(Z), we simply write Ty := T, . We show that

invariant ergodic measures on H are quasi-invariant under this translation.

Theorem 4.6. Let I' < Isom(Z) be a non-elementary transverse subgroup.
Let pu be a T-invariant ergodic Radon measure on H supported on A.(T') xR".
Then for a loxodromic ¢ € T', there exists A > 0 such that
dTzp
dp
Proof. Let ¢ € I' be a loxodromic element and let C = C(gp) > 0 be the
constant satisfying Lemma for each component ¢; € Isom(X;), with the

choice of axis v; : R — X;. As in [CK25| Proof of Theorem 7.10], we may
assume that

= 6)\ a.e.

7, > 100C
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where C' = C' (C, zp) > C is the constant given in Proposition
We first aim to show that
(@7) (T2)(E) > v(E)
for each Borel subset £ C H. Note that by Theorem 1.5 u is supported on
Ap(T) X R

Step 1. First consider the case that £ = K x I for a compact subset
K C Ay c(T') and a compact box I C R”.

We fix some open subset O C A(T") such that K € O and ¢ > 0. Let
L = L(0.001¢) > 0 be as in Lemma 2.5 for 7.

Recall that A(T") = ¥(A(T"1)). For h = (hy,...,h;) € T'and n € N, we
simply write

Uc(h;p,n) := ¥ (Uc(hy; 1, n)).
Recall that C = C| (C, zp) > C' is the constant given in Proposition
. 204100C

By Lemma [2.20] for each { € K, there exist g(£§) € " and n(§) > W +4
such that

£ €Uc (9(&)¢,n(§)) C O.
Let U :={Uc (9(€); ¢, n(§)) : £ € K}, which is a countable collection of sets.
For convenience, let us enumerate U based on their d;-distances from zg, i.e,
let

U={U,U,y,...}
where U; := Uc/(gj; ¢, n;j) for each j € N so that
di (20, 919™ 20) < di1(z0, 929" 20) < -+ .
We will now define a subcollection
V= {Un),Uia),---} CU

by inductively defining i(1),7(2),.... We let i(1) = 1. Now, having defined
i(1),...,i(NN), define i(N + 1) as the smallest j € N such that Uj is disjoint
from Uz(l) J---u U'L(N)

For each [ € N, we set
(4.8) C:= z(l)UU{Uk : kZi(l),UkﬁUi(l) #@}

Then {Cj : | € N} is a covering of K contained in O.
Via the homeomorphism ¥ : A(I';) — A(T), it follows from [CK25| First
claim in the proof of Theorem 7.10]| that for each | € N,

(4.9) Ci C Uc (giqy; s iy — 1) -

Now for each [ € N, we define a map F; : C; x I — H as follows: for
9 = gi(1), We set

(4.10) Fi: 2 gpg 'E.
Then we have pu (F;(C; x I)) = u(Cy x I) as p is I-invariant.
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Claim. We have
(4.11) Fi(Cp x I) C Uy x (e-neighborhood of I + 7).

To see this, we simply write g = g;;) and n = n;;) — 1. We then fix
E=(&u) € C; x I. Note that

F(Z) = (9pg9 & u+ Be(ge 9™ 20, 20))-

The inclusion for the first component is due to [CK25l Second claim in the
proof of Theorem 7.10]. Hence, we now show the inclusion for the second
component.

For the second component, it suffices to show

(4.12) |ﬁ§(g<p_lg_1zg,zo) — Tyl <€ foralll1 <i<r.

Let {2;}jen C T'z9 C Z be a sequence converging to £&. Then

1

Be(ge g 20, 20) = lim k(g™ 'g " 20, 2j) — K(20, 7).
J—+o0

By Equation (4.9) and Proposition
(20, 9]20, 9" 20], ) is a—aligned for all large j € N.

