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Abstract

We study random quotients of acylindrically hyperbolic groups and hierchically hy-
perbolic groups, whose (partial) hyperbolicity is captured by their actions on Gromov
hyperbolic spaces. We show that if an acylindrically hyperbolic group G acts on a
Gromov hyperbolic space X coarsely transitively with a WPD element, then the quo-
tient of X by the normal closure of a random element of G has linearly connected
boundary. If G is a group with a (relative) hierarchically hyperbolic group structure,
with a quasi-tree top domain X, then in fact the quotient of X by the normal closure
of a random element of G has boundary homeomorphic to the Nöbeling curve.

Our method relies on a careful study of the configuration of translates of typical
periodic geodesics in X.

1 Introduction

We consider few-relators random quotients of groups acting on hyperbolic spaces by isome-
tries. We are especially interested in the action G ñ X of a hierarchically hyperbolic
group (HHG) on the maximal domain of the corresponding hierarchically hyperbolic space
(HHS) structure, such as a mapping class group acting on its curve graph, or a right-
angled Artin group (RAAG) acting on its coned-off contact graph. Our model of random
quotients of HHGs is largely equivalent to the model defined by Abbott-Berlyne-Mangioni-
Ng-Rasmussen, for which the authors obtained the result that random quotients of HHGs
are hierarchically hyperbolic [Abb+26].

Specifically, let G ñ X be a cobounded, non-elementary, WPD, and action path-
connected (see Definition 2.27) group action by isometries on a Gromov hyperbolic space;
WPD and action-path-connectedness are immediate in the HHG setting. Given admissible

random walks pw
p1q
n , ..., w

pkq
n qną0 on G, we draw the n-step elements, define

N :“ xxwp1q
n , ..., wpkq

n yy,
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and consider the induced action G{N ñ X{N . By the aforementioned work, X{N is
Gromov hyperbolic, so we may consider the geometry of its boundary equipped with the
visual metric.

We prove the following results. All asymptotic probabilities are taken with respect to
the limit n Ñ 8. Recall that a space is linearly connected if points may be joined by paths
with diameters coarsely bounded above by the distances between those points.

Theorem 1.1. Let G{N ñ X{N be as above. Then a.a.s. BpX{Nq with its intrinsic
visual metric is linearly connected.

While many known examples of HHGs have quasi-tree maximal domains (e.g. cubical
HHGs such as RAAGs) [BHS17], the canonical maximal domains for mapping class groups
– the curve graphs – are un-tree-like in the sense of possessing highly connected bound-
aries [Gab09]. We find this dichotomy striking, especially in light of the role of mapping
class groups as prototypical HHGs. For general acylindrically hyperbolic groups (a class
including all HHGs), the foundational work of Bestvina-Bromberg-Fujiwara on projection
complexes gives a general recipe for constructing cobounded WPD actions on quasi-trees
for any such group [BBF15]. In contrast, to the best of the authors’ knowledge, we lack
a general recipe to construct cobounded WPD actions on hyperbolic spaces that are not
quasi-trees.

Theorem 1.1 shows that acylindrically hyperbolic groups acting on hyperbolic spaces
that are not quasi-trees are highly abundant. In fact, such actions may be obtained by
applying a quotient to any action of an HHG on its maximal domain, so long as the quotient
is sufficiently ‘generic’ or ‘random’. As a consequence, we obtain a recipe for constructing
many HHGs with maximal domains that are not quasi-trees.

In some cases, we can pin down the topology of the quotient boundary more precisely.
We first obtain a general result controlling the dimension of the boundary.

Theorem 1.2. Let G{N ñ X{N be as above. Then a.a.s.

1 ď dimpBpX{Nqq ď dimpBXq ` 1.

Note that the lower bound follows immediately from Theorem 1.1.
For our next result, note that the dense unbounded domains property required below

(see Definition 9.6) is expected to hold for most relatively hierarchically hyperbolic groups
(RHHGs). In particular, it holds for mapping class groups, for any right-angled Artin
group with a defining graph that is connected and not a join, and many right-angled
Coxeter groups. (Although note that Theorem 1.3 does not itself apply to mapping class
groups due to the quasi-tree assumption.)

Theorem 1.3. Let G{N and X{N be as above. Additionally, assume that G ñ X is
the action of a relatively hierarchically hyperbolic group on its maximal domain, that the
RHHG structure for G satisfies the dense unbounded domains property, and that X is a
quasi-tree. Then a.a.s. BpX{Nq is homeomorphic to the Nöbeling curve.
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Recall that the Nöbeling curve is a topological space of dimension 1 that may be con-
structed by deleting from R3 all points with at least two rational coordinates. To give a
sense for this space, note that despite having topological dimension 1, it remains connected
after deleting any countable subset.

We believe Theorem 1.3 is particularly interesting in light of analogous results on curve
graph boundaries, discussed below.

1.1 Applications

We identify two classes of (relatively) hierarchically hyperbolic groups satisfying the hy-
potheses of Theorem 1.3.

1. Graphs of groups with edges representing commutation, as defined in [BR22], satisfy-
ing certain simple conditions. This class includes all right-angled Artin groups G such
that the defining graph of G is connected and is not a join, and many right-angled
Coxeter groups.

2. Fundamental groups of non-geometric 3-dimensional graph manifolds, using the hi-
erarchical hyperbolicity structure developed in [Hag+25].

Two examples are illustrated in Figure 1. In both examples, we assign a group to each
vertex, take a free product of these groups, and then declare the relations that generators
of groups corresponding to adjacent vertices commute. For the left pentagon graph, we
assign Z to each vertex; this is a right-angled Artin group. For the right graph, we arrange
five pentagon graphs in a super-pentagon, and add edges between all pairs of vertices in
adjacent pentagons. We then assign the group Z{2Z to each vertex; this is a right-angled
Coxeter group.

1.2 Background

Many groups in geometric group theory exhibit hyperbolic behavior through actions on
metric spaces; hierarchical hyperbolicity is a way of axiomitizing a specific strong form of
hyperbolicity observed across many important groups [BHS17; BHS19], while acylindrical
hyperbolicity likewise axiomitizes a somewhat weaker form observed in groups such as
OutpFnq [Osi16]. The prototypical example of hierarchical hyperbolicity is the Masur-
Minsky machine for mapping class groups, in which mapping classes may be described
via coordinates on Gromov hyperbolic spaces, the curve graphs, obtained from subsurfaces
[MM99; MM00]. Curve graphs have proved to be extremely useful tools in their own right
[MM99; Min06; Raf07; BM08; Beh+12; BCM12; BBF15]. The HHG machinery has since
seen application to many other notable groups, including extra-large Artin groups [HMS22]
and (very recently) the fundamental group of the moduli space of smooth complex cubic
surfaces [AW26].
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Figure 1: Two defining graphs that provide examples of groups satisfying the hypotheses of
Theorem 1.3. The left graph is taken as the defining graph of a right-angled Artin group.
The right graph is constructed by taking five pentagon graphs, placing these graphs in a
pentagonal configuration, and adding edges between all pairs of vertices in adjacent graphs.
This graph is taken as the defining graph of a right-angled Coxeter group.

The Gromov boundary and its generalizations are central tools in the study of Gromov
hyperbolic spaces, and are key to applications such as rigidity [CT07; BM91; Bow98; KK11;
Kle07; CH17; DMS25]. The boundary of a curve graph is the corresponding space of ending
laminations [Kla22]; boundary path connectivity of curve graphs was proven for special
cases by Leininger-Schleimer and Leininger-Mj-Schleimer [LS09; LMS11], and in full gener-
ality by Gabai [Gab09]. Gabai further proved that curve graphs of punctured spheres have
Nöbeling space boundaries [Gab09], generalizing prior work of Hensel-Przytycki [HP11].
In turn, Wright showed that all curve graphs have linearly connected boundaries [Wri24].

Gromov proposed random groups (specifically, random quotients of free groups) as
models for the expected properties of ‘typical’ hyperbolic groups [Gro93]. Our results
may be viewed as extensions of previous results on random hyperbolic groups to the HHG
setting; Champetier showed few-relator random quotients of free groups have boundaries
homeomorphic to the Menger curve [Cha95], while Dahmani-Guirardel-Przytycki showed
the same for random quotients of free groups in the density model [DGP11]. We also note
recent work of Ioannou on hyperbolic groups with Menger curve boundaries [Ioa26]. One
may likewise study the statistical properties of random elements of groups; in our setting
of acylindrically hyperbolic group actions G ñ X, we rely substantially on deep results on
random walks due to Maher–Tiozzo [MT18; MT21].
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1.3 Methods

Our methods have their earliest antecedents in the work of Champetier [Cha95], who
studied random quotients of free groups and showed that these quotients have boundaries
homeomorphic to the Menger curve (also called the Menger sponge). In order to adapt
this approach to general acylindrically hyperbolic groups and hierarchically hyperbolic
groups, one has to understand the structure of the normal closures of WPD elements.
This structure was first systematically understood by Dahmani-Guirardel-Osin [DGO16],
and further developed by Clay–Mangahas–Margalit [CMM21] and Clay–Mangahas [CM22].
These works introduce and develop the rotating/spinning families machinery, and while
this machinery does not appear directly in our work, the core ideas underlie many of
our arguments. Another important input is the projection complex machinery due to
Bestvina–Bromberg–Fujiwara [BBF15], which was further refined by Bestvina–Bromberg–
Fujiwara–Sisto [Bes+19].

To illustrate our methods for Theorem 1.1, we sketch the case of the free group. Let
2 ď k ď n, let G “ xa1, a2, . . . , any be a free group of rank n, and let X be its standard
Cayley graph.

Let us now consider a probability measure µ, the support of which is ta˘
1 , . . . , a

˘
n u. Then

the random walk generated by µ is admissible with bounded steps on X. By the work of
Maher-Tiozzo, there exists λ ą 0 such that the following property holds for asymptotic
probability 1: the element w obtained at step n of the random walk satisfies

0.9999λn ă dXpe, wq ă 1.0001λn, pw´1 ¨ wqe ď logn.

Moreover, re, ws and gre, ws will overlap for length ă 0.0001n for each g P Gzteu.
Now consider the quotient X{xxwyy. What is the geometry of this space? It is no longer

a tree, as each left coset of xwy gives rise to loops of length « n. However, X{xxwyy retains
Gromov hyperbolicity almost surely [Gro93]; this result in the general non-proper setting
is studied in [Abb+26].

We now describe our proof of linear connectivity. The basic idea, as in [Cha95] and also
[Wri24], is that given a path lying in the n-sphere Sn centered at some basepoint x0, we
may ‘push it out’ to a finite-length path lying in Sn`1YSn`2Y ...YSn`K . Furthermore, we
may do this pushing in a well-controlled way. Specifically, given a path γn “ pv0, . . . , vkq

on the n-sphere Sn, for each 0 ď i ď k there exists a “prong outward” at vi. Namely, there
exists a vertex wi at distance from vi such that the directed paths ÝÝÑviwi’s are all directed
away from the center x0 and are repelling each other; in numeric terms, both pwi ¨x0qvi and
pwi ¨ wi`1qvi are at most, say, 4. As w is a generic word, it contains all w´1

i pv´1
i vi`1qwi`1

(of length ď 21) as subwords. Hence, in X{xxwyy, we have loops attached at each of
tv0, . . . , vnu, where adjacent loops overlap for length 10. We assign the label ui to the
point at the apex of the ith loop, and join v0 and vk through a path γn`1 that ‘skips’ along
the loops, passing through each ui. This path is illustrated in Figure 2. As the prongs
are directed away from x0, this path lies in Sn`1 Y Sn`2 Y ... Y Sn`K . We note that the
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overlapping construction of the loops is essential to keep the path from re-entering Sn; as a
particular consequence, the Gromov products between consecutive w1, . . . , wm are strictly
larger than the products between consecutive v1, . . . , vk.

We think of γn`1 as a refined version of γn, and by inductively pushing paths γn deeper
and deeper, we can draw limiting paths on BX{xxwyy connecting arbitrary boundary points.
While the pushing out procedure increases the length of the path at each step, we retain
sufficient geometric control that the visual-metric diameter of the resultant boundary path
is linearly bounded.

Our other results follow from further analysis of this basic scheme.

Figure 2: The heuristic idea for the inductive pushing out procedure. The pink curve
represents the pushed-out path, which skips over the attached loops.
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2 Preliminaries

2.1 Notation

Throughout the text, we will use the notation A “C B for real numbers A,B,C with C ě 0
to denote |A ´ B| ď C.

2.2 Hyperbolic Spaces and Projections

We review some hyperbolic geometry and introduce the key hypotheses we will need.
All metric spaces we will consider in this paper are geodesic metric spaces, and in fact
are simplicial graphs. As a consequence, the distance function is integer-valued. This
assumption gives essentially no loss of generality, as whenever a group G acts on a metric
space X by isometries, X is G-equivariantly quasi-isometric to a simplicial graph XS , such
that G also acts on XS by isometries. We will further assume that G is finitely generated,
so that G may be equipped with a word metric.

Given two points x, y P X, we will use the notation rx, ysX to represent a geodesic
from x to y. Recall that a geodesic metric space X is δ-hyperbolic (or Gromov hyperbolic
if for all geodesic triangles with sides rx, ysX , ry, zsX , and rz, xsX , each side is contained
in the δ-neighborhood of the union of the other two sides. It is often useful to consider
quasi-geodesics instead of geodesics.

Throughout this section, we will assume a fixed δ-hyperbolic simplicial graph X.

Definition 2.1. A pλ, cq-quasi-geodesic is a map γ from a (possibly unbounded) subinterval
I of Z, such that for s, t P I,

1

λ
dZps, tq ´ c ď dXpγpsq, γptqq ď λdZps, tq ` c

A c-coarse geodesic is a p1, cq-quasi-geodesic.
A c-coarse geodesic at speed L is map γ from a subinterval I Ď Z to X such that for

s, t P I,
LdNps, tq ´ c ď dXpγpsq, γptqq ď LdNps, tq ` c
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Remark 2.2. We will often use γ to refer interchangeably to a quasi-geodesic map and its
image.

Definition 2.3. A subset A Ď X is K-quasi-convex if for all x, y P A and all rx, ysX ,
rx, ysX Ď NKpAq.

We need a few standard lemmas and definitions.

Lemma 2.4 (Morse Lemma). For all λ ě 0 and c ě 0, there is a constant Φ ě 0 dependent
only on δ, λ, and c satisfying the following property: for any two pλ, cq-quasigeodesics γ1
and γ2 with the same endpoints in X, the Hausdorff distance between γ1 and γ2 is at most
Φ.

Definition 2.5 (Closest Point Projections). Assume A Ď X is K-quasi-convex for some
K. Given x P X, we define

πApxq “ ty P A : dpx,Aq “ dpx, yqu.

For B Ď X, we define πApBq “
Ť

xPB πApxq. Lastly, for A,B Ď X, we define

dApB,Cq “ diampπApBq Y πApBqq

Remark 2.6. Note that there are two quite different forms of projection that will be denoted
with π: we will use πA to denote closest-point projection in X to a quasi-convex subset of
X, as well as πX{N to denote the quotient projection from X to X{N .

Lemma 2.7. Assume A Ď X is K-quasi-convex. Then there is a constant D dependent
only on δ and K so that for any x P X, diampπApxqq ď D.

For the next lemma, the reader should note that the name ‘Bounded Geodesic Im-
age’ is also frequently applied to a conceptually related but somewhat different axiom for
hierarchically hyperbolic spaces.

Lemma 2.8 (Bounded Geodesic Image). Let A Ď X be K-quasi-convex, and fix λ, c ě 0.
Then there exists B,B1 ą 0 dependent only on δ, K, λ, and c so that if γ is a pλ, cq-quasi-
geodesic disjoint from NB1pAq, then diampπApγqq ď B.

Lemma 2.9 (Large Projection Fellow-Traveling). Let A Ď X be K-quasi-convex. Then
there exists Ω dependent only on δ and K so that for any points x, y P X and any x1 P πApxq,
y1 P πApyq, if dApx1, y1q ě Ω, then any concatenation rx, x1sX Y rx1, y1sX Y ry1, ysX is a
p1,Ωq-quasi-geodesic.

In particular, rx, x1sX Y rx1, y1sX Y ry1, ysX and any rx, ysX must fellow-travel.
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2.3 Gromov Products and the Boundary

Definition 2.10. Given x, y, z P X, the Gromov product px ¨ yqz is defined as

px ¨ yqz “
dXpx, zq ` dXpy, zq ´ dXpx, yq

2
.

Note that this definition makes sense in any metric space, although it is typically most
useful in Gromov hyperbolic spaces.

The following observations are elementary.

Lemma 2.11. Let x, y, z, w be points in X. Then the following properties hold:

1. We have
dpz, rx, ysq ´ 2δ ď px ¨ yqz ď dpz, rx, ysq.

2. We have
px ¨ yqz ` pz ¨ yqx “ dXpx, yq

3. (Triangle inequality for Gromov products.) We have

px ¨ yqz ě minppx ¨ wqz, pw ¨ yqzq ´ 10δ

Definition 2.12. Let px0, x1, ..., xnq be a sequence of points in X. We say these points
are C-aligned for some constant C ą 0 if for all 1 ď i ď n ´ 1,

pxi´1 ¨ xi`1qxi ă C

Lemma 2.13 ([Gou22a, Lemma 3.7]). Let px0, . . . , xnq be a sequence of C-aligned points
in X such that

dXpxi, xi`1q ě 2C ` 2δ ` 1 pi “ 1, . . . , n ´ 2q.

Then any subsequence pxi1 , . . . , ximq of px0, . . . , xnq is pC ` δq-aligned. In particular, every
geodesic rx0, xnsX passes through the pC ` 3δq-neighborhood of xi for each i “ 1, . . . , n´ 1.

We now turn to the Gromov boundary. Note that this definition does not in fact depend
on the choice of basepoint.

Definition 2.14. Fixing a basepoint x0 P X, the Gromov boundary BX of X is the set of
all sequences of points pxiq such that lim infi,jpxi ¨xjqx0 “ 8, up to the equivalence relation
that pxiq „ pyiq if limiÑ8pxi ¨ yiqx0 “ 8.

The Gromov boundary carries a natural topology defined via neighborhood bases of
points. Specifically, for all ξ P BX and r ě 0, define Upξ, rq to be the set of all χ P BX such
that there exist sequences pxiq, pyiq with pxiq in the equivalence class defining ξ, pyiq in the
equivalence class defining χ, and lim infi,jÑ8pxi ¨ yjqx0 ě r. The collection of all Upξ, rq

forms a neighborhood system at ξ.
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Remark 2.15. Note that the sets Upξ, rq are not open in general under the neighborhood
basis topology.

Lemma 2.16. If X is proper, then for any ξ P BX, there exists a ray γ : Ně0 Ñ X
such that pγpiqq lies in the equivalence class of ξ. For general X, there exists a p1, 10δq-
quasigeodesic ray γ with this property.