In the rest of this proof, write v = (y1,...,7) and consider the nearest-
point projection and parametrization of v componentwisely. Then for all
large j € N, it follows from Lemma [2.12{3) that
(4.13)

gy (20) C g7y ((—00,26}) and gy (25) C g7y ([nﬂo —2C, +oo)) )

Since n - min; 7, — AC' > 2L and each component geodesic of gy is squeezing
(Lemma [2.5), there exists p € [20, z;] such that

15(p, g7(n75/2))]|00 < 0.001€.

1zo,g[zo,g0”zo]) is also é\—aligned; other-

wise, one component of 7y, (gp~tg™120) belongs to gv([0, +00)) by Lemma
2.12(2), and therefore one component of 74 (20) is contained in g([7,, +00))
which contradicts Equation (4.13). Hence, it follows from Lemma [2.12(3)
that

Meanwihle, note that (ggo_lg_

mgr(g9™ g7 20) € g7 ((—00,2C]) .

Together with Equation (4.13) and n7,, — A0 > 2L + 27, forall 1 <i <,
the squeezing property of each component geodesic of gy implies that there
exist q1,q2 € [gpg™ 20, z;], with g1 coming earlier than go, such that

15 (g1, 97(n70/2 = 7)) oo |15 (g2, 97 (75 /2) ) [loo < 0.001e.



HOROSPHERICAL INVARIANT MEASURES IN HIGHER RANK 31

Now we have for each 1 < ¢ < r that
di(ge g7 20, 7)) — di(20, 25) = (di(g ™ g 20, 1) + di(q1, @2) + di(g2. %))
= (di(20,p) + di(p, 2j))

=0.006¢ di (g@_lg_lzoa gy (n7,/2 — 7))
+di (97(n7p/2 — 1), g7(n74/2))
+d; (97(n74/2), 2j)
— d; (20, 97(n7/2)) — di (97(n70/2), 25)

=d; (g7(n1,/2 — 1), gy (N7, /2)) = T,

Taking the limit j — 400, Equation (4.12]) follows. This completes the proof
of the claim.

Now by the above claim and disjointness of Uj)’s, we have
1(O x (e-neighborhood of I + 7)) UFZ (C) x I))

= FlClXI

Z CIXI
l

> (K x I).

Note that (O x (e-neighborhood of I + 7,)) < 400 since p is Radon. Since
€ > 0 and an open set O O K are arbitrary, we have

(T2) (K 1) = (K % (I + 7)) = p(K % 1),
Step 2. Consider the case that £ = A x B for Borel A C 9Z and a
box B C R". Since p is supported on A, c(I") x R’", we may assume that

A C Ay o(I). By the inner regularity of yu and T3 u, there exist compact
subsets E1, Fo C E such that

(W(E) = (B[ < e and  [(Top)(E) — (Top)(E2)| < e

Considering projections of Fy U Ey to A and B, we obtain compact subsets
K C A and I C B so that

() — (K x D) < ¢ and  [(TEu)(E) — (Ton)(K x )] <

Since B is a box, we can take the smallest box containing I and hence we
may assume that I is a compact box. Applying Step 1 to K x I, we have

(T20) (E) > p(E) — 2.
Since € > 0 is arbitrary, (Tgu)(E) > p(E) follows.

Step 3. When F C H is a finite union of open sets of the form O; x Oy for
open sets O1 C 07 and open boxes Oy C R, F is a disjoint union of finitely
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many Borel subsets of the form A x B, where A C 0Z is Borel and B C R"
is a box. Hence, (T;u)(E) > pu(E) follows from Step 2.

Step 4. When E C H is an open set, F is a countable union of open sets of
the form O x Oy for open sets O1 C 0Z and open boxes O, C R". Hence,
(Top)(E) > p(E) follows from Step 3.

Step 5. Finally, suppose that £ C H is a Borel subset. Then it follows from
Step 4 and the outer regularity of 4 and 774 that

(Tor)(E) = p(E).

Now we have shown Equation (4.7), and hence p is absolutely continuous

with respect to T u. Since both p and TZu are I-invariant, d;'i“gu is I'-
invariant as well. Since T, commutes with the I-action, T u is I'-ergodic,

and hence d;ﬂ{fu is constant T, ;’;u—a.e., which must be positive. Hence, there
@

exists A € R such that dg—zu = e* p-a.e., and moreover, A > 0 by Equation
(4.7). This completes the proof. O

4.4. Closed orbits in . We record following observation that every I'-
orbit outside A(I"') x R" is closed. This implies that any I'-invariant ergodic
Radon measure on H~ (A(I') xR") is the counting measure of a single I'-orbit
there, up to a constant multiple.

Proposition 4.7. Let I' < Isom(Z) be a non-elementary transverse sub-
group. Then for any (§,u) € H ~ (A(T) x R"),

' (&u) s closed in H.

Proof. Suppose not. Then there exists a sequence {g,}nen C I' such that
gn(&u) = (gn&, u+Be(gy t20, 20)) converges in H, to a point in H\T'- (£, u).
In particular, the sequence {g,}nen is an infinite sequence. Hence, after

passing to a subsequence, we can set ¢ := lim, s g, 20 € A('). Since
¢ ¢ AT'), at least one component of ¢ and ( are different. Therefore,
Be (g 120, 20) is unbounded, yielding a contradiction. O

4.5. Proof of the rigidity. Let us now prove Theorem [4.4]

Proof of Theorem[].4} The case (2) is a direct consequence of Proposition
[4.7 We now prove (1). Let y be a I-invariant ergodic Radon measure on
supported on A (T") x R". We define

ary
A= {a € R" : 3X\(a) € R such that daﬂ =@ a.e.} .

i
It is straightforward that A is an additive subgroup of R” and A : A — R is
an additive homomorphism. Moreover, by Theorem [4.6

Spec(I') C A.
Hence, it follows from non-arithmeticity of Spec(I") that A C R” is dense.
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Claim. The homomorphism A extends to a linear form A : R" — R so that
Tin=e .y (YaeR")

To see the claim, let f : H — R be a compactly supported continuous
function with | fdu > 0. We define a map Ay : R” — R by

e)‘f(a)/fdu:/foT_ad,u. (Va € R")

Then Af(a) = A(a) for a € A. By Dominated convergence theorem, A¢ is
continuous on R". Since A : A — R is a homomorphism, this implies that
As i R” — R is a continuous homomorphism, which must be a linear form.

We apply the above argumet for every compactly supported continuous
functions with positive integrals. Since the resulting linear form Ay con-
incides with A on a dense subset A C R", A; in fact does not depend on
the choice of f, and is the unique extension of A : A — R. That means,
M [ fdu= [ foT_,du holds for every f € Ce(H), where we mean by \
the unique extension of A : A — R. This proves the claim.

The claim implies that there exists a finite Borel measure vy on 97 so
that p is decomposed on H = 0Z x R" as follows:

du(€,u) = M - duy(€) du.
By the I'-invariance of p, it is easy to see that for each g € T,

dg.vo
d 140

(&) = e MP(g20:20))  for pyy-ae. € € DZ.

Then for z € Z, define the measure v, on 37 by setting
e~ MBe(2,20))
v (07)
This is well-defined, and moreover the family {v,},cz is a 1-dimensional \-

conformal density of I'. Since {v,},cz is supported on A (I"), x(I') = 1 and
I" is of A-divergence type by Theorem Therefore,

1
n= V()((?Z) 2%
which completes the proof. U

dv.(§) = dvo(§).

5. EXISTENCE OF ERGODIC INVARIANT RADON MEASURES

We continue the setting of Section [4] In this section, we prove the ergod-
icity of the invariant Radon measure defined in Definition (4.1

Theorem 5.1. Let I' < Isom(Z) be a non-elementary transverse subgroup
with non-arithmetic length spectrum. For a linear form ¢ : R™ — R, of ' is
of -divergence type, then

the T'-action on (H, ) is ergodic.
Moreover, puy is supported on A (I') x R" C H.
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Note that 1, being supported on A.(I') x R" is due to Blayac-Canary—-
Zhu-Zimmer [BCZZ24b| (Theorem|3.16)). Hence, it suffices to show that pr is
I'-ergodic. This is a special case of the following, together with Theorem [3.16)