The boundary BX is in fact metrizable via a visual metric.

Definition 2.17. For ξ, χ P BX and x0 P X, we define

pξ ¨ χqx0 “ inf
pxiqPrξs

pyiqPrχs

lim inf
i,jÑ8

pxi ¨ yjqx0 (1)

Lemma 2.18. For ξ, χ P BX and any sequences pxiq P rξs and pyiq P rχs, we have

lim inf
i,jÑ8

pxi ¨ yjqx0 “100δ pξ ¨ χqx0 .

Theorem 2.19. There exists a metric dv on BX such that there are constants a ą 0 and
C ě 1 depending only on δ so that for all ξ, χ P BX,

1

C
a´pξ¨χqx0 ď dvpξ, χq ď Ca´pξ¨χqx0 .

The visual metric topology agrees with the topology on BX presented earlier.

2.4 Group Actions

We briefly go over the needed assumptions on the action G ñ X. Recall that X is a
simplicial graph and is δ-hyperbolic, and that G acts on X by isometries. We take a fixed
basepoint x0 P X, although the definitions given are in fact basepoint-independent.

Definition 2.20. An element a P G is loxodromic if puix0qiPZ is a pλ, cq-quasi-geodesic for
some λ ě 1 and c ě 0. Two loxodromics a, b P G are independent if there exists some
D ą 0 so that for all i, j P Z,

puix0 ¨ vjx0qx0 ă D

We now define acylindrical andWPD (weak proper discontinuity) actions; the definition
of acylindricity is due to Osin [Osi16], while the definition of a WPD action is due to
Bestvina-Fujiwara [BF02]. The WPD condition is strictly weaker than acylindricity. We
will only assume that the actions we study are WPD, but we include the definition of
acylindricity as a useful point of comparison.

10



Definition 2.21. Assume that G acts by isometries on a metric space X. The action
G ñ X is acylindrical if for all K ě 0, there are constants RpKq and NpKq such that for
all x, y P X with dpx, yq ě RpKq, the coarse stabilizer

StabKpx, yq :“ tg P G : dXpx, gxq ď K and dpy, gyq ď Ku.

has cardinality at most NpKq.
A specific element φ P G is WPD if for any x P X and any K ě 0, there exists N0 ą 0

such that for N ě N0, StabKpx, φNxq is finite.
The action G ñ X is WPD if G has at least one WPD element.

2.5 Probability Measures, Random Walks, and Axes

We will consider a finite set of probability distributions µ1, ..., µk on G.

Definition 2.22. Given a probability distribution µ on G, pµ,Gq is permissible if µ has
finite support that generates G, the action of G is non-elementary, and the maximal finite
normal subgroup of G is trivial. We will usually refer to just a permissible µ on G, with
the requirements on G being implied.

Definition 2.23. Given a permissible probability measure µ on G, let us consider the µ-
i.i.d. pgiqią0 P GZą0 . The random walk pwnqně0 generated by µ is the sequence of random
variables defined by

wn :“ g1g2 ¨ ¨ ¨ gn.

It is straightforward to check that, for every loxodromic element g P G, the translation
length

Lpg, xq :“ lim
nÑ`8

dpx, gnxq

n

is well-defined, is independent of the choice x P X, and is strictly positive. Moreover, when
Lpgq ě 100δ, the set

␣

x P X : dpx, gxq ď Lpgq ` 4δ
(

is nonempty.

Definition 2.24. Let g P G be a loxodromic element with translation length greater than
100δ. Picking a point x such that dpx, gxq ď Lpgq ` 4δ, we define the axis Axpgq as the
concatenation

8
ď

i“´8

rgix, gi`1xsX

Definition 2.25. Fix D ą 0 and M ą 0, and let G ñ X be as above. Also fix a parameter
n. Given w1, ..., wk P G satisfying dGpe, wiq ď n, we say that pw1, ..., wkq P ED,M pXq, or
pw1, ..., wkq P ED,M if the space X is clear from context, if there exist respective conjugates
v1, ..., vk of w1, ..., wk satisfying the following properties. In words, we say pw1, ..., wkq are
admissible.
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1. For each i, pvki x0qkPZ is a p1, δq-coarse geodesic at speed at least D. In particular,
the vi are loxodromics on X, and each Axpviq is a 8δ-convex p1, 4δq-quasi-geodesic.

2. For each vii and for each u P G with dGpe, uq ď M , there exists an element g P G such
that px0, gx0, gux0, vix0q is 10δ-aligned, and such that dGpe, gq and dGpe, u´1g´1viq
are bounded above by 2n.

3. (Non-overlapping axes.) For any i ‰ j, there is no g P G such that a D{M -long
subsgement of rx0, vix0s and a D{M -long subsegment of rx0, vjx0s are 50δ-fellow
travelling.

For any i, there is no g P Gztidu such that a D{M -long subsegment of rx0, vix0s and
a D{M -long subsegment of grx0, vix0s are 50δ-fellow traveling.

4. For any vi, the stabilizer of Axpviq is xviy ˆ EpGq, where EpGq is the maximal finite
normal subgroup of G.

Theorem 2.26. Let G,X, µ1, . . . , µk be as in the setup, and let pw
p1q
n qną0, . . . , pw

pkq
n qną0 be

independent random walks generated by µ1, . . . , µk, respectively. Then there exists ∆ ą 0
such that for the chosen n and for each M ą 0,

lim
nÑ8

P
`

pwp1q
n , . . . , wpkq

n q P E∆n,M

˘

“ 1.

Proof. Among the three items that should be established, the first and the second
items are due to Maher and Tiozzo [MT18, Lemma 5.9, Proposition 5.4]. We note that
the claim for Axpviq follows from the coarse geodesic claim by [Cou16], Corollary 2.7 and
Lemma 3.2. We note that these items do not require the WPD property of the action, and
only requires that the action is non-elementary.

Item 3 follows from combining Proposition 9.12-9.14 of [MT21]. See also Proposition
5.13 of [Abb+26]. Lastly, Item 4 is a direct consequence of Item 3, and it is also recorded
in Proposition 5.1 of [MS19].

2.6 Action Path-Connectedness

Lastly, we will need the following assumption. While this assumption follows from the
Hierarchy Paths Theorem for hierarchically hyperbolic groups, we state it independently
of the full HHG machinery.

Definition 2.27. Let G be a group acting on a geodesic metric space X by isometries, and
fix a basepoint x0. We say that the action is action path-connected with constants E and
W if for every pair of points x, y P X, there exists a sequence of group elements a0, a1, ..., ak
such that a0x0 “ x, akx0 “ y, such that dGpai´1, aiq ď W for all 1 ď i ď k, and so that
the path ta0x0, a1x0, ..., akx0u is a pE,Eq-quasi-geodesic under some reparameterization.
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To obtain examples of actions with this property, we apply the following theorem.

Theorem 2.28 (Thm. 6.11, [BHS19]). Let X be a hierarchically hyperbolic space. There
exists a λ ě 1 so that for any x, y P X , there exists a pλ, λq-quasi-geodesic γ joining x and
y in X so that for any coordinate space X of the hierarchically hyperbolic space structure
for X , the projection πX ˝ γ is a unparameterized pλ, λq-quasi-geodesic in X.

Lemma 2.29. Let G be a hierarchically hyperbolic group, and let X be the top-level space of
a hierarchically hyperbolic space structure realizing G as a hierarchically hyperbolic group.
Assume that the action of G on X is transitive. Then the action G ñ X is action path-
connected for some E.

Proof. For G to be a hierarchically hyperbolic group, the hierarchically hyperbolic
space for which X is the top-level space is the Cayley graph X of G with respect to some
finite generating set. Furthermore, we may assume without loss of generality that there is
a projection map πX : X Ñ X sending each a P X to ax0.

Applying Theorem 2.28, there is a constant E so that for any x, y P X, we may find
a0, ak P X such that a0x0 “ x and akx0 “ y, and a sequence a0, a1, ..., ak forming an pE,Eq-
quasi-geodesic in X so that its projection x “ a0x0, a1x0, ..., akx0 “ y is a unparameterized
pE,Eq-quasi-geodesic. As a0, a1, ..., ak form an E-quasi-geodesic in X , we conclude by the
definition of distances in X that dGpai´1, aiq ď W for some W dependent only on E. ˝

3 Hypotheses

In this brief section, we establish our standing hypotheses.

Hypothesis 3.1. Let G be a finitely generated group acting by isometries on a simplicial
graph X with basepoint x0, and let w1, . . . , wk P G. We assume the following for some
fixed constants E and M ą 1020:

1. The space X is Gromov hyperbolic with hyperbolicity constant δ ą 1000.

2. The action G ñ X is vertex-transitive, WPD, and non-elementary.

3. The action G ñ X is action path-connected with constant E.

4. The maximal finite normal subgroup of G is trivial.

5. We have
pw1, ..., wkq P E1020M,M

as in Definition 2.25.
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Given these hypotheses, we set L “ maxi Lpwiq and M :“ 50mini Lpwiq{M . We also
let v1, ..., vk be the respective conjugates of w1, ..., wk obtained from Definition 2.25, and set
the notation

A :“
␣

hAxpvq : h P G, v P tv1, . . . , vku
(

.

Note that by Theorem 2.26, there exists a constant M for which the last condition of
Hypothesis 3.1 holds with probability approaching 1 as n goes to 8.

Remark 3.2. We note that several of these hypotheses are more or less free. Specifically,
given the other properties and that the action G ñ X is cobounded, we may assume
without loss of generality that G ñ X is vertex-transitive, that X is a simplicial graph with
the simplicial metric, and that the maximal finite normal subgroup of G is trivial, perhaps
after adjusting constants. Crucially, these modifications do not affect the conclusions of our
theorems. The first two reductions are standard, while the third is explained in Appendix
A of [Abb+26].

4 Tight conjugates and minimal representatives

Let w1, . . . , wk P G be elements satisfying Hypothesis 3.1. We will denote

Li “ Lpwiq :“ lim
n

1

n
dpx0, w

n
i x0q.

Recall the definition
M :“ min

i
Lpwiq{M

In the following, we will consider the normal closure of wi’s; in this discussion, we may
replace each wi with any of its conjugates. Hence, without loss of generality, we will assume
that the pwn

i x0qnPZ are 10δ-aligned. What we want is the following.

Lemma 4.1. Let h be a nontrivial element of N :“ xxw1, . . . , wkyy. Then there exist
g P G, i P t1, . . . , ku and a conjugate v of wi such that px0, gx0, gvx0, hx0q is M-aligned.
In particular, for every x1, x2 P X with hx1 “ x2 for h P Nzteu, there exists an axis γ P A
such that dγpx1, x2q ě Lpvq ´ 3M.

This lemma follows from Lemma 2.1(1) of Clay-Mangahas, but we prove it directly for
completeness. Before the proof, let us introduce some terminology.

For w P tw˘1
1 , . . . , w˘1

k u, a conjugate n “ gwg´1 of w is called tight if dhAxpvqpx0, nx0q ă

0.6Lpvq for all v P tw1, . . . , wku and h P G, except when hAxpvq “ gAxpwq.

Lemma 4.2. Every conjugate n of w P tw1, . . . , wku is a finite product of tight conjugates.

Proof. We will prove the lemma by induction on } ¨ }X , where }g}X :“ dXpx0, gx0q. Let n
be a conjugate of an element of tw1, . . . , wku, and let n “ gwg´1 be an effective product
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decomposition as defined above. Let h P G, v P tw˘1
1 , . . . , w˘1

k u be an arbitrary pair such
that dhAxpvqpx0, nx0q ą 0.6Lpvq. We can further assume that πhAxpvqpx0q appears earlier
than πhAxpvqpnx0q along hAxpvq; we can invert the sign of v if not. If hAxpvq “ gAxpwq

for all such pairs ph, vq, then n is tight. So let us assume hAxpvq ‰ gAxpwq. Let

D1 “ dX
`

x0, hAxpvq
˘

, D2 “ dX
`

hAxpvq, nx0
˘

.

The projection of rx0, nx0s onto hAxpvq has diameter at least 0.6Lpvq, so we can apply
Lemma 2.9 and Lemma 2.4. We obtain a subsegment γ of rx0, nx0s that lies in the 10δ-
neighborhood of hAxpvq such that dpx0, γq “10δ D1 and dpnx0, γq “10δ D2. Note that
either D1 ď D2 or D1 ě D2 holds. Let us focus on the former case, as the latter can be
handled in a symmetric way.

Again by applying Lemma 2.9 and Lemma 2.4, we obtain a subsegment γ1 of rx0, nx0s

lying in the 10δ-neighborhood of gAxpwq. As v, w P E1020M,M and hAxpvq ‰ gAxpwq, we
know that γ and γ1 cannot overlap for length ą M. This fact plus D1 ď D2 implies that

D1 ă30δ
1

2

`

}n}X ´ Lpwq
˘

´ Lpvq ` M.

In this case, the vast majority of γ precedes γ1 along rx0, nx0s, and so we have

diampγ X N50δprx0, πgAxpwqpx0qsqq ě100δ lpγq ´ M ě 0.59Lpvq.

In particular, dhAxpvqpx0, πgAxpwqpx0qq ě 0.58Lpvq. As n stabilizes gAxpwq, this also implies
that

dnhAxpvqpnx0, πgAxpwqpnx0qq “ dhAxpvqpx0, πgAxpwqpx0qq ě 0.58Lpvq.

Now, let us consider the decomposition

n “ gwg´1 “ phvh´1q ¨ phv´1h´1gwg´1hvh´1q ¨ phv´1h´1q.

This decomposition is depicted in Figure 3. First, we have

}hvh´1} ď 2D1 ` Lpvq ă }n}X .

Second, we have

}hv´1h´1nhvh´1}X ď100δ dXphv´1h´1x0, hAxpvqq ` dhAxpvqphv
´1h´1x0, πgAxpwqpx0qq

` dXpπgAxpwqpx0q, πgAxpwqpnx0qq ` dnhAxpvqpπgAxpwqpnx0q, nhv´1h´1x0q

` dXpnhAxpvq, nhv´1h´1x0q

ď dXpx0, hAxpvqq ` |dhAxpvqpx0, πgAxpwqpx0qq ´ Lpvq| ` dXpπgAxpwqpx0q, πgAxpwqpnx0qq

` |dnhAxpvqpπgAxpwqpnx0q, nx0q ´ Lpvq| ` dXpnhAxpvq, nx0q

ď100δ dpx0, nx0q ´ 0.16Lpvq.

So the three conjugates are of smaller } ¨ }X -norm than n. Induction finishes the proof.
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Figure 3: The inductive tight conjugate decomposition used in the proof of Lemma 4.2.
Explicitly, n “ gwg´1 is decomposed as phvh´1q ¨ phv´1h´1gwg´1hvh´1q ¨ phv´1h´1q.
Due to the projection distance assumption of dhAxpvqpx0, πgAxpwqpx0qq ě 0.58Lpvq,
the three geodesics rx0, phvh´1qx0s, rphvh´1qx0, phvh´1qphv´1h´1gwg´1hvh´1qx0s, and
rphvh´1qphv´1h´1gwg´1hvh´1qx0, nx0s each have shorter length than rx0, nx0s.
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Lemma 4.3. Let n P N and let m be the minimum number of tight conjugates needed to
express n as a product of tight conjugates. Then there exist m tight conjugates

h1u1h
´1
1 , . . . , hmumh´1

m pui P tw˘
1 , . . . , w

˘
k u, hi P Gq

whose product equals n, and a nonempty sequence 1 “ lp1q ă . . . ă lpT q such that for

nj :“ ph1u1h
´1
1 q ¨ ¨ ¨ phjujh

´1
j q pj “ 1, . . . ,mq,

γi :“ nlpiq´1hlpiqAxpulpiqq pi “ 1, . . . , T q,

the following holds.

1. For points
pi “ πγipnlpiq´1x0q, qi “ πγipnlpiqx0q pi “ 1, . . . , T q,

we have that qi is 0.5M-close to rnlpi`1q´1x0, pi`1s for each i “ 1, . . . , T ´ 1.

2. We have dXppi, qiq ě Lpulpiqq, pqi´1 ¨ qiqpi ă 10δ for i “ 1, . . . , T (with q0 :“ x0) and
ppi ¨ pi`1qqi ď 0.7Lpulpiqq for i “ 1, . . . , T ´ 1. Moreover, ppT ¨ nx0qqT ă M.

Proof. Let us now prove the lemma by induction. For m “ 1 we can take the sequence
t1 “ lp1qu. Now, suppose that a product n of m tight conjugates satisfies the condition,
with conjugates

h1u1h
´1
1 , . . . , hmumh´1

m

and an auxiliary sequence 1 “ lp1q ă . . . ă lpT q as in the lemma statement. Now let us
consider n1 “ huh´1 ¨ n for some tight conjugate huh´1. Let p0 :“ πhAxpuqphu

´1h´1x0q

and q0 :“ πhAxpuqpx0q.
Case I. Some part of rq0, p0s and rpi, qis are 30δ-fellow traveling for length ą 0.1M

for some i. Then by the no-overlap condition of Definition 2.25, we have hAxpu´1q “

nlpiq´1hlpiqAxpulpiqq, with the same orientation. Moreover, we have

hu´1h´1 “ nlpiq´1hlpiq ¨ ulpiq ¨ pnlpiq´1hlpiqq
´1.

This forces that
n1 “ nlpiq´1 ¨ phlpiq`1ulpiq`1h

´1
lpiq`1q ¨ ¨ ¨ phmumh´1

m q,

and n1 becomes a product of at most m´ 1 tight conjugates. Such an element satisfies the
conclusion of the lemma by induction.

Case II. The part of rq0, p0s that is 20δ-fellow traveling with a subsegment of rx0, nx0s

has length ă 0.8M. This forces that πrq0,p0spnx0q and πrq0,p0spx0q Ď N10δpq0q must have
distance at most 0.9M, and we get pp0 ¨ nx0qq0 ă M. Then n1 satisfies the conclusion of
the lemma with tl1p1q, l1p2q, . . .u “ t1u.

Case III. A part of rq0, p0s is 20δ-fellow traveling with a subsegmemt of rqT , x0s. Then
one can see that rx0, q0s contains a subsegment that is 30δ-fellow traveling with rpT , qT s,
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of length ą Lputq ´ 2.9M. Namely, we have an axis γT that is closer to x0 than hAxpuq is,
whereas dγT px0, huh

´1x0q ą 0.6LpuT q. This contradicts the fact that huh´1 was a tight
conjugate.

Case IV. We are not in Case I, but some part of rq0, p0s is 20δ-fellow traveling with a
subsegmemt of rπrpi,qisppi`1q, pi`1s for some i, for length ą 0.6M.

In this case, we claim that pp0 ¨ pi`1qq0 ă 0.7Lpuq. This will conclude that n1 has the
desired decomposition with indices 0 ă lpiq ă . . . ă lpT q.