Theorem 5.2. Let I' < Isom(Z) be a non-elementary transverse subgroup
and ¢ : R" = R a linear form. Suppose that I' is of i-divergence type. Let
To <l be a normal subgroup such that

e Spec(I'y) is non-arithmetic and

e the I'g-action on 0Z is ergodic with respect to the 6, (I")-dimensional

-conformal density of T.
Then,
the T'o-action on (H, py) is ergodic

where fiy, is the measure defined in Definition @ for I

5.1. Concentration on guided limit sets. We first strengthen the Hopf-
Tsuji-Sullivan dichotomy of Blayac-Canary—Zhu-Zimmer [BCZZ24b]| stated
in Theorem by showing that the divergence-type conformal measure is
in fact supported on guided limit sets. Recall from Definition that a
conformal density of I' is of divergence type, if I' is of divergence type with
respect to a linear form associated to the given conformal density.

Proposition 5.3. Let I’ < Isom(Z) be a non-elementary transverse subgroup
and v = {v;}.ez a divergence-type conformal density of I'. Let ¢ € T' be
lozodromic and let C = C(p) > 0 be as in Lemma[2.14 Then

Vao(Ap,c(I) = 1.

Proof. We consider the measure p,, on H defined in Definition [4.1] By The-
orem we have that p, is supported on A.(I") x R". Hence, we proceed
the argument in the proof of Theorem with p,. Then for the subset
B,, C H defined in Equation (4.5), n € N, we have
piv(Br) >0
by Equation (4.6)). For each n € N, let E,, C 0Z be the projection of B,, C ‘H
to the 0Z-component. Then by the definition of p,, we have
Vs (En) >0 foralln eN.

In particular, I'E,, C 0Z is a I'-invariant subset of positive v,,-measure.
This implies v,,(I'E,) = 1 by the I-ergodicity (Theorem [3.16)). Therefore,

we have
Vo (ﬂ FEn> =1.
neN
Then as at the end of the proof of Theorem we have
(Y TE. C Ayc,
neN

finishing the proof. ([l
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5.2. Essential subgroups. An important ingredient to show the ergodicity
of a measure on H is the notion of essential subgroups, introduced by Schmidt
[Sch77] and studied further by Roblin [Rob03|. For a conformal density v =
{v.}.ez, all measures in the family v are in the same measure class. Hence,
in discussing positivity of a Borel subset, we simply use the notation v.

Definition 5.4. Let I' < Isom(Z) be a subgroup and let v be a conformal
density of I'. We define the subset E,(I') C R" as follows: a € E,(T") if for
each € > 0 and a Borel subset E C 0Z with v(F) > 0, there exists g € T’
such that

v(ENgeg 'EN{E €0Z : ||Be(20, 999 ' 20) — alloo < €}) > 0.

It is easy to see that E,(I") is a closed subgroup of R". We call E,(I") the
essential subgroup for I' and v.

This vector version of essential subgroup was introduced by Lee—Oh [LO23]
for higher rank Lie groups. The size of the essential subgroup plays a role
of criterion for the ergodicity of actions on H. The following was proved in
[Sch77] for abstract measurable dynamical systems, and more direct proof
for a particular case of CAT(—1) spaces was given in [Rob03]. For a general
higher rank Lie groups, this was proved by Lee-Oh [LO23|. The same proof
works in our setting as well.

Proposition 5.5 ([Sch77], [Rob03, Proposition 2.1|, [LO23, Proposition
9.2]). LetT' < Isom(Z) and let v be a conformal density of T'. Then the T'-
action on (M, p,) is ergodic if and only if the T'-action on (0Z,v) is ergodic
and E,(T') =R".

In this perspective, the following is the main step in the proof of Theo-
rem which was proved by Roblin [Rob03| for CAT(—1) spaces. Rob-
lin’s approach was generalized to certain higher-rank settings by Lee—Oh
[ILO23| and by the second author [Kim24| in different ways. While similar
approaches would work for our setting as well, we present another proof that
does not require metrizing the boundary for future applications.

Lemma 5.6. Let ' < Isom(Z) be a non-elementary transverse subgroup and
v a divergence-type conformal density of I'. Let ¢ € T' be lozodromic. Then
for each € > 0 and a Borel subset E C 0Z with v(E) > 0, there exists g € T
such that

v(ENgpg 'EN{E€0Z : [|Be(20, 999 20) = Tplloo < €}) > 0.
In particular, if o< I is a normal subgroup, then
Spec(I'g) C E,(I'p).

Proof. Let C' = C(g1) > 0 be as in Lemma By Proposition v is
supported on A, c(I"). Together with the inner regularity of v, it suffices to
consider compact subsets of Ay, o(I).



36 INHYEOK CHOI AND DONGRYUL M. KIM

Denote by ¥ : R™ — R a linear form associated to v. We can normalize 1)
so that d,(I") = 1, by Theorem

Let K C Ay c(I') be a compact subset and fix € > 0. Suppose that for
each g € T,

v(KNgeg 'KN{E€DZ : |Be(20, 999 ' 20) — Tylloo < €}) = 0.

Then showing v(K) = 0 finishes the proof.
To do this, let O C 0Z be an open subset containing K. We will then
construct a Borel subset E(O) C O such that

(5.1) VKNE) =0 and v(E(0)) > e V)=Vl . (K.

This yields v(K) = 0 as in [CK25|, Proof of Lemma 8.5].

Hence, it remains to find a set E(O) C O satisfying Equation (5.1)). Recall
the cover U and its subcollection V for K and O constructed in the proof of
Theorem For | € N, we also recall C; C O in Equation and the
restriction Fj = gi(l)wgi_(ll) : C; = 0Z of the map in Equation (4.10), where
gi1) € I is given there.

In the rest of this proof, we show that

E(0):=|JR(CnK)
leN

satisfies Equation (5.1). By Equation (4.11), we have {J;cy Fi(Ci N K) C
Uien €1 € O. In addition, by Equation (4.12)), we have for each [ € N that

(5:2)  F(C) C {€€0Z:|Be(20, i) 2i)20) — Tolloo < €} -
We then have
KN E(CNK)
C K Nginegihy K 0 {€ € 07« |1Be(20, giypg5y20) — Tolloo < €} -

By our hypothesis on K, v(K N Fj(C; N K)) = 0. Therefore,

y<KﬂUFl(ClﬂK)) =0,

leN

showing the first claim in Equation (/5.1)).
We now estimate v (UleNFl(Cl N K)) By Equation (5.2)), we have for
each [ € N that

-1 -1
v(F(CNK)) =/ ¢~ VB e g 2020)) g )
CiNK
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Since Fj(C; N K)’s are pairwise disjoint by Equation (4.11]), we have

v (U -Fl(cl N K)) > e"f’(ﬂp)_e”d’”oo Z V(Cl N K)

leN leN

> b —elvlles ., (U(Cl N K))

leN

Since K C |J;enyCr as in Equation (4.8), this implies the second claim in
Equation (5.1)). O

Proof of Theorem[5.3, Now Theorem [5.2]is a consequence of Proposition [5.5]
and Lemma 0

6. HIGHER-RANK HOMOGENEOUS SPACES

In this section, we deduce Theorem Corollary [I.6, Theorem [I.9] and
Corollary[T.10] Let G be a connected semisimple real algebraic group. Recall
from the introduction that P < G is a minimal parabolic subgroup with
a Langlands decomposition P = M AN, where A is a maximal real split
torus, M < P is a maximal compact subgroup commuting with A, and N
is the unipotent radical of P. We also chose a maximal compact subgroup
K < G so that we have the Cartan decomposition G = K (expa™)K, where
at C LieA =: a is a fixed positive Weyl chamber. Denote the Cartan
projection by k : G — a™, defined by the condition that g € K(expr(g))K
for all g € G.