To see this, remember that px0 ¨ qiqpi ă 20δ and ppi ¨pi`1qqi ď 0.7Lpulpiqq. In particular,
there are points P,Q P rx0, pi`1s with P coming before Q such that P P N30δppiq, Q P

N20δpπrpi,qisppi`1qq and such that dpP,Qq ą 0.2Lpuiq.
Now, let rq1, p1s Ď rq0, p0s be the maximal subsegment that is 20δ-fellow traveling

with a subsegment of rπrpi,qisppi`1q, pi`1s Ď N50δprnlpi`1q´1x0, nlpi`1qx0sq. Then we have

dpq1, p1q ă 0.6Lpuq by the tightness of hlpiqulpiqh
´1
lpiq. Also, note that rq0, q

1s (however short it

is) will be 50δ-fellow traveling with part of rpi, πrpi,qisppi`1qs. Such fellow traveling should
be shorter than 0.1M as Case I is excluded. In short, we have dpq0, p

1q ă 0.65Lpuq. It
follows that pp0 ¨ pi`1qq0 ă 0.7Lpuq as desired. Also, note that dpq0, rnlpi`1q´1x0, pi`1sq ă

dpq0, q
1q ` 50δ ă 0.5M.

Proof of Lemma 4.1. Given n P N with the decomposition described in Lemma 4.3,
one has that px0, pT , qT , nx0q is an M-aligned sequence with pT , qT P nlpT q´1hlpT qAxpuT q

and dppT , qT q “ LpuT q. ˝

As projections between axes have M-bounded diameters by the non-overlapping condi-
tion and δ-hyperbolicity, Lemma 4.1 also holds for axes, albeit with slightly worse constants.

Corollary 4.4. Let h1Axpv1q and h2Axpv2q be distinct axes such that πX{N ph1Axpv1qq “

πX{N ph2Axpv2qq. Then there exists an axis hAxpvq such that dhAxpvqph1Axpv1q, h2Axpv2qq ě

Lpvq ´ 10M.

Lemma 4.1 is useful to show that X “ X{N is hyperbolic, with hyperbolicity constant
at most maxipLiq ` 1000δ.

Lemma 4.5. The space X{N is Gromov hyperbolic, with hyperbolicity constant at most
maxipLiq ` 1000δ.

Proof. By Papasoglu’s theorem [Pap95, Theorem 1.4], it suffices to prove that all geodesic
bigons are δ-coarsely maxipLiq-thin. In fact, we will prove that:

Let x, y, z P X{N be such that dX{N py, zq ă 100δ. Then rx, ys and rx, zs are
within Hausdorff distance ď maxi Li ` 1000δ.

To show this, let us lift rx, ys, ry, zs and rz, xs to X. More precisely, denoting the projection
from X to X{N by πN , let rx, ys “ πN px “ x0, x1, . . . , xnq for some X-path px0, . . . , xnq.
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Figure 4: The decomposition defined in Lemma 4.3. In the case depicted, T “ 2, and
we have extended the construction by defining n1 “ phuh´1qn. As rq0, p0s fellow-travels a
segment of rπrp1,q1spp2q, p2s, we are in Case IV. We therefore adjust the auxiliary sequence
to 0 “ lp0q ă lp2q. In particular, we have that πγ2pphu´1h´1qx0, nx0q ě Lpu2q ´ 3M.
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Similarly, pick pxn, . . . , xn1q and pxn1 , . . . , xn2q that respectively project to ry, zs and rz, xs.
Then x0 and xn2 are identified under projection, so there exists n P N such that nx0 “ xn2 .
Here, because rx, ys is a geodesic, px0, . . . , xnq is also a geodesic from x0 to xn. Similarly,
pxn, . . . , x

1
nq, pxn1 , . . . , xn2q are also geodesics.

Now, by Lemma 4.1, there exists g P G and a conjugate v of tw˘1
1 , . . . , w˘1

k u such that
px0, gx0, gvx0, nx0q is Lpvq{50-aligned. Let γ Ď rx0, nx0s be the subsegment of rx0, nx0s

contained in the 50δ-neighborhood of rgx0, gvx0s. IfN50δpγq intersects the geodesic px0, . . . , xnq

for length ą 0.6Lpvq, then dXpgvg´1x0, xnq becomes shorter than dXpx0, xnq. This gives
a contradiction, as then dX{N px, yq “ dXpx0, xnq ă dXpgvg´1x0, xnq “ dX{N px, yq. (Note
that πpx0q “ πpgvg´1x0q.) Likewise, N50δpγq cannot intersect the geodesic pxn1 , . . . , xn2q

for length more than 0.6Lpvq.
It follows that the beginning point of γ is 50δ-close to a point xi on px0, . . . , xnq and

the ending point of γ is 50δ-close to a point xj on pxn1 , . . . , xn2q. Clearly, πpxiq and
πpxjq “ πpgv´1g´1xiq are 100δ-close. Now, for the quadrangle with vertices xi, xn, xn1 , xj ,
we know that dpxn, xn1q ď 100δ and dpxi, xjq ă Lpvq `100δ. For such quadrangles, rxi, xns

and rxn1 , xjs are Lpvq`1000δ-close in the Hausdorff distance (even at the level of X). Now
we can apply our inductive hypothesis to y1 “ πpxiq and z1 “ πpxjq.

5 Strut Sequences

For this section, it will be important to sometimes replace projections with the modi-
fied projections defined by Bestvina–Bromberg–Fujiwara–Sisto in [Bes+19], and measure
projection distances with respect to these modified projections. These modified projec-
tion distances capture a ‘stability’ property of closest point projections with respect to
translation along axes, and thus make certain inductive arguments cleaner.

Recall the following definition:

Definition 5.1. Given w1, ..., wk as in Hypothesis 3.1, let v1, ..., vk be as in Definition 2.25.
We define the set A of axes by

A “
␣

hAxpvq : h P G, v P tv1, ..., vku
(

.

Note that hAxpvq “ Axphvh´1q.

Note that distinct axes in A have mutual projections with diameter ď 0.02M, by the
5th condition in Hypothesis 3.1. This also gives the Behrstock inequality (given that Lpviq’s
are all long enough so that M ą 1000δ):

dγpγ1, γ2q ě 0.05M ñ dγ1pγ, γ2q ď 0.05M p@γ, γ1, γ2 P Aq.

These facts lead to the following consequence.

Lemma 5.2 ([Bes+19, Theorem 4.1]). There exist modified projection functions Π and
modified distance functions D such that, for any axes α and β and x, y, z P X Y A:
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1. We have Παpxq Ď NMpπαpxqq and diampΠαpxqq ď M.

2. We have
Dαpx, yq “θ dαpx, zq

3. We have
Dαpx, yq “ diampΠαpxq Y Παpyqq

4. For any g P G, Πgαpgxq “ gΠαpxq, so as a consequence Dαpgx, gyq “ Dαpx, yq.

5. We have Dαpx, zq ď Dαpx, yq ` Dαpy, zq.

6. (Behrstock Inequality) We have

minpDαpx, βq, Dβpx, αqq ď M.

7. The set tη P A : Dηpx, yq ě Mu is finite.

8. (Strong Behrstock Inequality / ‘Forcing’) If dβpx, αq ą θ, then Παpxq “ Παpβq. As a
consequence,

dβpx, αq ą M implies Dαpx,wq “ Dαpβ,wq

This last item is generally called the Strong Behrstock Inequality, although we will use
the term ‘forcing’ to describe its conclusion.

Remark 5.3. From here onwards, we increase δ so that for all α P A and x P X Y A,
N10δpπαpxqq Ď Παpxq.

We would like to be able to lift geodesic triangles from X{N to X; unfortunately, this
is usually not possible. Instead, we will lift triangles that are near-geodesic in the following
sense.

Definition 5.4. Let x, y P X Y A, with projections x “ πX{N pxq and y “ πX{N pyq. We
say that x and y are minimal if dXpx, yq “ dX{N px, yq. Furthermore, we say that x and y
are τ -near-minimal for 0 ă τ ă 0.99 if for all axes hAxpvq, DhAxpvqpx, yq ď τLpvq. If no τ
is stated, we assume τ “ 0.8.

Lemma 5.5. If x and y are minimal, then for all axes hAxpvq, dhAxpvqpx, yq ď 0.51Lpvq,
so in particular x and y are near-minimal. Furthermore, if x and y are τ -near-minimal,
then for all axes hAxpvq, dhAxpvqpx, yq ď pτ ` 0.01qLpvq.

Proof. For any axis hAxpvq, there exists some integer m so that dhAxpvqpx, gyq ď

0.51Lpvq for g “ hvmh´1. In fact, this upper bound may be sharpened to 0.505Lpvq.
If x and y are minimal but dhAxpvqpx, yq ą 0.51Lpvq for some axis hAxpvq, then it is
straightforward to check from the Bounded Geodesic Image Theorem that dXpx, gyq ă

dXpx, yq, contradicting minimality. The second claim is immediate from Lemma 5.2. ˝
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Lemma 5.6. Fix x, y P X{N YA{N , along with respective lifts x and y in X YA. Assume
that for all axes hAxpvq, dhAxpvqpx, yq ď 0.45Lpvq. Then x and y are minimal.

Proof. Let x1 be a minimal lift of x with respect to y. If x “ x1, we’re done. Otherwise,
by Lemma 4.1, there exists an axis hAxpvq such that dhAxpvqpx, x

1q ě 0.99Lpvq. We have
dhAxpvqpx, yq ď 0.45Lpvq by assumption, and dhAxpvqpx

1, yq ď 0.51Lpvq by minimality, so by
the triangle inequality dhAxpvqpx, x

1q ď 0.96Lpvq. This is a contradiction. ˝

Figure 5: A representative illustration of Lemma 5.10. The left pane shows the quotient
space X{N , while the right pane shows X. While lifting the geodesic triangle between x,
y, and z from X{N to X is not possible, we may ‘close it up’ by succesive ‘rotations’ along
axes. In the quotient, these rotations correspond to ‘rerouting’ paths around axes.

We will now define strut sequences, which will be a primary technical tool for the rest
of the paper. This machinery captures the necessary small-cancellation properties of axes
that we need.
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Definition 5.7 (Strut Sequences). Let x, y P XYA, and assume x and y are near-minimal.
For 0 ă θ ă 1, the θ-strut sequence for x and y is

Sθpx, yq “ thAxpvq P A : DhAxpvqpx, yq ě θLpvqu Y tx, yu.

We define a finite total order ăS on Sθpx, yq by defining x to be the minimal element and
then setting α ăS β if dαpx, βq ą 10M. If no θ is stated, then it is implied that θ “ 0.1.

For an illustration of strut sequences in X and in X{N , see Figure 6. Note that the
visual representation in this figure assumes several facts that have not yet been proven.

We now set up some basic facts about strut sequences.

Lemma 5.8. We have the following properties for any x, y P XYA and any 0.01 ď θ ď 0.4.
Assume that Sθpx, yq is enumerated as

x ăS h1Axpv1q ăS ... ăS htAxpvtq ăS y

1. For any x, y P X Y A, the total order ăS defined in Definition 5.7 is well-defined,
and Sθpx, yq is finite.

2. For any hiAxpviq and any j1 ă i ă j2,

ΠhiAxpviqpxq “ ΠhiAxpviqphj1Axpvj1qq, πhiAxpviqphj2Axpvj2qq “ ΠhiAxpviqpyq

3. We have that ăS-consecutive elements are minimal. If x and y are near-minimal,
then any two elements in Sθpx, yq are near-minimal.

4. If w, z P Sθpx, yq with w ăS z, then Sθpw, zq is equal to the suborder of Sθpx, yq

bounded by w and z.

Proof. Finiteness follows immediately from Lemma 5.2. Now, for any hAxpvq P

Sθpx, yq, there must be some maximal segment γhAxpvq of γ such that γhAxpvq 10δ-fellow-
travels hAxpvq. By the Bounded Geodesic Image Theorem, these segments each have length
at least 0.09Lpvq, and by the no-overlap hypothesis for axes (item 3 in Definition 2.25),
may only overlap for distance 10M. Their order on γ gives a finite total order, and items
6 and 8 of Lemma 5.2 implies this order is equal to the order ăS .

The second item now follows immediately from the forcing property in Lemma 5.2. The
proofs of the third and fourth claim are omitted. ˝

The following useful lemma follows near-immediately from the definitions and the for-
warding property for projections.

Lemma 5.9. Fix 0.01 ď θ ď 0.4, 0.55 ď τ ď 0.95, x, y P X Y A and hAxpvq P A such
that θ ď DhAxpvqpx, yq{Lpvq ď τ . Then Sθpx, yq is obtained by concatenating Sθpx, hAxpvqq,
thAxpvqu, and SθphAxpvq, yq in that order. Furthermore, if hAxpvq is near-minimal with
respect to both x and y, then x and y are near-minimal.
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Figure 6: A depiction of strut sequences in X and under projection to X{N , and how these
sequences control routing of geodesics between near-minimal pairs. The lower pane shows
a point x P X and two points y1, y2 in a common orbit, such that y1 and x are minimal
and y2 and x are near-minimal. In X, the strut sequences Spx, yiq represent sequences of
axes on which the rx, yis make ‘large turns’. In X{N , we see that the paths project to two
paths between x and y, which 50δ-fellow-travel except when routing around the quotient
axes obtained by projecting either strut sequence. A heuristic to keep in mind is that while
X{N is not δ-hyperbolic, the failure of δ-hyperbolicity only comes from looping around
quotient axes. In particular, the two geodesics γ1 and γ2 must approximately δ-fellow-
travel between the struts, allowing us to recover some features of δ-hyperbolicity in X{N .
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The primary reason to study near-minimal representatives is the following lemma. This
result is conceptually analogous to Prop. 3.12 in [Abb+26].

Lemma 5.10. Let x, y, z P X{N . Also let 0.78 ď τ ă 0.95. Then there exist respective
lifts x, y, z P X of x, y, and z such that y and z are minimal, x and y are τ -near-minimal,
and x and z are τ -near-minimal.

Proof. Choose lifts x1, y, z, and x2 so that x1 and y, y and z, and z and x2 are all
minimal. We induct on dXpx1, x2q, maintaining at each step that y and x1 are τ -near-
minimal and that z and x2 are τ -near-minimal. If dXpx1, x2q is ever equal to 0, we finish
immediately.

Otherwise, by Lemma 4.1, there exists an axis hAxpvq such that dhAxpvqpx1, x2q ě

0.99Lpvq. We consider the projections of x1, y, z, and x2 to hAxpvq. By assumption, we
have dhAxpvqpx1, yq ď pτ ` 0.01qLpvq, dhAxpvqpz, x2q ď pτ ` 0.01qLpvq, and dhAxpvqpy, zq ď

0.51Lpvq. We may also assume that v is oriented so that the projection order on hAxpvq

is x1 Ñ x2.
From the distance bounds, either dhAxpvqpx1, yq ě 0.24Lpvq and we have the projection

order x1 Ñ y Ñ x2, or dhAxpvqpz, x2q ě 0.24Lpvq and we have the projection order x1 Ñ

z Ñ x2. Assume without loss of generality that we are in the first case. Then if g “ hvh´1,
by the distance bounds and the translation length of g we have

p0.99 ´ τqLpvq ď dhAxpvqpgx1, yq ď 0.77Lpvq.

By the inductive hypothesis plus Lemma 5.8, we have that gx1 and ghAxpvq “ hAxpvq

are τ -near-minimal, and that y and hAxpvq are τ -near-minimal. We may therefore ap-
ply Lemma 5.9 and conclude gx1 and y are near-minimal. Furthermore, by the Bounded
Geodesic Image Theorem, dXpgx1, x2q ă dXpx1, x2q, so we may apply induction and con-
clude. ˝

This ‘rotation’ action is depicted in Figure 5, although with g applied to x2.
We may now prove a crucial result about how struts sequences behave under quotients.

See Figure 6 for an illustration of this property.

Lemma 5.11. Fix 0.55 ă τ ă 0.95 and 0.01 ă θ ă 0.4, and assume θ ` τ ă 0.98. Fix
x, y P X{N , and consider lifts x1, x2 P π´1

X{N pxq and y1, y2 P π´1
X{N pyq. Assume that x1 and

y1 are τ -near-minimal, and that x2 and y2 are τ -near-minimal. Enumerate strut sequences

Sθpx1, y1q “ x1 ăS h1Axpv1q ăS ... ăS htAxpvtq ăS y1

Sθpx2, y2q “ x2 ăS h1
1Axpv1

1q ăS ... ăS h1
t1Axpv1

t1q ăS y2

Then t “ t1 and πX{N phiAxpviqq “ πX{N ph1
iAxpv1

iqq for all hiAxpviq.
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Furthermore, fix i ă j, and consider hiAxpviq, hjAxpvjq, h
1
iAxpv1

iq, h
1
jAxpv1

jq with the
assumption that for all i ă k ă j,

DhkAxpvkqphiAxpviq, hjAxpvjqq ď 0.48Lpvkq.

Then there is a single h P N such that

hπhiAxpviqphi`1Axpvi`1qq “ πh1
iAxpv1

iq
ph1

i`1Axpv1
i`1qq

and
hπhi`1Axpvi`1qphiAxpviqq “ πh1

i`1Axpv1
i`1qph

1
iAxpv1

iqq

Proof. We consider the first claim, assuming without loss of generality that y1 “

y2 “: y. The strategy is induction on maxpdXpx1, y1q, dXpx2, y2qq; if both are less than,
say, 0.01minv Lpvq, then by Lemma 4.1 and the triangle inequality we must have x1 “

x2, and are done. If x1 ‰ x2, by Lemma 4.1 there exists an axis hAxpvq such that
dhAxpvqpx1, x2q ě 0.99Lpvq. By assumption, dhAxpvqpxi, yq ď τ for i P t1, 2u, so by the
triangle inequality dhAxpvqpxi, yq ě 0.98 ´ τ . Therefore hAxpvq P Sθpxi, yq. Furthermore,
certainly dXpxi, hAxpvqq ă dXpxi, yq, so we have the claim for Sθpxi, hAxpvqq. Applying
Lemma 5.9 with hAxpvq, Sθpxi, hAxpvqq, and SθphAxpvq, yq finishes the argument.

For the second claim, we may assume without loss of generality that hiAxpviq “

h1
iAxpv1

iq. Certainly there exists some n “ hiv
m
i h´1

i such that dhiAxpviqpnhjAxpvjq, h
1
jAxpv1

jqq ď

0.52Lpviq. The assumed bounds and the triangle inequality now imply that for all hAxpvq,
dhAxpvqpnhjAxpvjq, h

1
jAxpv1

jqq ď 0.98Lpvq, and so by Lemma 4.1 we have nhjAxpvjq “

h1
jAxpv1

jq. The claim follows. ˝

6 Routing Geodesics in the Quotient

We now establish consequences of the results we have obtained so far. The following claim
is illustrated in Figure 6.