We have the Iwasawa decomposition G = KAN and the Furstenberg
boundary is F = G/P = K/M. For £ € F and g € G, the Iwasawa
cocycle o(g,&) € a is the element such that gk € K(expo(g,&))N where
k € K is such that £ = kM € F. Then the a-valued Busemann cocycle
B:F X G x G — ais defined as follows: for £ € F and g,h € G,

(6.1) Be(g, h) = a(g7", &) —a(h™,9).

Example 6.1. We present a specific example G = PSL(2, C) = Isom™ (H?),
regarded as a real algebraic grooup SO°(3,1). In this case, we can choose
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subgroups as follows:

P = {(8 1l/)a> ca,beC, a;«éO}

ei9/2 0
M = {( 0 e_i9/2> NS R} ~ PSU(1) ~ S*

el/? 0
b (7 0) e o

v={(s 9+

_K:{(z D:mbegpﬁ+bﬁzﬁ:ﬂ%wm

Using the upper half-space model of H3, its boundary is the Riemann sphere
C = CU {0} on which G acts as linear fractional transformations. Then
P = Stabg(00), and the Furstenberg boundary F = G/P is the same as the

Riemann sphere C. Busemann cocycles are defined as usual.

6.1. As a product of CAT(—1) spaces. In the rest of this section, we now
consider the case as in Equation (|1.1)) that

G:=]]G;
=1

where G; is a simple real algebraic group of rank one.
For each 1 < i < r, we fix corresponding objects P;, M;, A;, N;, K;, a;r,
and a; for G;. Then we can make the choices for G by setting

@:ﬁ%
i=1

for each © € {P,M,A,N,K,a", a}.

For each 1 <4 < r, we denote the Riemannian symmetric space associated
to G; by

Xi = Gz/KZ,
and equip it with the left G;-invariant and right K;-invariant metric induced
by the Killing form on a;. Then X; is a proper geodesic CAT(—1) space,
with the Gromov boundary
0X, = K;/M; = G;/P;.

Hence, we have

I8 T
G/K=][X; and F=]]0x,
i=1 i=1
which enable us to use results in Section [3] Section [ and Section
Indeed, fixing a basepoint zg = [id] € G/K, we have

k(g) = k(20,920) forallge G
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where k(+,-) is defined as in Equation (3.2) for Z = G/K. In addition, we
have
Be(id, g) = Be(20,920) forallg € G, £ € F

where /8 on the right hand side is defined as in Equation (3.1)).
Employing the notions introduced in Section [} for a loxodromic g € G,
its vector-valued translation length

Tg = lim
n—-+oo n

is also called the Jordan projection of g € G.

6.2. Discrete subgroups. We mainly consider a discrete subgroup I' < G.
Recall from Definition [4.3] the length spectrum of T’

Spec(I') = {1y € a: g € T, loxodromic}

and that Spec(T") is called non-arithmetic if it generates a dense additive
subgroup of a. As shown by Benoist, Zariski density gives non-arithmeticity
of length spectrum.

Theorem 6.2 (|[Ben00]). Let I' < G be a Zariski dense discrete subgroup.
Then Spec(I') is non-arithmetic.

The limit set is defined as in Definition [3.2} Similarly, the notion of
transverse subgroup of G is defined as in Definition or Definition [3.3]
Conical limit set is defined as in Definition [3.111

In the introduction, Anosov subgroups and relatively Anosov subgroups
are defined as transverse subgroups that act on their limit sets as uniform
convergence groups and geometrically finite convergence groups, respectively.
We present slightly different but equivalent definitions here. These formu-
lations are motivated by the study of Gromov [Gro87|, Bowditch [Bow98],
and Yaman [Yam04] regarding hyperbolic and relatively hyperbolic groups
in terms of convergence actions. As for loxodromic elements, we call g € G
parabolic if each component of ¢ is parabolic.

Definition 6.3. Let I' < G be a non-elementary transverse subgroup.

e We call I' Anosov if T is a hyperbolic group and there exists a I'-
equivariant homeomorphism OI' — A(T"), where OI' is the Gromov
boundary of T.