Lemma 6.1. Fix 0.55 ă τ ă 0.95 and 0.01 ă θ ă 0.4, and assume θ ` τ ă 0.98. Fix
x, y P X{N , and consider lifts x1, x2 P π´1

X{N pxq and y1, y2 P π´1
X{N pyq. Assume that x1

and y1 are τ -near-minimal, and that x2 and y2 are τ -near-minimal, and choose geodesics
rx1, y1s and rx2, y2s. Then the Hausdorff distance of πX{N prx1, y1sq and πX{N prx2, y2sq is
at most maxv Lpvq ` 1000M. Furthermore,

dpx1, y1q ď 1.01
τ

θ
dpx2, y2q

Proof. Enumerate struts as follows:

Sθpx1, y1q “ x1 ăS h1Axpv1q ăS ... ăS htAxpvtq ăS y1
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Sθpx2, y2q “ x2 ăS h1
1Axpv1

1q ăS ... ăS h1
t1Axpv1

tq ăS y

By the Bounded Geodesic Image Theorem, the geodesic rx1, y1s may be decomposed into
segments γi that each 10δ-fellow-travel hiAxpviq and interstitial segments ηi that each
originate in N10δpπhiAxpviqphi`1Axpvi`1qqq and terminate in N10δpπhi`1Axpvi`1qphiAxpviqqq.
We construct analogous segments γ1

i and η1
i for rx2, y2s. Note that this notation breaks

slightly at the endpoints; these cases follow from essentially the same argument.
We now apply Lemma 5.11. Under projection to X{N , any γi and γ1

i both lie in
N10δphiAxpviqq; this set has diameter at most Lpviq ` 100δ. Furthermore, both γi and γ1

i

have length at least θ ´ 100M and at most τ ` 100M.
From the projection complex bounds and the second claim of Lemma 5.11, we obtain

that any ηi and η1
i 10M-fellow-travel, and have lengths that differ by no more than 10M.

We may now assemble these results to obtain the claims. If in fact there are no struts
between x1 and y1, then rx1, y1s and rx2, y2s in fact 10δ-fellow-travel after projection to
X{N . ˝

For our main construction, we will need to build our own strut sequences, and obtain
fairly precise control over those sequences. We do so as follows.

Lemma 6.2. Fix x, y P X{N . Given any fixed lift x P π´1
N pxq, there exist two (possibly

non-distinct) points p1 “ p1px, yq, p2 “ p2px, yq in X with the following properties:

1. The distances dXpx, p1q and dXpx, p2q are bounded above by M
10 `1 and bounded below

by minpM10 ´ 1, dXpx, yqq.

2. For any y P π´1
N pyq such that x and y are near-minimal, either px ¨ yqp1 ď 100δ or

px ¨ yqp2 ď 100δ

Proof. Choose y P π´1
X{N pyq so that x and y are minimal. Enumerate the strut sequence

for x and y as
Spx, yq “ x ăS h1Axpv1q ăS ... ăS htAxpvtq ăS y

If there are no struts between x and y (i.e. t “ 0), then we choose p1 “ p2 to be a point
on rx, ys satisfying the distance bounds. Otherwise, we take a geodesic rx, qs to a point q
on h1Axpv1q realizing dXpx, h1Axpv1qq, and then ‘branch’ this geodesic along h1Axpv1q in
both possible directions for distance 0.01Lpv1q to obtain points q1 and q2. We then choose
p1 and p2 to be points along rx, q1s and rx, q2s satisfying the appropriate length conditions.

For any y1 P π´1
X{N pyq such that x and y1 are near-minimal, then the last claim of Lemma

5.8 implies that both rx, ys and rx, y1s have h1Axpv1q as a initial strut. So rx, y1s must pass
within 10δ of πh1Axpv1qpxq and then follow h1Axpv1q for at least distance 0.09Lpv1q in one
of the two possible directions, and the claim follows. ˝
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Definition 6.3. Given x, y, and x P π´1
N pxq as in Lemma 6.2, we call the p1 “ p1px, yq

and p2 “ p2px, yq constructed in this lemma enemy prongs for x relative to y.

Corollary 6.4. Fix x, y P X{N , choose a fixed lift x P π´1
N pxq, and construct enemy

prongs p1 and p2 as in Lemma 6.2. Assume that dX{N px, yq ě 1000L, and let z P X{N be
a point satisfying dX{N py, zq ď 200L. Let y and z be respective lifts of y and z such that
x and y are near-minimal and y and z are near-minimal. Then either px ¨ zqp1 ď 110δ or
px ¨ zqp2 ď 110δ.

Proof. By the assumed distance bounds and Lemma 6.1, dXpx, yq ě 1000L while
dXpy, zq ď 200L. Furthermore, by Lemma 6.2, either px ¨ yqp1 ď 200δ or px ¨ yqp2 ď 1000δ,
and dXpx, p1q, dXpx, p2q are bounded above by, say, L. The claim now follows from a
standard δ-thinness argument applied to a triangle with vertices x, y, and z. ˝

We apply the enemy prongs construction as follows. See Figure 7 for an illustration of
the following lemma.

Lemma 6.5. Let B be a large enough constant determined only in terms of the action

G ñ X. Let n be a sufficiently large number, let w
p1q
n , . . . , w

pkq
n be the n-step elements of

independent permissible random walks on G and let N “ xxw
p1q
n , . . . , w

pkq
n yy.

Fix x, y, z P X{N and fix respective lifts x P π´1
N pxq and z P π´1

N pzq, and let p1, p2 be
constructed from x and y as in Lemma 6.2. Make the following assumptions:

1. We have pp1 ¨ zqx ď B, pp2 ¨ zqx ď B.

2. We have that x and z are near-minimal.

3. Further assume that any axis hAxpvq that 50δ-fellow-travels rx, zsX for at least 0.0001Lpvq

does not 10B-fellow-travel rx, p1sX or rx, p2sX for distance more than 100B.

Then rz, ys passes within 1000B of x, and in fact for any near-minimal respective lifts z1

of z and y1 of y and any rz1, y1s, this geodesic passes within 1000B of some lift x1 of x.
Furthermore, if dX{N px, yq ą 1000B and w is some point within distance 200B of y,

then rz, ws passes within 2000B of x.

Proof. We note that Figure 7 illustrates many components of the construction used
in this proof.

Let y be a minimal lift of y with respect to x. We then label the strut sequences

Spz, xq :“
␣

x ăS h1Axpv1q ăS . . . ăS hsAxpvsq ăS x
(

,

Spx, yq :“
␣

x ăS j1Axpw1q ăS . . . ăS jtAxpwtq ăS z
(

.

We may assume without loss of generality that dX{N px, yq ą 500B, and so p1 and p2
are both at least distance 400B from x. Also assume that n is sufficiently large so that
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mini Lpviq ě 106B. By Lemma 6.2, as x and y are near-minimal, we have that either
px ¨ yqp1 ď 100δ or px ¨ yqp2 ď 100δ; assume we are in the first case. Recall that by
assumption we have pp1 ¨ zqx ď B. Taking arbitrary geodesics rz, xs, rx, ys, and rz, ys, we
have that p1 lies within 100δ of rx, ys, and that x lies within B of rz, p1s. Recall that
dXpx, p1q ě 400B. Applying the second and third properties of Lemma 2.11, we obtain
that pz ¨ yqx ď 2B and pz ¨ yqp1 ď 150δ.

Applying hyperbolicity, we obtain that γ :“ rz, ys may be subdivided into an arc γz that
10δ-fellow-travels rz, xs outside of N3Bptxuq, and a disjoint arc γy that 10δ-fellow-travels
rx, ys outside of N3Bptxuq. Furthermore, γy passes within 200δ of p1.

We note that any axis hAxpvq that 50δ-fellow-travels γz for distance at least 0.0002Lpvq

must 50δ-fellow-travel rx, zsX for distance at least 0.0001Lpvq. But then such a geodesic
can only 50δ-fellow-travel γy for distance at most 105B. As a consequence, any strut
hAxpvq P Spx, zq satisfies DhAxpvqpx, yq ď 0.01Lpvq, and vice-versa. As a consequence, z
and y must be 0.81-near-minimal.

Next, from properties of γz and γy and a axis-fellow-traveling argument, we see that
for any hiAxpviq, DhiAxpviqpz, yq ě 0.099Lpviq, while for any jiAxpwiq, DjiAxpwiq

pz, yq ě

0.099Lpwq. So every strut in Spz, xq and Spx, yq lies in S0.099pz, yq. Furthermore, as γz
precedes γx, we must have hsAxpvsq ăS j1Axpw1q, and as a consequence the strut sequence
S0.099pz, yq contains (as a subsequence) all struts in Spz, xq followed by all struts of Spx, yq.
By Lemma 5.11, we have the second claim. If any strut hAxpvq lies between hsAxpv2q and
j1Axpw1q, then as it did not appear in Spz, xq or Spx, yq, and cannot 10δ-fellow-travel both
γz and γy for distance at least 0.01Lpvq, we must have that DhAxpvqphsAxpvsq, j1Axpw1qq ď

0.12Lpvq.
Now, recall the procedure for constructing p1 and p2: we construct a geodesic from x to

j1Axpw1q, branch this geodesic in both directions along j1Axpw1q to produce two geodesics,
and then take p1 and p2 as points along this geodesic with (in this case) distance at least
400B from x.

Assume now that hsAxpvsq and j1Axpw1q 20δ-fellow-travel for distance 400B, and let
η be the segment of j1Axpw1q where this fellow-traveling occurs. As hsAxpvsq may only
10δ-fellow-travel the first 105B units of γy, there must be a point r on η within 110B of
x. Furthermore, r must lie within 110B of πj1Axpw1qpxq. We then have that a segment of
either rx, p1s or rx, p2s must 10δ-fellow-travel η of length at least 150B, contradicting our
assumptions on hAxpviq. As a consequence, we obtain the bounds

diampπhsAxpvsqpj1Axpw1qqq, diampπj1Axpw1qphsAxpvwqqq ď 450B

Furthermore, from the fact that hsAxpvsq 10δ-fellow-travels γz and j1Axpw1q 10δ-fellow-
travels γy, we must have that any geodesic from πhsAxpvsqpj1Axpw1qqq to πj1Axpw1qphsAxpvwqq

passes within 900B of x. We apply Lemma 5.11 to conclude.
To obtain the first conclusion for w, we note that we may find respective lifts z1, y1,

and w1 of z, y, and w so that w1 and z1 are minimal, z1 and w1 are near-minimal, and y1
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and w1 are near-minimal. From Lemma 6.1, dXpy1, w1q ď 5000B, while from the analysis
above we have that any rz1, y1s passes within 1000B of some lift x1 of x. From δ-thinness
of triangles in X, rw1, z1s must pass within 1200B of x1. The proof of the second condition
is similar. ˝

In order to make use of this lemma, we must demonstrate that we can find axes that
are sufficiently ‘repulsing’ from a given set of enemy prongs. To do so, we use the notion of
a Schottky set. These sets were first defined in [Bou+23], although the formulation we use
is slightly modified from the formulation used by Gouëzel in [Gou22b]. Intuitively, given
two independent loxodromic isometries in G, the construction gives a method for building
a large number of distinct loxodromic isometries, all pointing in ‘different directions’ from
a basepoint x0.

Definition 6.6. Let η,EG, ED, E
1
D, EM ě 0. A finite set E Ď G of isometries is a

pη,EG, ED, E
1
D, EM q-Schottky set if the following conditions are satisfied:

1. For all x, y P X, we have |ts P E : px ¨ syqx0 ď EGu| ě p1 ´ ηq|E | and |ts P S :
px, s´1yqx0 ď EGu| ě p1 ´ ηq|E |.

2. For all s P E , we have ED ď dXpx0, sx0q ď E1
D, and dGpe, sq ď EM .

The following lemma is a straightforward consequence of the proof of Prop. 3.12 in
[Gou22b]. It will be used to build axes in the main construction so that Lemma 6.5 can
be applied.

Lemma 6.7 (Prop. 3.12, [Gou22b]). For all η ą 0 and E,F ą 0, there exists EG, ED,
E1

D and EM and a set E such that E is a pη,EG, ED, E
1
D, EM q-Schottky set, and such that

ED ě 10EG `F and EG ě 1000pδ `Eq. Furthermore, EG, ED,, E
1
D and EM depend only

on η and the action G ñ X, and in particular are independent of n.

7 Main construction

In this section, we aim to prove the following result. Once this result is proven, linear
connectivity of the boundary will follow from standard arguments.

As usual, let n be a sufficiently large number, let w
p1q
n , . . . , w

pkq
n be the n-step elements

of independent permissible random walks on G and let N “ xxw
p1q
n , . . . , w

pkq
n yy. We assume

we are in the setup of Hypothesis 3.1, with M as in this hypothesis. Note that we may
take M to be as large as needed by taking n sufficiently large.

We will fix a uniform basepoint x0 P X{N throughout these arguments. Before we
begin, we note that by Lemma 4.5, all boundary points in BpX{Nq may be represented
by p1, 20Lq-quasi-geodesic rays, and furthermore, when calculating Gromov products for
boundary points as in Equation 1, it suffices to take the infimum over all representative
sequences derived from p1, 20Lq-quasi-geodesic rays.
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Figure 7: The construction used in Lemma 6.5, in the case where Spy, xq and Spx, zq each
contain only one strut. The key point is that our assumptions force j1Axpw1q to ‘repulse’
from rx, p1s and rx, p2s. As a result j1Axpv1q and hsAxpvsq may only overlap on the scale of
B (which does not grow with n), not on the scale of M. This overlap bound plus properties
of strut sequences forces the desired routing.
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Our goal is to prove the following lemma, which will be broken up over several subsec-
tions and sublemmas.

Lemma 7.1. Fix ξ1, ξ2 P BpX{Nq with pξ1¨ξ2qx0 “ D, along with a constant F . Then for all
n sufficiently large in terms of F , the following property holds: there exists a finite sequence
of boundary points ξ1 “ χ1, χ2, ..., χQ “ ξ2 such that for 1 ď i ď Q ´ 1, pχi ¨ χi`1qx0 ě

D ` 1
2F , and for all 2 ď i ď Q ´ 1 and j P t1, Qu, pχi ¨ χjqx0 ě D ´ 100L.

7.1 Building the Construction

Figure 8: A schematic of the construction used to prove Lemma 7.1, showing the relevant
objects under projection to X{N . Note that the axes Ai are constructed using the points
ui as guides, and in particular must be repulsed from the points yi,j .

We will first set up the construction. Note that most relevant features of the construc-
tion will appear in Figure 8; keeping this figure in hand throughout the construction and its
verification may be useful. We will also need several constants with a somewhat complex
relationship; see Figure 9 as a guide.

Let r1, r2 : Zě0 Ñ X{N be p1, 20Lq-quasi-geodesic rays originating at x0 and respec-
tively representing ξ1 and ξ2. Recalling that

L :“ max
hAxpvqPA

Lpvq,
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G ñ X

δ

E W M

B M

E1 EG F L Z

ED, E
1
D, EM

Figure 9: A dependence chart of constants used in the main construction. An arrow from
a to b indicates that b must depend on the value of a. An arrow from G ñ X indicates
constants that depend only on the action of G on X, including constants intrinsic to X.
This graph must contain no cycles. We note that while F is an input to Lemma 7.1, we
may need to replace it with a larger constant, and it is sufficient to verify the lemma for
this new constant.
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we let Z be a large constant, on the order of 1000L or larger, that will be chosen later.
This constant is uniform with respect to ξ1, ξ2, and D. We may choose r1 and r2, and
respective points x1 and x2 on these rays satisfying the following conditions:

1. We have dX{N px0, xiq ě Z.

2. We have px1, x2qx0 “10 D.

Let x0, x1, x2 be respective lifts of x0, x1, x2 to X, chosen via Lemma 5.10 so that x1 and
x2 are minimal, x0 and x1 are near-minimal, and x0 and x2 are near-minimal. Let γ be a
geodesic from x1 to x2; setting γ “ πX{N pγq, γ is a geodesic from x1 to x2. As X is action
path-connected (see Definition 2.27), there exist a sequence of group elements a1, ..., ak
such that a1x0 “ x1, akx0 “ x2, such that dGpai, ai`1q ď W for all 1 ď i ď k ´ 1, and
so that x1 “ a1x0, a2x0, ..., ak´1x0, akx0 “ x2 is a unparameterized pE,Eq-quasi-geodesic.
Here, E and W are independent of n and L. We will fix the notation wi “ aix0, and define
wi “ πX{N pwiq. Of course, aix0 “ wi.

Now, there exists some constant E1 depending only on E and δ so that every wi lies
within distance E1 of γ, and hence every wi lies within distance E1 of γ. Furthermore, for
all wi and j P t1, 2u, we have pwi ¨ xjqx0 ě D ´ 10E1. Note that this particular Gromov-
product bound follows from the triangle inequality, and so holds in any geodesic metric
space.

We now construct enemy prongs. Let B be the constant appearing in Lemma 6.5; we
will need to assume this constant is sufficiently large in terms of several other constants,
but not that it will not need to depend on n. For each wi with 2 ď i ď k´1, define yi,1, yi,2
via Lemma 6.2 so that, in the notation of that lemma, y1 “ p1pwi, x0q and y2 “ p2pwi, x0q.

Lemma 7.2. There exist constants EG, ED, E
1
D and EM satisfying

ED ě 10pEG ` F ` Bq, EG ě 10000pδ ` F ` E1q

where E1 is as in the preceding discussion, such that the following statement is true.
There exist group elements si P G, points ui “ wisix0 in X, and axes Ai “ hiAxpviq

(stretching notation so that here the vi index is different from the index used in our hy-
potheses) such that for all 2 ď i ď k ´ 1 and j P t1, 2u, the following properties hold, with
appropriate modifications for i “ 2 and i “ k ´ 1:

1. We have

pyi,j ¨ uiqwi ď EG, pyi´1,j ¨ uiqwi ď EG, and pyi`1,j ¨ uiqwi ď EG.

2. We have
pui´1 ¨ uiqwi ď EG and pui`1 ¨ uiqwi ď EG.

3. We have
ED ď dXpwi, uiq ď E1

D.
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4. We have
dGpe, siq ď EM .

5. The points wi and ui are minimal. In particular,

dX{N pπN pwiq, πN puiqq ě ED.

6. The axis Ai passes within distance 10δ of both ui and ui`1.

Proof. We apply Lemma 6.7. Consider w2. Set η “ 1
1000 , and let EG, ED, E

1
D, EM be

as in the aforementioned lemma, so that there exists a pη,EG, ED, E
1
D, EM q-Schottky set

E with respect to basepoint w2, and so that ED ě 10EG ` F and EG ě 1000pδ ` F ` E1q,
where E1 is the constant from the action path-connectedness construction. Note that
the dependence of these constants is somewhat tricky; see 9. However, note that these
constants are independent of n and L. For j P t1, 2u, by definition of E ,

|ts P E : py2,j ¨ a2sx0qw2 ď EGu| ě
999

1000
|E |

By a union bound, there exists at least one (in fact, many) s2 P E such that if u2 “ a2s2x0,
then py2,j ¨ u2qw2 ď EG and py3,j ¨ u2qw2 ď EG for j P t1, 2u. Furthermore, we have
dXpw2, u2q ě ED, and dGpe, s2q ď EM .

For sufficiently large n, E1
D ď 0.01minvpLpvqq, and we obtain as a result that for all

hAxpvq P A, dhAxpvqpw2, u2q ď 0.01Lpvq. So w2 and u2 have trivial strut sequence, and by
Lemma 5.8 are minimal.

For each wi up to wk´1, we construct ui and si analogously, except we also require that

pui ¨ ui´1qwi ď EG and pui ¨ yi´1,jqwi ď EG.

These additional conditions pose no obstacle to the union bound argument. Notice the
two Gromov products in the second item of the lemma statementare coarsely equal with
coarseness only depending on the action G ñ X, so, up to allowing a slightly larger EG,
it suffices to prove only one of the two.

We now construct sequence of partially overlapping axes. Consider some ui and ui`1.
Recalling ui “ aisix0, we have

dGpaisi, ai`1si`1q ď dGpe, siq ` dGpai, ai`1q ` dGpe, si`1q ď 2EM ` W

Notice that the bound 2EM ` W does not depend on n or L. We may therefore apply
Theorem 2.26 and conclude that, for sufficiently large n, there exists an axis Ai “ hiAxpviq
such that Ai passes within 10δ of both u2 and u3 (the word-length bound is not needed
here). ˝
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Set Li “ Lpviq. For eachAi, we choose two points zi,1, zi,2 onAi such that dAipwi, zi,1q “100δ

0.4LpAiq, dAipwi, zi,2q “100δ 0.4LpAiq, and dAipzi,1, zi,2q “100δ 0.2LpAiq. Necessarily dXpui, zi,1q ď

0.45LpAiq, and dXpui`1, zi,2q ď 0.45LpAiq.
For each zi,j , say zi,j “ hi,jx0.

Lemma 7.3. For each point zi,j and axis Ai “ hiAxpviq as above, there exists a group
element ci,j P G with the following properties:

1. There exists a group element c1
i,j so that rx0, ci,jx0s Ď N20δppc1

i,jq
´1hiAxpviqq.

2. We have dXpx0, ci,jx0q “100δ
1
3Li.

3. No pc1
i,jq

´1hivih
´1
i c1

i,j-translate of pc1
i,jq

´1zi,j lies within distance 1
4Li of rx0, ci,jx0s.

Proof. Note that the pc1
i,jq

´1hivih
´1
i c1

i,j-translates of pc1
i,jq

´1zi,j are spaced at distance

at least 0.99Li along pc1
i,jq

´1Axpviq. Therefore, we may construct the desired ci,j by choos-

ing a segment of pc1
i,jq

´1Axpviq with length approximately 1
3 of a fully translation such that

the segment is appropriately far away from any of these translates. ˝

We now define a sequence zi,j,q “ hi,jc
q
i,jx0 for q P Zě0, and consider projections

zi,j,q “ πX{N pzi,j,qq of thse points. We will define χi,j to be the boundary point derived
from the sequence pzi,j,qqq. (Clearly we must check that this sequence defines a boundary
point; we will do so shortly.) Our claim will be that the sequence of boundary points

ξ1 “ χ1, χ2,1, χ2,2, χ3,1, ..., χk´1,1, χk´1,2, χk “ ξ2

satisfies the conclusion of Lemma 7.1 after the appropriate reindexing.

7.2 Verifying the Construction

We have several claims to verify, which we split into a sequence of lemmas. As before, most
relevant objects are depicted in Figure 8.

Lemma 7.4. For all 2 ď i ď k ´ 1, 1 ď j ď 2 the sequence pzi,j,qqq defines a boundary
point in BpX{Nq, and in fact there exists a p1, 1000Mq-quasi-geodesic ray originating at
zi,j,0 and passing through each zi,j,q.

Proof. For ease of notation, fix i and j and set zq “ zi,j,q and zq “ zi,j,q. Also, we
may assume without loss of generality that hi,j “ e. We must show that

lim
q,rÑ8

pzq ¨ zrqx0 “ 8

Consider the concatenation

rx0, ci,jx0s Y rci,jx0, c
2
i,jx0s Y ... Y rcq´1

i,j x0, c
q
i,jx0s
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Each geodesic segment has length at least 0.31Li. On the other hand, observe that by
construction

rcni,jx0, c
n`1
i,j x0s Ď N20δpcni,jpc

1
i,jq

´1hiAxpviqq.

Therefore, if rcni,jx0, c
n`1
i,j x0s and rcn`1

i,j x0, c
n`2
i,j x0s 50δ-fellow-travel for more than distance

100M, then by the no-overlap condition, ci,j must fix the axis pc1
i,jq

´1hiAxpviq. But then,

as the length of rx0, ci,jx0s is approximately 1
3Li, we would find that the no-self-overlap

condition is violated. In particular, ci,j does not fix pc1
i,jq

´1hiAxpviq.

As 100M is far smaller than 1
3Li, we conclude that the zq are 200M-aligned, and that

any geodesic rz0, zqs must decompose into segments that 50δ-fellow-travel translates of
Axpviq for length at least 0.3Li and at most 0.35Li, and ‘hops’ in between these segments
having length at most 200M. It is straightforward to verify from these conditions that the
resulting path is a p1, 1000Mq-quasi-geodesic.

We claim that all zq are minimal with respect to z0. If not, there is some distinct z1
q that

is minimal with respect to z0, with z1
q “ hzq for h P Nzteu and dXpz1

q, z0q ă dXpzq, z0q. By
Lemma 4.1, there is some axis hAxpvq such that dhAxpvqpz

1
q, zqq ě 0.99Lpvq. As z0 and z1

q

are minimal, dhAxpvqpz
1
q, z0q ď 0.51Lpvq, so we must have dhAxpvqpzq, z0q ě 0.4Lpvq by the

triangle inequality. Therefore, there is a segment γ of rz0, zqs that 50δ-fellow-travels hAxpvq

for length at least 0.36Lpvq, and this segment must overlap a segment on which rz0, zqs

50δ-fellow-travels a translate of Axpviq, with the overlap having length at least 1000M. We
have that hAxpvq cannot be equal to this translate, as the axis-fellow-traveling segments
of rz0, zqs have length uniformly bounded above by 0.35Li. Therefore, we obtain a match
between hAxpvq and some translate of Axpviq, which is a contradiction by the no-overlap
condition.

By translation, we obtain that all elements of the sequence pzqqq are pairwise minimal.
Therefore pzq ¨zrqz0 “ pzq ¨zrqz0 for all q, r. Furthermore, by the quasi-geodesic claim made
above, it is more or less immediate that limq,rÑ8pzq ¨ zrqz0 “ 8. ˝

Lemma 7.5. For all zi,j,q and all hAxpvq P A, we have

dhAxpvqpzi,j,q, wiq ď 0.41Lpvq.

In particular, zi,j,q and wi are minimal.
Furthermore, there exists a constant B independent of n and F with the following prop-

erty. For M sufficiently large in terms of B, and for all zi,j,q and any geodesic rx0, zi,j,qs,
this geodesic passes within 1000B of wi and within 150M of zi,j,0.

Proof. It essentially suffices to verify the hypotheses of Lemma 6.5. Let wi and zi,j,q
be as in the construction, and recall that yi,1 and yi,2 are constructed as enemy prongs
relative to x0. Assume that j “ 1; the case for j “ 2 is analogous.

First, we check that wi and zi,1,q are minimal. Consider the path rwi, zi,1,0sYrzi,1,0, zi,1,qs.
The axis Ai passes within 10δ of ui and ui`1, and by construction pui, ui`1qwi ď EG. Fur-
thermore, both ui and ui`1 have distance at least 9EG from wi, and so we may conclude
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that Ai must pass within 2EG of wi. Furthermore, zi,1,0 lies on Ai, and dAipwi, zi,1,0q “100δ

0.4LpAiq. We conclude by the Bounded Geodesic Image Theorem that rwi, zi,1,0s has length
at least 0.39LpAiq and at most 0.41LpAiq, and 50δ-fellow-travels Ai except for a segment
of length at most 4EG.

We verified in the proof of Lemma 7.4 that there is a p1, 1000Mq-quasi-geodesic path
from zi,1,0 to zi,1,q, which 50δ-fellow-travels a sequence of distinct translates of Ai for lengths
between 0.3Li and 0.35Li, with segments in between of length at most 200M. We also
know that rzi,1,0, zi,1,1s 50δ-fellow-travels some translate A1

i of Axpviq for length at least
0.32Li and at most 0.34Li, and that rwi, zi,1,0s 5EG-fellow-travels Ai for length at least
0.39Li and at most 0.41Li.

We claim that A1
i ‰ Ai, using Lemma 7.3. If not, then as

rhi,1x0, hi,1ci,1x0s “ rzi,1,0, zi,1,1s Ď N20δphi,1pc1
i,1q´1hiAxpviqq

we must have that A1
i “ hi,1pc1

i,1q´1hiAxpviq, and as hi,1pc1
i,1q´1 therefore fixes A1

i “ Ai “

hiAxpviq, we must have that hi,jpc
1
i,1q´1 P xhivih

´1
i y. As a consequence of Lemma 7.3,

no hi,1pc1
i,1q´1hivih

´1
i c1

i,1phi,1q´1-translate of hi,1pc1
i,1q´1zi,1,0 lies within distance 1

4Li of

rzi,1,0, zi,1,1s. Using hi,jpc
1
i,1q´1 P xhivih

´1
i y and the fact that zi,1,0 lies on Ai, we have

that no hivih
´1
i -translate of zi,1,0 lies within distance 1

4Li of rzi,1,0, zi,1,1s, which is clearly
contradictory.

As such, rwi, zi,1,0s and rzi,1,0, zi,1,1s cannot 50δ-fellow-travel for length more than 100M
without inducing a failure of the no-overlap condition. Arguing as in Lemma 7.4, we may
patch axis-following segments together and conclude that for any hAxpvq P A,

dhAxpvqpwi, zi,1,qq ď 0.41Lpvq.

Therefore wi is minimal relative to all zi,1,q. As a further consequence, any geodesic
rwi, zi,1,qs must 50δ-fellow-travel rwi, zi,1,0s until it has passed within 1000M of zi,1,0. Since
wi lies within 4EG of hiAxpviq and zi,1,0 lies on hiAxpviq, we must have that hiAxpviq is
the first strut appearing in Spwi, zi,1,qq. By analogous analysis, the axis that 50δ-fellow-
travels rzi,1,0, zi,1,1s is the second strut appearing in Spwi, zi,1,qq, and if this axis is labeled
h1
iAxpv1

iq, zi,1,0 P N120MpπhiAxpviqph
1
iAxpv1

iqq. We aim to apply this analysis together with
Lemma 6.5 to conclude that for any near-minimal respective lifts x1

0 of x0 and z1
i,1,q of zi,1,q,

any rx1
0, z

1
i,1,qs passes within 150M of some lift of zi,1,0

Next, it follows from the geometric analysis performed above, the fact that dXpwi, uiq ě

9EG, and a standard thin-quadrilaterals argument that any geodesic rwi, zi,1,qs passes
within 50δ of ui. Recall that for j P t1, 2u, pyi,j ¨ uiqwi ď EG. Therefore, for B suffi-
ciently large in terms of EG, we have that pyi,1 ¨zi,j,qqwi and pyi,2 ¨zi,j,qqwi are both bounded
above by B. Lastly, assume we have some axis hAxpvq such that hAxpvq 50δ-fellow-travels
rwi, zi,j,qs for length at least 0.0001Lpvq, and that this axis 10B-fellow-travels, say, rwi, yi,1s

for distance at least 200B. By taking M and L sufficiently large, we may assume that
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M ě 106 ˚ B, and so hAxpvq must pass within 10M of wi. From the structure of the
p1, 1000Mq-quasi-geodesic constructed above between wi and zi,j,q, we have that hAxpvq

must 50δ-fellow-travel one of the axes tracked by this quasi-geodesic for length at least
0.00001Lpvq, and thus be equal to one of these axes (as otherwise the no-overlap condition
would be violated). But then its proximity to wi forces hAxpvq “ Ai. Lastly, Ai passes
within 10δ of both ui and ui`1, while pyi,1 ¨uiqwi and pyi,1 ¨ui`1qwi`1 are bounded above by
EG. Recall that dXpwi, wi`1q ď 10E (where E is the action path-connectedness constant),
so for EG taken suitably large relative to E, pyi,1 ¨ui`1qwi ď 2EG as well. For B sufficiently
large in terms of EG, a straightforward δ-hyperbolicity argument now shows that Ai cannot
10B-fellow-travel rwi, yi,1s for distance more than 200B.

Lemma 6.5 now yields both results. ˝

We now turn to the Gromov-product claims.

Lemma 7.6. For all 1 ď i ď Q´1, we have pξ1¨χiqx0 ě D´100L and pξ2, χiqx0 ě D´100L.

Proof. We prove the case of ξ1; the case of ξ2 follows by identical argument. Let x1
1

be a point on r1; we may assume by taking x1
1 sufficiently far from x0 that dX{N px0, x

1
1q ě

2dX{N px0, x1q. Applying the triangle inequality for Gromov products together with Lemma
4.5, for any zi,j,q,

px1
1 ¨ zi,j,qqx0 ě minppx1

1, wiqx0 , pwi, zi,j,qqx0q ´ 10L

By Lemma 7.5 and the previous observation on dX{N pwi, x0q,

pwi, zi,j,qqx0 ě dX{N pwi, x0q ´ 2000B ě D ´ 10E1 ´ 3000B

On the other hand,

px1
1, wiqx0 ě minppx1

1 ¨ x1qx0 , px1 ¨ wiqx0q ´ 10L

By setting Z (which controls dX{N px0, x1q) sufficiently large in terms of L and D, we can
ensure px1

1 ¨ x1qx0 ě 10D, as x1
1 and x1 lie on the same quasi-geodesic ray r1. On the

other hand, px1 ¨ wiqx0 is at least D ´ 1000B by Lemma 7.5 and the triangle inequality.
After unwinding the minima, we obtain that for the particular representatives of ξ1 and χi

chosen, the limiting Gromov product is at least D ´ 25L. We may now apply Lemma 2.18
to conclude. ˝

Lemma 7.7. For all χi, 1 ď i ď Q ´ 1, pχi ¨ χi`1qx0 ě D ` 1
2F .

Proof. Without loss of generality, we assume that F ě 109B, as B does not depend
on F . We then require that Z ě D ` F ` 106 ˚ L Recalling the reindexing required to
construct χ1, ..., χQ, there are a few cases to handle.
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The first case is ξ1 and χ2,1. For this case, Lemma 7.5 implies that any geodesic from
z2,1,q to x0 passes within 1000B of w2, and by construction px1, w2qx0 ě Z ´10L. Arguing
as in Lemma 7.6 then yields that pξ1, χ2,1qx0 ě Z ´ 100L.

The case of ξ2 and χk´1,2 is analogous.
Next, we consider χi,1 and χi,2. Let ρ1 be a p1, 20Lq-quasi-geodesic ray representing

χi,1, and let ρ2 be a p1, 20Lq-quasi-geodesic ray representing χi,2, such that both rays
originate from x0. Recall the existing p1, 1000Mq-quasi-geodesic rays representing χi,1 and
χi,2 constructed from the zi,j,q points.

Applying the Morse Lemma, every point s1 sufficiently far along on ρ1 satisfies dX{N px0, s1q ě

106 ˚ L, dX{N pwi, s1q ě 106 ˚ L, dX{N pzi,1,0, s1q ě 106 ˚ L, and dX{N ps1, zi,1,qq ď 200L for
some zi,1,q. Applying Lemma 5.10, there exists s1 lifting s1 and x1

0 lifting x0 such that
s1 and x0 are minimal, zi,1,q and x0 are near-minimal, and zi,1,q and s1 are near-minimal.
Lemma 6.1 then implies dXps1, zi,1,qq ď 2000L.

By Lemma 7.5, rzi,1,q, x
1
0s passes within 1000B of some lift w1

i of wi, and within 150M
of some lift z1

i,1,0 of zi,1,0. As zi,1,q and s1 both have distance at least 105L from w1
i and

z1
i,1,0, we may conclude by δ-thinness of the triangle with sides rs1, x

1
0s, rz1

i,1,q, x
1
0s, and

rs1, z
1
i,1,qs, along with minimality of s1 and x1

0, that rx0, s1s passes within 1100B of wi at
some point sw1 and within 160M of zi,1,0 at some point sz1. Let s

w
1 be the unique lift of sw1

that lies within 1100B of wi, and let sz1 be the unique lift of zi,1,0 that lies within 160M
of zi,1,0. Essentially by the same argument used to prove that wi and zi,1,0 are minimal
in Lemma 7.5, sw1 and sz1 are minimal. By a standard thin-quadrilaterals argument, any
geodesic rsw1 , s

z
1s passes through some point t1 lying within distance 50δ of Ai and within

distance 40000M of zi,1,0. Let t1 be the projection of such a point on rx0, s1s.
By identical argument, rx0, s2s passes through some point t2 lying within distance 50δ

of Ai and within distance 40000M of zi,1,0.
From here, we observe the following inequality, which follows solely from the triangle

inequality and does not require hyperbolicity:

ps1 ¨ s2qx0 ě pt1 ¨ t2qx0 .

Using the lifts t1 of t1 and t2 of t2 constructed above, we have that dAiptj , wiq both lie in
r0.39LpAiq, 0.41LpAiqs for j P t1, 2u. As a consequence, dX{N pt1, t2q ď 0.25LpAiq. Now,
it is straightforward to verify as in Lemma 7.5 that t1 and t2 satisfy the hypotheses of
Lemma 6.5 (by the same argument used for zi,1,0q, and so rt1, x0s and rt2, x0s both pass
within 1000B of wi, say at points t

1
1 and t

1
2. By taking the (unique) lifts of these points

that lie within distance 1000B close to wi, we may check minimality as above and so verify
that dX{N pt1, t

1
1q and dX{N pt2, t

1
2q are both at least 0.38LpAiq. Therefore, for j P t1, 2u,

dX{N ptj , x0q ě 0.37LpAiq ` D

and so

ps1, s2qx0 ě pt1, t2qx0 “
dX{N pt1, x0q ` dX{N pt2, x0q ´ dX{N pt1, t2q

2
.
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ě
0.74LpAiq ` 2D ´ 0.25LpAiq

2
ě D ` F

as long as M (and hence mini Li) is chosen to be sufficiently large with respect to F . As s1
and s2 were chosen arbitrarily, we obtain the conclusion that pχi,1 ¨ χi,2qx0 ě D ` F (and
in fact obtain a significantly larger increment).