— Equivalently, A(T") = A.(T).

e We call T" relatively Anosov if T' is a relatively hyperbolic group (with
some choice of a peripheral structure) and there exists a I'-equivariant
homeomorphism O’ — A(I"), where 0pI is the Bowditch boundary
of I' with respect to the chosen peripheral structure.

— Equivalently, A(I') = A(I") U Ap(I"), where Ap(I") is the para-
bolic limit set of T, i.e., the set of all fixed points of parabolic
elements of I'.
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Another equivalent characterization of Anosov and relatively Anosov sub-
groups are as follows: a subgroup I' < G is Anosov if and only if there exist a
non-elementary convex cocompact subgroup fl < (G7 and a faithful convex
cocompact representation p; : fl — G for each 2 < ¢ < r so that the diag-
onal embedding (id xp X - - - X p.)(I'1) < G is a finite index subgroup of T.
Similarly, T is relatively Anosov if and only if there exist a non-elementary
geometrically finite subgroup fl < (G1 and a type-preserving geometrically
finite representation p; : fl — G for each 2 < 4 < r so that the diagonal
embedding (id xpg X - -+ x p,)(T'1) < G is a finite index subgroup of T.

Remark 6.4. Using [KO25| Proposition 5.7|, it is easy to see that Theorem
and Proposition hold for relatively Anosov subgroups of a general
semisimple real algebraic group, where the alignment is discussed in Gromov
models for relatively hyperbolic groups. Similarly, they also hold for the class
of hypertransverse subgroups in the sense of [Kim24], which is the same as
the class of transverse subgroups when the ambient group is a product of
rank-one Lie groups.

Recall the Burger-Roblin measure 2R associated to a conformal measure
v, from Equation ([1.2). Its ergodicity was shown as follows:

Theorem 6.5 ([LO23|, [LO24|, |[Kim24]). Let I' < G be a Zariski dense
transverse subgroup. For a divergence-type conformal measure v of I', the
Burger-Roblin measure uS® is N-ergodic.

This ergodicity was proved for Anosov subgroups in [LO24], in which case
the N M-ergodicity was shown in [LO23|. The N-ergodicity for transverse
subgroups was proved in [Kim24].

6.3. Measure classifications. We now complete the deduction of our mea-
sure classification results. Setting H := F X a, define the map
G — H=Fxa
g = (9P, Byp(id, g))
which induces the homeomorphism
G/NM — H.

Via this homeomorphism, the left multiplication of G on G/NM descends
to the G-action on H defined as follows: for g € G and (§,u) € H,

g (&u) = (g€, u+ Be(g~t,id)).

Therefore, H is indeed the same as the horospherical foliation of the product
G/K =[];_, X; of CAT(—1) spaces defined as in Equation ({.I]).

Then for a subgroup I' < G, any N M-invariant Radon measure on I'\G
is induced by a I'-invariant measure on G of the form

dp (€, u) dndm
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for some I'-invariant Radon measure i on H, where dn and dm are Haar
measures on N and M respectively (cf. [LO23, Proposition 10.25]). Hence,
it suffices to classify I'-invariant Radon measures on H.

We first deduce Theorem Let I' < G be a Zariski dense transverse
subgroup. The N M-ergodicity and N-ergodicity of Burger—Roblin measures
(Equation (|1.2)) associated to divegence-type conformal measures on A(I")
were proved in [Kim24]. In other words, we have inclusions (1) C (2) and
(1) € (3) in the statement. Hence, it remains to show that those are all
ergoic measures.

The recurrence locus Rpr C I'\G in Equation ([1.4)) is characterized as
Rr=A{lg] e \G : gP € A.(I"}.

Hence, classifying N M-invariant ergodic Radon measures supported on Rrp
is equivalent to classifying I'-invariant ergodic Radon measures supported
on A.(I') x a C H. Together with the non-arithmeticity (Theorem [6.2),
it follows from Theorem [£.4] that any N M-invariant ergodic measure on
Rr is the Burger—Roblin meaure associated to a divergence-type conformal
measure of I on A(T"), up to a constant multiple. This shows the equality
(1) = (2) in the statement.