The last remaining case is χi,2 and χi`1,1. Copying the argument used in the previous
case, we obtain t1 and t2 respectively lying close to zi,1,0 and zi,2,0. Furthermore, rt1, x0s

must pass within 1000B of wi`1, say at some point t
1
1, and rt2, x0s must pass within 1000B

of wi`1, say at some point t
1
2. Let t

1
1 and t1

2 be respective lifts of these points lying within
1000B of wi`1. Now, t1, t

1
1, wi`1, and ui`1 all lie within 200M of a subsegment of Ai

with length at most 0.41Li, and it is straightforward to check from this fact that these four
points are pairwise minimal. Recall that ui`1 lies within 10δ of Ai, and its projection to Ai

lies between the projection of wi and the projection of zi,2,0, with an analogous statement
for ui`1 and Ai`1. As dX{N pwi`1, ui`1q ě 10EG ` F and F be chosen to be sufficiently
large with respect to B, we may assert that any rt1, x0s passes within 100δ of ui`1, say at
some point y1. Likewise, rt2, x0s passes within 100δ of ui`1, say at y2 - here it is important
that both Ai and Ai`1 were constructed with ui`1 as a ‘guide’. Lastly, we may check as in
Lemma 7.5 that any geodesic rui`1, x0s or ry1, x0s passes within 1000B of wi. As a result,

dX{N pui`1, x0q ě dX{N pui`1, wi`1q ` dX{N pwi`1, x0q ´ 10000B

We already know that dX{N pwi`1, x0q ě D ´ B for B sufficiently large in terms of E and
E1, as well as dX{N pwi`1, ui`1q ě 10EG ` F by the minimality claim of Lemma 7.2. We
conclude that

ps1 ¨ s2qx0 ě pt1 ¨ t2qx0 ě pui`1 ¨ ui`1qx0 ´ 1000δ

“ dX{N pui`1, x0q ´ 1000δ ě F ` D ´ 20000B

Choosing F sufficiently large in terms of B produces the desired bound pχi,2 ¨ χi`1,1qx0 ě

D ` 1
2F . ˝

We have completed the proof of Lemma 7.1.

7.3 Linear Connectivity

We obtain linear connectivity of the boundary as a result of Lemma 7.1.

Theorem 7.8. Assume that G ñ X and random elements w1, . . . , wk chosen as the n-
step element of independent permissible random walks satisfy Hypothesis 3.1, where n is
sufficiently large in terms of G ñ X. Then there exists a constant C1 such that for all
ξ0, ξ1 P BpX{Nq, there exists a path γptq : r0, 1s Ñ BpX{Nq with γp0q “ ξ0, γp1q “ ξ1, and
for all 0 ď t ď 1 and j P t0, 1u,

pξj ¨ γptqqx0 ě pξ0 ¨ ξ1qx0 ´ C1.
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As an immediate consequence, BpX{Nq is linearly connected.

Proof. Given Lemma 7.1, the remainder of the proof is essentially standard, and we
will follow the proof of Prop. 2.2 in [Wri24]. We present the details for clarity.

Recall that the visual metric dv on BpX{Nq satisfies the property that there exists a ą 1
and C ą 1 so that for all ξ, χ P BpX{Nq,

1

C
a´pξ¨χqx0 ď dvpξ, χq ď Ca´pξ¨χqx0 .

Given points ξ0 and ξ1 on BpX{Nq, we will iteratively define functions γr : Ir Ñ

BpX{Nq, for r P Zě0, where Ir Ď r0, 1s and Ir Ď Ir`1 for all r. We further require that for
all r ă r1, γr1 |Ir “ γr.We will set the convention that ξt :“ γrptq for any t P r0, 1s and any
r such that t P Ir. The base case is I0 “ t0, 1u and γ0p0q “ ξ0, γ0p1q “ ξ1.

Define pξ0 ¨ ξ1qx0 “ A.
We make the following inductive hypotheses:

1. We have Ir Ď Ir`1, and γr`1|Ir “ γr.

2. If t1 and t2 are adjacent points of Ir with t1 ă t2, then

pξt1 ¨ ξt2qx0 ě A `
1

2
Fr

3. If t1 and t3 are adjacent points of Ir with t1 ă t3, and t2 P Ir`1 satisfies t1 ď t2 ď t3,
then

pξt1 ¨ ξt2qx0 ě A `
1

2
Fr ´ 100L

Assuming these hypotheses are satisfied, the inductive procedure consists of applying
Lemma 7.1 to each pair of adjacent points of Ir. Specifically, say t1 and t2 are adjacent in
Ir with t1 ă t2, so pξt1 ¨ ξt2qx0 ě A ` 1

2Fr. Lemma 7.1 gives a list ξt1 “ χ0, χ1, ..., χQ “ ξt2
such that for 1 ď i ď Q ´ 1, pχi ¨ χi`1qx0 ě A ` 1

2F pr ` 1q, while for all 1 ď i ď Q ´ 1,
pχ0 ¨ χiqx0 ě A ` 1

2Fr ´ 100L. We may therefore set

Ir`1 X rt1, t2s “

"

t1 ` i
t2 ´ t1

n
: i P Z X r0, Qs

*

and define γr`1

`

t1 ` i t2´t1
n

˘

“ χi. Performing this construction for all pairs of consecutive
points in Ir yields Ir`1 satisfying the inductive hypotheses.

We set I “
Ť8

r“0 Ir, and may by the consistency assumption define γ : I Ñ BX by
extending the γr. Next, we observe the formula

diampγpIqq ď diampγpI0qq ` 2
8
ÿ

r“0

max
sPIr`1

min
tPIr

dvpγpsq, γptqq
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From our inductive hypotheses, for every s P Ir`1, there is a t P Ir with pξs ¨ ξtqx0 ě

A ` Fr ´ 100L. Translating to the visual metric,

dvpγpsq, γptqq ď Ca´A´Fr`100L

so we obtain

diampγpIqq ď Ca´A ` 2C
8
ÿ

r“0

a´A´Fr`100L.

This expression is certainly bounded by a´A ě 1
C dvpξ0, ξ1q times a constant L depending

only on C and L. We conclude that there exists some constant C1 such that for that every
t P I,

pξ1 ¨ γptqqx0 ě pξ1 ¨ ξ2qx0 ´ C1

Essentially the same estimate yields that if t1 and t2 are consecutive points of Ir, then
the diameter of γpI X rt1, t2sq is at most a´AL times a´Fr. Given any ε ą 0, we may
therefore find R such that if t1 and t2 are consecutive points on IR, then diampγpI X

rt1, t2sqq ď ε{2. Choosing δ to be, say, 1
10 of the length of the smallest distance between

consecutive points of IR, then for any s1, s2 on I with |s1 ´s2| ă δ, there is a z P IR within
δ of both x and y. From the triangle inequality between γps1q, γps2q, and γpzq, we have
dpγps1q, γps2qq ď ε.

Therefore, γ is uniformly continuous on I, and must extend to a continuous function on
the closure I. From the iterative construction, it is straightforward to check that I must
equal r0, 1s, and so γpr0, 1sq is connected. Lastly, we have that the diameter of γpIq “ γpIq

is equal to the diameter of γpIq.
We conclude that BpX{Nq is linearly connected. ˝

Proof of Theorem 1.1. With the setup of Theorem 1.1, we have that Theorem 2.26
implies that Hypothesis 3.1 holds with probability approaching 1 as n Ñ 8. Theorem 7.8
now supplies the desired result. ˝

8 Dimension of the Boundary

Remark 8.1. In this section, all topological spaces will be assumed to be separable metric
spaces. This condition holds for all spaces relevant to us, and avoids some edge cases
related to the definition of topological dimension.

8.1 Goal and Setup

Recall the following definition.

Definition 8.2. A separable metric space S has topological dimension dimpSq “ k if k is
the minimum nonnegative integer such that every open cover U of S admits a refinement
U 1 such that every s P S lies in at most k ` 1 elements of U 1.
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We note that for all T Ď S with the subspace topology, dimpT q ď dimpSq. Furthermore,
if S is path-connected, then dimpSq ě 1.

Our goal is to prove the following lemma.

Lemma 8.3. Let G, X, and N be as in Hypothesis 3.1. Then

1 ď dimpBpX{Nqq ď dimpBXq ` 1.

Before going on, we state two topological results. Both results are classical.

Lemma 8.4. Let X be a separable metric space, and let T1, T2, ... be a countable collection
of closed subsets. Then

dim

˜

8
ď

i“1

Ti

¸

ď max
i

dimpTiq

where all subsets carry the subspace topology.

Lemma 8.5 (Urysohn-Menger Sum Formula). Let X be a separable metric space, and let
Y1 and Y2 be arbitrary subspaces of X such that X “ Y1 Y Y2. Then

dimpXq ď dimpY1q ` dimpY2q ` 1

where Y1 and Y2 carry the subspace topology.

We now cover a few elementary results concerning boundary sets of hyperbolic spaces.

Definition 8.6. Let X be a geodesic metric space and let A and B be two subsets of X
with A Ď B. We define the star of B relative to A, B˚pAq, as

B˚pAq “ tx P X : D a P A, b P B such that x P ra, bsu.

Definition 8.7. Let X be a Gromov hyperbolic metric space, and let A be a subset of M .
We define the limit set ΛpAq as the subset of BM definable via sequences lying entirely in
A.

The following two lemmas are elementary.

Lemma 8.8. Let X be a Gromov hyperbolic geodesic metric space, and let A Ď B Ď X
with A ‰ H and diampAq ă 8. Then B˚pAq is quasi-convex.

Lemma 8.9. Let X be a Gromov hyperbolic simplicial graph, and let A be a connected
quasi-convex subsgraph of X. Equip A with the induced subgraph metric. Then ΛpAq is
naturally indentified with BA. Furthermore, ΛpAq is closed in the visual-metric topology
on BX, and the intrinsic visual-metric topology on BA agrees with the subspace topology on
ΛpAq.
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8.2 Strut Prefixes and Decomposition

Throughout, we fix an arbitrary basepoint x0 P X. Recall that A is the set of all axes
hAxpvq in X, and A{N is the set of all images of axes hAxpvq in X{N .

Definition 8.10. Given x, y P X{N , choose near-minimal respective lifts x and y of x and
y, and enumerate Spx, yq as

x ăS h1Axpv1q ăS ... ăS hkAxpvkq ăS y

We then define the quotient strut sequence Spx, yq to be the ordered sequence

x ăS h1Axpv1q ăS ... ăS hkAxpvkq ăS y.

By Lemma 5.11, Spx, yq is well-defined, regardless of the lifts chosen.

Definition 8.11. We define the non-turning locus based at z S1
z as the set of all points

x P X{N such that there exist minimal respective lifts x and z of x and z such that for all
axes hAxpvq P A,

DhAxpvqpx, zq ď 0.39Lpvq.

We then define the set Sz by
Sz “ pS1

zq˚ptzuq.

Lemma 8.12. Let x P Sx0. Then there exists minimal respective lifts x and x0 of x and
x0 such that for all axes hAxpvq P A,

DhAxpvqpx, x0q ď 0.4Lpvq.

Proof. For any y P Sx0 , there exists some x P X{N and a geodesic rx0, xs such that
y lies on this geodesic and x P S1

x0
. Let x be defined so that rx0, xs lifts rx0, xs, and

let y be the unique lift of y on this geodesic. By minimality, for all axes hAxpvq P A,
DhAxpvqpx0, xq ď 0.51Lpvq. As x P S1

x0
, there exists some lift x1 of x such that x0 and x1

are minimal, and such that for all hAxpvq P A, DhAxpvqpx0, x
1q ď 0.39Lpvq.

From the triangle inequality, we conclude that for all hAxpvq P A, DhAxpvqpx, x
1q ď

0.95Lpvq. From Lemma 4.1, we must have x “ x1. Now, let hAxpvq P A, so that
DhAxpvqpx0, xq ď 0.39Lpvq. From the Bounded Geodesic Image Theorem, the diameter
of πhAxpvqprx0, xsq is at most 0.395Lpvq. As y P rx0, xs, we conclude that DhAxpvqpx0, yq ď

0.4Lpvq. ˝

Lemma 8.13. There exists a well-defined bi-Lipschitz map ι : Sx0 Ñ X.
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Proof. Given x P Sx0 , define ιpxq to be a lift x of x such that x and x0 are minimal.
For any two such minimal lifts x1, x2, we have by Lemma 8.12 that for any hAxpvq P A,
DhAxpvqpx0, xiq ď 0.4Lpvq for i P t1, 2u, so by the triangle inequality DhAxpvqpx1, x2q ď

0.8Lpvq. But then Lemma 4.1 forces x1 “ x2, and we conclude that ι is well-defined.
An analogous argument shows that for x, y P Sx0 , x :“ ιpxq and y :“ ιpyq are near-

minimal. As a result, by Lemma 6.1,

dXpx, yq ď 10dX{N px, yq.

On the other hand, certainly dX{N px, yq ď dXpx, yq. We obtain the desired result. ˝

We note that for any z “ gx0, we have by equivariance of projections that gSx0 “ Sz.
We therefore obtain the following corollary.

Corollary 8.14. For any z P X{N , the set Sz is connected, quasi-convex, and quasi-
isometric to a subset of X. As a result, BSz :“ ΛpSzq is closed in BpX{Nq and satisfies

dimpBSzq ď dimpBXq.

We now introduce the main machinery. To do so, we first must define stable struts.

Definition 8.15. Let ξ P BpX{Nq, and let r be a p1, 20Lq-quasi-geodesic ray originating
from x0 representing ξ. Let hAxpvq P A{N . We say that hAxpvq is a stable strut for r if
there exists a quantity t0 ě 0 satisfying the following two conditions.

1. For all t ě t0, hAxpvq P Spx0, rptqq

2. For all t ě t0, dX{N prptq, hAxpvqq ě 1000L.

Definition 8.16. Define

S :“
ď

zPX{N

Sz, BS :“
ď

zPX{N

BSz.

Also define BT “ BSC . For each hAxpvq P A{N , define BT
hAxpvq

to be the set of all ξ P BT

for which hAxpvq is a stable strut.

An illustration of the construction used in the following lemma is provided as Figure
10.

Lemma 8.17. Let ξ P BpX{Nq, and assume that ξ is represented by some p1, 20Lq-quasi-
geodesic ray r originating from x0 such that r has finitely many stable struts. Then there
exists some z P X{N such that ξ P BSz.
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Proof. Note that key objects in this proof are illustrated in Figure 10.
By assumption, there exists some finite list h1Axpv1q, ..., hKAxpvKq of stable struts

for r, and some t0 such that for all t ě t0, we have dX{N phiAxpviq, rptqq ě 1000L and

hiAxpviq P Spx0, rptqq for i P t1, ...,Ku. As a consequence of the fact that any hiAxpviq
must lie within 50δ of rx0, rpt0qs and each hiAxpviq has diameter at most 2L, we have that

dX{N px0, hiAxpviqq ď dX{N px0, rpt0qq ` 100L. (2)

Now, let y “ rpt0 ` 10000Lq, and construct a geodesic rx0, ys. Let z be a point on this
geodesic such that dX{N pz, yq “ 4000L; certainly such a point exists. We will claim that
ξ P BSz.

Let t ě t0 ` 10000L, and let yt “ rptq. Construct a geodesic rx0, yts, and let zt be a
point on this geodesic such that dX{N pzt, ytq “ 2000L. Our goal is to show that zt P Sz,
and in fact zt P S1

z. Assume not, so there exist minimal respective lifts zt and z of zt
and z and some axis hAxpvq P A with DhAxpvqpz, ztq ą 0.39Lpvq. As r is a p1, 20Lq-quasi-

geodesic, we may apply a standard thin-quadrilaterals argument and the fact that hAxpvq

has diameter at most 2L to obtain

dX{N px0, hAxpvqq ě dX{N px0, rpt0qq ` 2000L (3)

We may now apply Lemma 5.10 to find a lift x0 of x0 such that x0 is near-minimal
with respect to both z and zt. From the triangle inequality, we must have that either
DhAxpvqpx0, zq or DhAxpvqpx0, ztq is at least 0.19Lpvq. Assume for now that DhAxpvqpx0, zq ě

0.19Lpvq, so hAxpvq P Spx0, zq. In particular, hAxpvq must lie within 50δ of rx0, zs, and
hence

dX{N px0, hAxpvqq ď dX{N px0, yq ´ 1500L

As a consequence of Lemma 5.11 with θ “ 0.15, if z1 is a separate lift of z such that
rx0, z

1s lifts rx0, zs Ď rx0, ys, then there exists some lift h1Axpv1q with Dh1Axpv1qpx0, z
1q ě

0.15Lpv1q. Note that x0 and z1 are necessarily minimal; we may furthermore extend rx0, z
1s

to rx0, y
1s for some lift y1 of y such that x0 and y are minimal. The Bounded Geodesic Image

Theorem plus rx0, zs Ď rx0, ys then implies Dh1Axpv1qpx0, y
1q ě 0.14Lpv1q. So h1Axpv1q P

S0.14px0, yq

Now, consider some y˚ “ rpt˚q with t˚ ě t0 ` 10000L. As r is a p1, 20Lq-quasi-
geodesic based at x0, we have that ry, y˚s does not pass within dX{N px0, yq ´ 200L of

x0. In particular, this geodesic does not pass within 1200L of hAxpvq. We may now find
respective lifts y˚, x2

0, and y2 of y˚, x0, and y such that y˚ and y2 are minimal, y˚ and
x2
0 are near-minimal, and y2 and x2

0 are near-minimal. From Lemma 5.11, there is some
lift h2Axpv2q of hAxpvq such that Dh2Axpv2qpx

2
0, y

2q ě 0.14Lpvq. But as ry2, y˚s can be
chosen to not pass within 1200L of h2Axpv2q by the construction above, we may apply the
Bounded Geodesic Image Theorem and conclude after projection that hAxpvq P Spx0, y

˚q.
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As t˚ was chosen arbitrarily, we conclude that hAxpvq is a stable strut for r. Combining
Equations 2 and 3 now yields a contradiction.

We conclude that zt P Sz for all t ě t0`10000L. As the sequence zt 5000L-fellow-travels
r, it must serve as a defining sequence for ξ. We conclude that ξ P ΛpSzq. ˝

Corollary 8.18. If ξ P BT , then ξ has infinitely many stable struts.

We now investigate the BT
hAxpvq

sets. An illustration of the construction used in the

following lemma is provided as Figure 11.

Lemma 8.19. For all hAxpvq P A{N , the set BT
hAxpvq

is clopen in the subspace topology on

BT Ď BpX{Nq. Furthermore, for any ξ P BT , there exists a collection of BT
hAxpvq

forming

a basis at ξ in the subspace topology on BpX{Nq.