Combining the classification that all N M-invariant ergodic Radon mea-
sures on Rrp are Burger—Roblin measures and the N-ergodicity of Burger—
Roblin measures, it follows that all N-invariant ergodic Radon measures on
Rr are Burger-Roblin measures, as in [Winl5h, Corollary 6.5]. This finishes
the proof, showing (1) = (3) in the statement.

We now deduce Corollary Let I' < G be a Zariski dense relatively
Anosov subgroup. Note that for any (§,u) € H, either £ € A (), £ €
Ap(T), or & ¢ A(I'). In last two cases, the orbit I' - (§,u) is closed in H

by the characterization of relatively Anosov subgroups and Proposition [£.7]
Therefore, Corollary follows from Theorem

Finally, let I' < G be a Zariski dense Anosov subgroup. Then A(I') =
A.(T"), and hence &r = Ryp. Therefore, Theorem and Corollary are
special cases of Corollary [I.10] and Theorem [T.9] respectively.

APPENDIX A. SOME HYPERBOLIC GEOMETRY
We first prove Lemma [2.2]

Proof of Lemma[2.3. Consider the 7/2 — 0 — 0 triangle in H? with a vertex
O and two ideal vertices &, ¢ € OH?. Then d(0,£¢) = 2tanh™ (1 —1//2) ~
0.60346.

Let z € [x,y] be the earliest point such that d(m(z), 7, (2)) = 1. We will
then take p € [z, 2] such that d(m,(x),p) < 2.

Let P € [z,7my(2)] be the nearest point from . (z). By comparison with
the hyperbolic triangle, d(P, 7, (x)) < 0.604. Hence, we have

(A.1) d(p, 7 (y)) > 1 — 0.604 > 0.396.
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Now, since d(my(z),m(2)) > 1, the angle L7, (2)7y(x)P is less than 45
degrees. Now, let @ € [z,m,(z)] be the nearest point from z. Note that
Lymy(z)my(x) is 90 degrees and L, (z)m,(x)z is at most 45 degrees. Hence,
Lzmy(z)x is at least 45 degrees. This implies that d(m,(2),Q) is at most
0.604. This implies that P either comes earlier than ¢ on [z, m,(2)], or
comes no later than @ by 0.208.

Now note that AzQx is a right-angled triangle. The comparison principle
tells us that d(Q, [z, z]) < 0.604. If P comes earlier than @ along [z, 7 (2)],
then Lemma says d(P, [z, z]) < 0.604 as well. If P comes later than @
and hence d(P, Q) < 0.208, then we have d(P, [z, z]) < 0.604+0.208 = 0.812.
Either way, we have d(m,(z), [z, 2]) < 0.604 + 0.812 < 2.

For the same reason, we can take the latest 2’ € [z,y| satisfying that
d(my(2'),m(y)) = 1 and then take ¢ € [2/,y] such that d(m(y),q) < 2.
These p and ¢ work. O

We next sketch the proof of Lemma 2.8, When z € X, this is due to the
1-Lipschitzness of 7, (-). Hence, suppose that z € 0X. Since 2z, — z € 0X,
we have d([zp, 2m],y) — 00 as n,m — +o0.

Hence, it suffices to prove that:

Claim. for each z,w € X, if d(my(2), my(w)) = € > 0, then d([z, w], 7y(w)) <

2/1 _e—1
1+ e wherel—geﬂ.

To see this, let AABC be the comparison triangle in H? for Az, (2) 7, (w)

in X. Then LABC > ALzmy(z)my(w) = /2. This forces that LACB is
smaller than the angle ££C B, where ¢ is the boundary point made by the

—
ray BA. By hyperbolic geometry, we have that

12
LACB < £6ECB < tan™! %

We then have Lwm(w)z > m/2 — LACB > tan™! 122.

Let us draw a comparison triangle APQR in H? for Awry(w)z in X.

Then £PQR > tan~! 13112, and there exist p € PQ and ¢ € QR with

d(p,q) <1 and d(p,Q) < €*/'. This implies that d(my(w), [z,w]) <1+ e2/t,
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