Proof. Note that key objects in the following construction are depicted in Figure 11.
If ξ P BT , then there exists a p1, 20Lq-quasi-geodesic ray r representing ξ such that r

has infinitely many distinct stable struts. Furthermore, let h1Axpv1q be a stable strut for
r, and consider some t such that for all s ě t, dX{N prpsq, hAxpv1qq ě 1000L. Certainly
such a t exists. Then for all minimal respective lifts x0 and rptq, of x0 and rptq, there
exists some lift h1Axpv1q of h1Axpv1q such that, by Lemma 5.8 and the proof of Lemma
8.17, Dh1Axpv1qpx0, rptqq ě 0.099Lpv1q. Therefore rx0, rptqs must 100δ-fellow-travel h1Axpv1q

for distance at least 0.099Lpv1q, and the same must hold after projection to the quotient.
By the non-overlapping condition on axes, if r possesses infinitely many stable struts, then
it must possess stable struts with arbitrary distance from x0.

Now, fix hAxpvq P A{N , and let ξ P T
hAxpvq

. From the preceding paragraph, we may

find some h1Axpv1q such that h1Axpv1q is a stable strut for ξ, and such that

10dX{N px0, hAxpvqq ` 10000L ď dX{N px0, h1Axpv1qq

There exists some t0 such that hAxpvq, h1Axpv1q P Spx0, rpt0qq, and such that both hAxpvq

and h1Axpv1q have distance at least 1000L from rpt0q. Applying the distance bound and
Lemmas 5.11 and 5.8 to rx0, rpt0qs, we must have that hAxpvq comes before h1Axpv1q in
Spx0, rpt0qq, and so hAxpvq P Spx0, h1Axpv1qq.

Choose a constant
L ě dX{N px0, h1Axpv1qq ` 10000L

and consider the neighborhood

tχ P BT : pχ ¨ ξqx0 ě Lu.

For any such χ, let r1 be a p1, 20Lq-quasi-geodesic ray originating from x0 representing χ.
Let yχ be a point on r1 such that dX{N px0, yξq ě L ` 1000L; note that there is certainly
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Figure 10: A schematic of the construction used to prove Lemma 8.17, showing the relevant
objects under projection to X{N . Note that the strut hAxpvq is proved to in fact not exist
over the course of the proof.
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some t0 so that for all t ě t0, r
1ptq satisfies this condition. Furthermore, yχ must satisfy

dX{N ph1Axpv1q, yχq ě 1000L. Likewise, choose a point yξ on r such that

dX{N px0, yξq “100L L ` 1000L

From pχ¨ξqx0 ě L, the definition of L, and a standard thin-triangles argument, any geodesic
ryχ, yξs does not pass within 1000L of h1Axpv1q.

We may then choose pairwise near-minimal respective lifts yχ, yξ, and x0 of yχ, yξ, and
x0, so that yχ and yξ are in fact minimal. Necessarily there exists some lift h1Axpv1q of

h1Axpv1q in Spx0, yξq, and Dh1Axpv1qpx0, yξq ě 0.1Lpv1q. There also exists some lift hAxpvq

of hAxpvq in Spx0, yξq, and this axis satisfies

DhAxpvqpx0, yξq ě 0.1Lpvq, Dh1Axpv1qphAxpvq, yξq ě 0.1Lpvq

Here, the second inequality comes from the fact established above that hAxpvq P Spx0, h1Axpv1qq.
As h1Axpv1q has distance at least 1000L from any geodesic from yξ to yχ by construction,
the Bounded Geodesic Image Theorem implies that

Dh1Axpv1qphAxpvq, yχq ě 0.099Lpv1q

By forwarding, we therefore have

DhAxpvqpx0, yχq ě 0.1Lpvq

and as x0 and yχ are near-minimal, hAxpvq P Spx0, yχq. From this analysis, we may

conclude that hAxpvq is a stable strut for χ, and hence χ P BT
hAxpvq

. So

tχ P BT : pχ ¨ ξqx0 ě Lu Ď BT
hAxpvq

.

Next, assume instead that ξ R T
hAxpvq

. We choose h1Axpv1q and L as before. Let yξ be a

point on r such that h1Axpv1q P Spx0, yq and dX{N ph1Axpv1q, yξq ě 10000L. Without loss of

generality, we may also assume that dX{N px0, yξq ě L`1000L. If hAxpvq P Spx0, h1Axpv1qq,

we would have hAxpvq P Spx0, yξq. Then setting χ “ ξ and rerunning the preceding

argument would yield that hAxpvq is a stable strut for ξ, contradicting ξ R BT
hAxpvq

. We

conclude that for any pairwise minimal lifts x0 and h1Axpv1q of x0 and h1Axpv1q and any
lift hAxpvq of hAxpvq, we have DhAxpvqpx0, h

1Axpv1qq ă 0.1Lpvq.
Consider the neighborhood

tχ P BT : pχ ¨ ξqx0 ě Lu

and assume there exists some χ lying in this neighborhood so that χ P BT
hAxpvq

. We may

choose a p1, 20Lq-quasi-geodesic ray r1 representing χ; for all yχ on r1 sufficiently far from
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x0, we have that hAxpvq P Spx0, yχq and dX{N px0, yξq ě L ` 1000L. As before, by choice
of L and pχ ¨ ξqx0 ě L, any geodesic in X{N from yξ to yχ must not pass within 1000L of

h1Axpv1q

By essentially the same forwarding argument as in the previous case, plus the upper
bound on DhAxpvqpx0, h

1Axpv1qq given above, we conclude that

tχ P BpX{Nq : pχ ¨ ξqx0 ě Lu Ď BTC
hAxpvq

As sets of the form
tχ P BpX{Nq : pχ ¨ ξqx0 ě Ru

for R ě 0 form a basis neighborhood for ξ in the visual topology on BpX{Nq, we conclude
that BT

hAxpvq
is both closed and open.

Lastly, for any hAxpvq P A{N and for any ξ, χ P BT
hAxpvq

, it is straightforward to

verify from Lemma 5.8 and the stable strut condition that any p1, 20Lq-quasi-geodesic rays
representing ξ or χ must both pass within, say, 100L of hAxpvq. As hAxpvq has diameter
at most 2L, we may conclude that

pξ ¨ χqx0 ě dX{N px0, hAxpvqq ´ 1000L

For any ξ, we may find stable struts for ξ with arbitrary distance from x0. Constructing
sets BT

hAxpvq
from these stable struts therefore gives a neighborhood basis for ξ. ˝

As every point of BT has a neighborhood basis of clopen sets of the form BT
hAxpvq

.

Corollary 8.20. The space BT Ď BpX{Nq equipped with the subspace topology has topo-
logical dimension 0.

At last, we may prove our main result.

Proof of Lemma 8.3. Recall the definitions

BS “
ď

zPX{N

ΛpSzq, BT “ BSC .

As the action of G on X{N is transitive and G is finitely generated, the union is countable.
From Lemma 8.4 and Corollary 8.14, we obtain dimpBSq ď dimpBXq, with the subspace
topology on BS. As dimpBT q “ 0 by Corollary 8.20, we may apply Lemma 8.5 to conclude
that as BpX{Nq “ BS Y BT ,

dimpBpX{Nqq ď dimpBSq ` dimpBT q ` 1 “ dimpBSq ` 1.

Lastly, by Theorem 7.8, BpX{Nq is linearly connected, and hence has dimension at least 1.
˝
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Figure 11: A schematic of the construction used to prove Lemma 8.19, showing the relevant
objects under projection to X{N . The key idea is that the struts h1

1Axpv1
1q and h1

2Axpv1
2q

‘lock in’ projection angles for (respectively) boundary points near ξ1 and ξ2 to hAxpvq.
Here, ξ1 P BT

hAxpvq
, whereas ξ2 R BT

hAxpvq
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9 Boundary Quotients and the Nöbeling Curve

9.1 The Nöbeling Curve

We now begin the proof of Theorem 1.3, motivated largely by the results of [HP11]. First,
we provide a brief introduction to the Nöbeling Curve.

Definition 9.1. The Nöbeling Curve is the topological space defined by removing from
R3 all points with at least two rational coordinates and taking the subspace topology.

It is reasonable to think of the Nöbeling curve as a non-compact analogue of the Menger
curve (also known as the Menger sponge).

The Nöbeling curve admits a characterization theorem. It may also be defined via a
universal property, although we will not state this definition. Before stating the theorem,
we must define a somewhat peculiar property.

Definition 9.2. A topological space X satisfies the locally finite 1-disks property if the
following conditions are satsfied. For any family of continuous maps fm : r0, 1s Ñ X and
any open cover U of X, there is a family of continuous maps gm : r0, 1s Ñ X such that:

1. For each x P X, there is an open neighborhood U of x (not necessarily in U) such
that the image of gn does not intersect U for all sufficiently large n.

2. For each t P r0, 1s and n P N, there is an open set U P U such that fnptq and gnptq
both lie in U .

For an exposition on why the Nöbeling curve possesses the locally finite 1-disks property,
see Prop. 6.1 in [HP11]. The following result was proven by Andrej Andrzej Nagórko based
on results in [KLT97], but is stated in [HP11].

Theorem 9.3. A topological space U is homeomorphic to the Nöbeling curve if and only
if the following properties are satisfied.

1. U is Polish (separable and complete metrizable).

2. U is connected and locally path-connected.

3. U has topological dimension 1.

4. U possesses the locally finite 1-disks property.

Theorem 1.3 will require additional hypotheses, which we now cover. The first hypoth-
esis is a strengthening of Hypothesis 3.1.
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9.2 Hypotheses

We now introduce our main hypothesis for the Nöbeling curve result. Note that relative
hierarchical hyperbolicity is a strictly weaker condition than hierarchical hyperbolicity.

Note that any HHG G comes with an action G ñ X on a hierarchically hyperbolic space
X , a set D of domains with a unique maximal domain X, and an action G ñ D. For any
U P DztXu, we have a projection map ρXU : X Ñ U and a coarse point ρUX Ď X. There is
also an orthogonality relationship K on elements of D. Furthermore, for any U P D, there
is a projection map πU : X Ñ U ; these maps satisfy a coarse functoriality property.

Hypothesis 9.4. Let G be a finitely generated relatively hierarchically hyperbolic group
(RHHG) such that the RHHG structure of G is realized by an action G ñ X , where X
is a relatively hierarchically hyperbolic space. Let D be the collection of domains for X ,
and recall that by definition there is an action G ñ D. Let E be the maximum across
all constants appearing in the RHHS/RHHG axioms for G and X . Let X be the top level
domain of X . By definition, X is a Gromov hyperbolic space, and there is an action G ñ X
of G on X by hyperbolic isometries. We let w1, ..., wk be elements of G. We fix an arbitrary
basepoint x0 P X, and consider the normal subgroup N “ xxw1, ..., wkyy. We assume the
following:

1. The space X is the Cayley graph of G with respect to some finite generating set, and
is equipped with the simplicial metric.

2. The space X is a simplicial graph, and its Gromov hyperbolicity constant δ is at least
1000.

3. The action of G on X is vertex-transitive and non-elementary.

4. The maximal finite normal subgroup of G is trivial.

5. For each non-maximal U P D, ρUX is a point in X. Furthermore, for g P G, if
U 1 “ gU , then ρU

1

X “ gρUX .

6. There exists M ě 1020 such that

pw1, ..., wkq P E1020M,M

where E1020M,M is defined as in Definition 2.25.

Given these hypotheses, we set L “ maxi Lpwiq and M :“ 50mini Lpwiq{M .

Remark 9.5. It is straightforward to extend the reductions applied to Hypothesis 3.1 to
this expanded setup; see Appendix A of [Abb+26] for the needed facts about quotients of
X by finite normal subgroups of G. As before, the other claims are standard.
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We note that the action of G on X is acylindrical, and hence WPD, by Theorem K of
[BHS17] (the proof is only for HHGs, but the argument works for RHHGs as well), and the
action is likewise action path-connected by Lemma 2.29. Vertex-transitivity and conditions
four and five may likewise be assumed without loss of generality. Possibly replacing E
with a larger constant, we can assume that E also serves as the action path-connectedness
constant.

We will use ‘subdomain’ to refer to non-maximal domains of X ; note that this is not
standard terminology.

We make the following definition, which is the main requirement for showing that
BpX{Nq has the locally finite 1-disks property.

Definition 9.6. Let G and X be as in Hypothesis 9.4. Recall We say that X has the
large dense domains property if there exists a subset D0 Ď DztXu such that the following
conditions are satisfied for some constant H:

1. The subset D0 is closed under the G-action on D.

2. Every U P D0 contains an quasi-isometrically embedded copy of R.

3. Every point x P X lies within distance H of some U P D0.

4. For every geodesic rx, ys in X, there is a sequence U1, ..., Uk of domains in D0 so that
ρU1
X lies within H of x, ρUk

X lies within H of y, every ρUi
X lies within H of rx, ys, and

Ui K Ui`1 and dXpρUi
X , ρ

Ui`1

X q ď 10H for all Ui with 1 ď i ď k ´ 1.

We make the following hypothesis.

Hypothesis 9.7. Let G, X , and X be as in Hypothesis 9.4. We additionally assume that
G, X , and X satisfy the large dense domains property.

If needed, we may replace E with a larger constant so that E ě H.
Lastly, we make the following hypothesis on X. Note that quasi-trees necessarily have

boundaries with dimension 0.

Hypothesis 9.8. Let G, X , and X be as in Hypothesis 9.4. We additionally assume that
X is a quasi-tree.

10 Locally Finite 1-Disks

In this section, we prove that under Hypotheses 9.4 and 9.7, BpX{Nq satisfies the locally
finite 1-disks property. Before we begin, recall the triangle inequality for Gromov products:
for any ξ1, ξ2, ξ3 that are individually either points in X{N or points in BpX{Nq and any
x P X{N , we by Lemma 4.5 that

pξ1 ¨ ξ3qx0 ě minppξ1 ¨ ξ2qx0 , pξ2 ¨ ξ3qx0q ´ 20L
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10.1 Subdomain Projections in the Quotient

Following Abbott-Berlyne-Mangioni-Ng-Rasmussen in [Abb+26], we could define a full
RHHS structure on X {N , and obtain subdomain projections accordingly. However, this is
more work than is necessary in our case, and we will instead define and prove only what is
needed to show the locally finite 1-disks property.

Recall that for reach

Definition 10.1. Define D as the set-theoretic quotient D{N under the action G ñ D,
except that X is replaced by X{N . Define D0 :“ D0{N Ď D{N accordingly. For each
U P DztX{Nu, we define U as an isometric copy of any U P D lifting U . Given U P D,

define ρU
X

as the projection of ρUX to X for any lift U of U . Note that this point is well-
defined by Hypothesis 9.4.

Recall that by definition, if U 1 “ gU for distinct U,U 1 P D, then the map from U to
U 1 induced by g is an isometry. Furthermore, ρgUX “ gρUX , and as all g P N have minimal
translation length at least 0.98mini Lpviq by Lemma 4.1, we may conclude N acts freely
on DztXu. Therefore, if U 1 “ gU for g P N , the induced isometry between U 1 and U is
unique. As a result, we may define a projection map

πN :
ğ

U lifts U

U Ñ U

by identifying U with a fixed lift U0 of U , mapping all other lifts U to U0 via the unique
maps described above, and taking a union of images.

Recall that for each U P DztXu, there exists a ‘projection’ map ρXU : X Ñ U .

Definition 10.2. Given x P X{N and U P DztX{Nu, define

ρX
U

pxq “

¨

˚

˚

˚

˚

˚

˚

˝

ğ

x,U :
x lifts x
U lifts U

x,U are 0.85-near-minimal

ρXU pxq

˛

‹

‹

‹

‹

‹

‹

‚

{N

where the quotient by N is defined via the projection map πN described in Definition 10.1.

Before we go on, recall the Bounded Geodesic Image Axiom for RHHSes.

Lemma 10.3. Let G, X , and X be as in Hypothesis 9.4. Let x and y be points of
X such that rx, ys does not intersect NEpρUXq for some subdomain U P DztXu. Then
dU pρXU pxq, ρXU pyqq ď E.

We now show projections have bounded diameter. A helper lemma is required; this
lemma is essential Remark 4.17 in [Abb+26].
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Lemma 10.4. There exists a constant E1 depending only on E and the action G ñ X
with the following property. Let hAxpvq be an axis, let g “ hvh´1, and let x be a point
lying on hAxpvq. Then for any U P D, dU pρXU pxq, ρXU pgxqq ď E1.

Proof. The existence of px follows from transitivity of the action of G on X. We
note that xhvh´1y acts geometrically on the quasi-convex subset hAxpvq, which implies
the existence of constants pλ, cq such that the restriction of the map πX : X Ñ X (which
is the orbit map for G) to xhvh´1y is a pλ, cq-quasi-isometry. It now follows from the
Bounded Geodesic Image Axiom that the image ρXU phAxpvqq has diameter bounded by
some function Dpλ, cq of λ and c. As G acts on the set A of axes with finitely many
orbits, λ and c are uniformly bounded across all axes. We therefore obtain a bound on the
diameter of ρXU phAxpvqq independent of hAxpvq P A. ˝

We will assume without loss of generality that E1 ď E, which may require replacing E
with a larger constant.

Lemma 10.5. With the notation in Definition 10.2, the set ρX
U

pxq has diameter at most
OpEq.

Proof. Consider pairs x1, U1 and x2, U2, both lifting the pair x, U , and such that x1
and U1 are 0.85-near-minimal and x2 and U2 are 0.85-near-minimal. By definition of ρX

U
pxq,

we may translate by N and thus assume without loss of generality that U1 “ U2. Call this
subdomain U . If x1 “ x2, we are done. Otherwise, we may apply Lemma 4.1 and conclude
that there is some axis hAxpvq such that dhAxpvqpx1, x2q ě 0.99Lpvq.

Now, if dhAxpvqpxi, ρ
U
Xq ď 0.13Lpvq for i P t1, 2u, we may conclude by the triangle

inequality that either x1 or x2 is not 0.85-near-minimal with U . As a consequence, defining
y1 as an arbitrary point in πhAxpvqpx1q, any geodesic from x1 to ρUX must first pass within
Opδq of y1 and then travel along hAxpvq for distance at least 0.1Lpvq. We may define y2
analogously. By Lemma 10.3, as long as Lpvq is sufficiently large relative to E (which we
may assume), dU pρXU pxiq, ρ

X
U pyiqq ď E for i P t1, 2u.

It is now straightforward to verify that there exists an element g “ hvmh´1 with m P

t´1, 0, 1u such that rgy1, y2s does not pass within E of ρUX , and so dU pρXU pgy1q, ρXU py2qq ď E.
Furthermore, by Lemma 10.4, dU pρXU py1q, ρXU pgy1qq ď E. We may now apply the Bounded
Geodesic Image axiom a final time and conclude by the triangle inequality that

dU pρXU px1q, ρXU px2qq ď OpEq.˝

Lemma 10.6. Let x, y P X{N , and consider U P D. Assume that rx, ys does not pass

within E of ρU
X
. Then dU pρX

U
pxq, ρX

U
pyqq ď OpEq.
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Proof. Let x, U1 be near-minimal lifts of x, U , and let y, U2 be near-minimal lifts
of y, U . By equivariance and a minor modification of Lemma 5.10, we may assume that
U1 “ U2 (call this subdomain U) and that x and y are minimal. By Lemma 10.5, it suffices
to prove that dU pρXU pxq, ρXU pyqq ď E. But this bound now holds from our construction and
the Bounded Geodesic Image axiom for X. ˝

Definition 10.7. Given a quasi-geodesic ray r in X{N and a point y on r, define ry to
be the ‘tail’ of r obtained by removing all points of r before y.

Definition 10.8. Fix ξ P BpX{Nq and U P DztX{Nu. Let R be the set of all p1, 20Lq-
quasi-geodesic rays r in X{N originating from x0 and representing ξ. Then

ρ
BpX{Nq

U
pξq “

ď

rPR

ď

yPr

dX{N pry ,ρ
U
X

qě1010L

ρX
U

pyq

The following lemma follows directly from Lemmas 10.5 and 10.6.

Lemma 10.9. For any ξ P BpX{Nq and any U P D{tX{Nu, the set ρ
BpX{Nq

U
pξq has diam-

eter at most OpEq.

Definition 10.10. Given U, V P DztX{Nu, we write U K V if there exist near-minimal
respective lifts U and V of U and V with U K V .

We record a useful consequence of partial realization.

Lemma 10.11. Fix U P DztX{Nu. Then the map ρ
BpX{Nq

U
Ñ U is OpEq-coarsely surjec-

tive.

Proof. Fix u P U , and let U be an arbitrary lift of U . By partial realization, there
exists a point pu P X and a point u1 P U projecting to u1 P U such that u1 is contained in
the projection of pu to U and dU pu1, uq ď E. Let xu be a point in the projection of pu to
X, and let xu be its image in X{N . Possibly after adjusting pu and u1 in a way that moves
u1 by distance at most E, we may assume without loss of generality that dXpxu, ρ

U
Xq ď E,

and that as a consequence xu and U are near-minimal.
Say xu “ hx0. As in the proof of Lemma 7.3, we will choose a group element c P G

with the following properties:

1. There exists a c1 P G and a vi so that rx0, cx0s Ď N20δppc1q´1Axpviqq.

2. We have dXpx0, cx0q “100δ
1
3Li.

3. We have dGpe, cq “ Opnq.
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We then take the sequence zj “ hcjx0, so z0 “ xu. By essentially the same proof
as in Lemma 7.4, the sequence zj defines a boundary point ξ P BpX{Nq, and all zj are
near-minimal with respect to U . Furthermore, we may concatenate geodesic segments
rzj , zj`1s to obtain a p1, 1000Mq-quasi-geodesic ray s. We may subdivide this ray into at
most three sections s1, s2, and s3, each section made of some number rzj , zj`1s segments,
and satisfying the following properties. We require that s1 and s3 do not pass within 10L
of ρU

X
, and that s2 consists of at most 40 segments. Let zj1 be the terminal point of s1,

let zj2 be the terminal point of s2, and let zj3 be some arbitrary point on s3 with distance

at least 1020L from ρU
X
. By the word-length bound above, the coarse Lipschitz projections

property, and Lemma 10.6, we have

dU pρU
X

pz0q, ρU
X

pzj1qq ď OpEq, dU pρU
X

pzj1q, ρU
X

pzj2qq ď OpEq,

dU pρU
X

pzj2q, ρU
X

pzj3qq ď OpEq

Let r be a p1, 20Lq-quasi-geodesic ray in X{N originating from x0 and representing ξ.
By the Morse Lemma, r fellow-travels the sequence zj for sufficiently large j. We may now
choose a sufficiently large j3 and conclude by the triangle inequality. ˝

We now recall a specific case of the Partial Realization Axiom for HHSes.

Lemma 10.12. Let U, V P DztXu with U K V . Then the map

πU ˆ πV : X Ñ U ˆ V

is E-coarsely surjective.

The following lemma now follows immediately from the proof of Lemma 10.11 and the
Partial Realization Axiom.

Lemma 10.13. Fix U, V P DztX{Nu, and assume that U K V . Then the map

ρ
BpX{Nq

U
ˆ ρ

BpX{Nq

V
: BpX{Nq Ñ U ˆ V

is Opnq-coarsely surjective.

We now state an extension of the Bounded Geodesic Image Axiom that applies to
boundary points in the quotient. This lemma follows directly from unraveling definitions
and applying Lemma 10.6.

Lemma 10.14. There exists a constant J “ OpLq with the following property. Let U P

DztX{Nu and ξ1, ξ2 P BpX{Nq. If dU pρ
BpX{Nq

U
pξ1q, ρX

U
px0qq is at least J , then any p1, 20Lq-

quasi-geodesic ray originating at x0 representing ξ passes within J of ρU
X
. Furthermore, if

dU pρ
BpX{Nq

U
pξ1q, ρ

BpX{Nq

U
pξ2qq is at least J , then pξ1 ¨ ξ2q

ρU
X

ď E.
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We now reach the most technical claim, which will require that we rerun the construc-
tion from Lemma 7.1 with a few modifications.

Lemma 10.15. For any constant Ψ1 ą 0, there exists a constant Ψ2 ą 0 with the following

property. Let ξ1, ξ2 P BpX{Nq and U P DztX{Nu, and assume that dU pρ
BpX{Nq

U
pξ1q, ρ

BpX{Nq

U
pξ2qq ď

Ψ1. Then there exists a path γ : r0, 1s Ñ BpX{Nq from ξ1 to ξ2 such that for all t P r0, 1s,

dU pρ
BpX{Nq

U
pγptqq, ρ

BX{N

U
pξ1qq ď Ψ2.

In order to prove this lemma, we make the following claim:

Lemma 10.16. Assume Hypothesis 9.4. Fix ξ1, ξ2 P BpX{Nq with pξ1 ¨ ξ2qx0 “ D and pξ1 ¨

ξ2q
ρU
X

“ D1, and a constant F . Also fix U P DztX{Nu, and assume that dU pρ
BpX{Nq

U
pξ1q, ρ

BpX{Nq

U
pξ2qq ď

Ψ1. Then for M sufficiently large in terms of F , the following property holds: there exists
a finite sequence of boundary points ξ1 “ χ1, χ2, ..., χQ “ ξ2 such that for 1 ď i ď Q ´ 1,
pχi ¨ χi`1qx0 ě D ` 1

2F , and for all 2 ď i ď Q ´ 1, and j P t1, Qu, pχi ¨ χjqx0 ě D ´ 100L.
Furthermore, for all χi with 1 ď i ď Q´1 and all χj with j P t1, Qu, we have pχi ¨χi`1q

ρU
X

ě

D1 ` 1
2F as well as dU pρ

BpX{Nq

U
pχiq, ρ

BpX{Nq

U
pχjqq ď Ψ1 ` OpLq.

Proof. The proof of this lemma will be substantially derived from the proof of Lemma
7.1, so we will gloss over the aspects that remain unchanged. We will also borrow key
notation from this proof. As before, we let r1, r2 : Zě0 Ñ X{N be p1, 20Lq-quasi-geodesic
rays originating at x0 and respectively representing ξ1 and ξ2. We choose points x1 and
x2 on these rays such that dX{N px0, x1q ě Z and px1, x2qx0 “10 D. We now also require

that dX{N pxi, ρ
U
X

q ě Z ` 10L. Here, Z is some large multiple of L, say 1012L; it is
straightforward that xi exist satisfying this additional bound.

We let x0, x1, x2 be pairwise near-minimal respective lifts of x0, x1, x2 to X, chosen so
that x1 and x2 are minimal. Let γ be a gedoesic from x1 to x2, and set γ “ πX{N pγq.
We now use Theorem 2.28 to construct a hierarchy path from x1 to x2 (this construction
replaces the use of action path-connectedness). We obtain a sequence of group elements
a1, ..., ak P G such that a1x0 “ x1, akx0 “ x2, such that dGpai´1, aiq ď W for all 2 ď i ď k,
and such that x1 “ a1x0, a2x0, ..., akx0 “ x2 is an unparameterized pE,Eq-quasigeodesic.
As before, we define wi :“ aix0. By Theorem 2.28, the Bounded Geodesic Image Axiom,
and our choice of Z, the assumption that

dU pρ
BpX{Nq

U
pξ1q, ρ

BpX{Nq

U
pξ2qq ď Ψ1

implies that

dU pρX
U

px1q, ρX
U

pwiqq ď Ψ1 ` OpE3q.

Recall that in Lemma 7.2 we constructed points ui :“ aisix0 avoiding certain ‘en-
emy prongs’; using the notation of Lemma 6.2, two of these prongs were p1pwi, x0q and

p2pwi, x0q. We add p1pwi, ρ
U
X

q and p2pwi, ρ
U
X

q to the list of enemy prongs we wish to avoid
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with ui. Recall that dGpe, siq ď EM by the Schottky set construction. As a consequence
of the coarse Lipschitz property of projections from X and the functoriality axiom for
projections,

dU pρX
U

pwiq, ρ
X
U

puiqq ď OpEEM q ` OpEq “ OpBq

Here, B is the constant used in Lemma 7.1.
While the statement was not needed before, it may be derived from the proof of the

second case of Lemma 7.7 that for any p1, 20Lq-quasi-geodesic ray ρ representing some χi,j

and any point s sufficiently far along on ρ, any geodesic rs, x0s passes through some point
y lying within distance 100δ of either ui or ui`1, and furthermore the subgeodsic ry, x0s

passes within 1200B of wi. We apply essentially the same argument in our new setup,
using both the enemy prongs constructed from ρU

X
and the enemy prongs constructed from

x0. We obtain that any geodesic rs, ρU
X

s passes through some point y lying with distance

100δ of either ui or ui`1, and likewise ry, ρU
X

s passes within 1200B of wi.
Recall that dXpwi, uiq ě ED ě 10000B, while dGpe, siq ď EM , where ED and EM are

independent of n. Therefore, the construction of y above is sufficient to conclude that ry, ss

and rui, ys do not pass within E of ρU
X
. From Lemma 10.6,

dU pρX
U

pyq, ρX
U

puiqq ď OpEq, dU pρX
U

puiq, ρ
X
U

psqq ď OpEq.

We may now apply the triangle inequality and conclude that

dU pρ
BpX{Nq

U
pχi,jq, ρ

X
U

pwiqq ď OpBq. (4)

The rest of the argument follows as in Lemma 7.1. At its close, we use the new enemy
prongs that were used to construct the ui to argue as in Lemma 7.7 and obtain that, after
relabeing to χ1, χ2, ..., χQ, we have

pχi ¨ χi`1q
ρU
X

ě D1 `
1

2
F.

Lastly, recall Equation 4. Applying the triangle equality a final time with wi and either x1
or x2, and recalling the construction of these points, yields for all χi and χj that

dU pρ
BpX{Nq

U
pχiq, ρ

BpX{Nq

U
pχjqq ď Ψ1 ` OpEq.

We replace OpBq with OpLq, which is suboptimal but harmless for later arguments. The
proof is now complete. ˝

Proof of Lemma 10.15. Let J be the constant in Lemma 10.14, and let C1 be the
constant in the proof of Theorem 7.8. By repeatedly applying Lemma 10.16 approximately
10pC1`Lq

F times, we arrive at a sequence ξ1 “ χ1, ..., χQ “ ξ2 of points in BpX{Nq with the
following properties:
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1. For 1 ď i ď Q ´ 1, pχi ¨ χi`1q
ρU
X

ě 10C1 ` 10L.

2. For all 2 ď i ď Q and j P t1, 2u, we have

dU pρ
BpX{Nq

U
pχiq, ρ

BpX{Nq

U
pξjqq ď Ψ1 ` O

ˆ

10BpC1 ` Lq

F

˙

.

We now repeat the argument of Theorem 7.8 for each pair χi, χi`1, substituting Lemma
10.16 for Lemma 7.1. The result is a sequence of paths γ1, γ2, ..., γQ´1 in BpX{Nq with
domain r0, 1s, each satisfying the property that for each γi and each t P r0, 1s,

pγptq ¨ χiqρX
U

ě pχi ¨ χi`1q
ρU
X

´ C1 ě 10L

Applying Lemma 10.6, we conclude that

diampρ
BpX{Nq

U
pγiqq ď OpEq

for each γi Concatenating these paths together and using the second property above, we

may take Ψ2 “ O
´

100BpC1`Lq

F

¯

and obtain the desired result. ˝

10.2 Height, Slack, and Finiteness

From now on, assume we have a fixed open cover U of BpX{Nq. Recall that the topology
on BpX{Nq is induced by the visual metric.

Definition 10.17. Given a point ξ P BpX{Nq, we define the height Hpξq of ξ to be the
smallest nonnegative integer so that the set

tχ P BpX{Nq : pξ ¨ χqx0 ě Hpξqu

is contained in an element of U .
Given U P DztX{Nu, we say U is sufficiently high if there exists a minimal integer

HpUq satisfying 0 ď HpUq ď dX{N px0, ρ
U
X

q ´ 100L so that the set

tχ P BpX{Nq : pχ ¨ ρU
X

qx0 ě HpUqu

is contained in an element of U . If U is sufficiently high, we define its height to be this
quantity HpUq, and its slack ApUq to be the difference ApUq :“ dX{N px0, ρ

U
X

q ´ HpUq.

Remark 10.18. Given any finite-diameter set K Ď X, one can define the shadow of K from
x0 as the set of all boundary points ξ with at least one p1, 20Lq-quasi-geodesic representative
ray r originating from x0 and passing through K. (This definition is roughly equivalent to
the usual definition.) Then the slack ApUq of U is coarsely the radius of the largest ball

we can draw around ρU
X

such that the shadow of this ball is contained inside some element

of U .
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Note that by definition of the visual metric topology, all points in BpX{Nq have well-
defined heights.

It will be easier to work with ‘balls’ defined in terms of Gromov products, rather than
balls defined in terms of the visual metric.

Definition 10.19. Given ξ P BpX{Nq and D P Rě0, define

bpξ,Dq “ tχ P BX : pξ ¨ χqx0 ě Du

Why is the height/slack terminology needed? Given ξ P BpX{Nq, the maximum

max
UPDztX{Nu

dU pρX
U

px0q, ρ
BpX{Nq

U
pξqq

may be unbounded, which would block a key ‘large rotations’ step in a later argument.
Slack lets us get around this problem.

Lemma 10.20. Fix a quantity AM , and let D0pAM q be the set of all U P D0 such that the
slack ApUq of U satisfies ApUq ă AM . Then for any ξ P BX,

max
UPD0pAM q

dU px0, ξq ă 8.

Proof. By Lemma 10.6 and the Morse Lemma, the domains U such that some p1, 20Lq-

quasi-geodesic ray r does not pass within distance, say, 1000L of ρU
X

may be excluded.

Fixing a specific r defining a boundary point ξ, and assume ρU
X

does lie within 1000L of r.
Let V P U be such that

tχ P BpX{Nq : pξ ¨ χqx0 ě Hpξqu Ď V.

For χ P BpX{Nq, we have by analysis above that

pχ ¨ ξqx0 ě minppχ ¨ ρU
X

qx0 , pξ ¨ ρU
X

qx0q ´ 20L

ě minppχ ¨ ρU
X

qx0 , dX{N px0, ρ
U
X

qq ´ 2000L

Therefore, as long as dX{N pρU
X
, x0q ě Hpξq ` 2000L, we have the implication

pχ ¨ ρU
X

qx0 ě Hpξq ` 2000L⇝ pχ ¨ ξqx0 ě Hpξq.

By definition of Hpξq, we therefore obtain

HpUq ď Hpξq ` 2000L.
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With the additional assumption that U P D0pAM q, we have by definition that

dX{N px0, ρ
U
X

q ď AM ` HpUq ď AM ` Hpξq ` 2000L.

Furthermore, this bound holds uniformly for all U P D0pAM q.
Now, let y be a point on r such that dX{N px0, yq ě AM ` Hpξq ` 1013L, so that by

definition
dU pρX

U
px0q, ρ

BpX{Nq

U
pξqq ď dU pρU

X
px0q, ρU

X
pyqq ` Opnq.

Note that we may choose y indepenently of U . Now, by our hypotheses, there exist points px0
and py in X projecting respectively to x0 and y. From functoriality and coarse Lipschitzness
of projections, dX ppx0, pyq provides a coarse upper bound for dU pρX

U
px0q, ρX

U
pyqq.

To conclude, we note that dX ppx0, pyq is fully independent of the U P D0pAM q chosen,

and so coarsely upper bounds dU pρX
U

px0q, ρX
U

pyqq for all such U . This bound completes the
proof. ˝

10.3 Constructing Suitable Paths

We now move on to verifying the locally finite 1-disks property. Throughout the proof, we
will use a constant B. This constant will not depend on fn or U ; B :“ 1000L should suffice.

The following lemma is a straightforward consequence of the triangle inequality for
Gromov products.

Lemma 10.21. Fix ξ P BpX{Nq, and let χ be either another point in BpX{Nq or a point
in X{N . Assume χ P bpξ,Hpξq ` Bq. Then

Hpχq “100L Hpξq

We now prove the following lemma, which will be broken down into several subclaims.
The lemma will rely on a running construction; this construction is depicted in Figures 12
and 13; note that Figure 13 is a close-up of part of 12.

Lemma 10.22. Assume G, X, X , and X{N satisfying Hypotheses 9.4 and 9.7. Then
BpX{Nq satisfies the locally finite 1-disks property.

Proof. We will describe the construction of the paths gm, performing verification as
we go. We begin with a path fm : r0, 1s Ñ BpX{Nq and our fixed open cover U .

The first step is a variation of the standard Lebesgue number construction. Specifically,
we choose a subdivision 0 “ t0, t1, ..., tk “ 1 of r0, 1s and define ξi “ fnptiq and Ii “

fnprti, ti`1sq so that for all Ii, we have

Ii Ď bpξi, Hpξiq ` 1000Bq
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Figure 12: A schematic of the construction used to prove Lemma 10.22, showing the
relevant objects under projection to X{N , along with windows showing relevant objects
in the domains U i,j and U i,j`1. The chains of projection points of domains are such that
sequential domains are pairwise orthogonal.
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Figure 13: A close-up of part of Figure 10.22.
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The existence of such a subdivision follows from compactness of fnpr0, 1sq and the definition
of the Hp¨q, plus an elementary topological argument. Notice the consequence that for all
1 ď i ď k ´ 1, Hpξi`1q “100L Hpξiq. Since each bpξi, Hpξiqq is contained in some element
of U by construction, let Vi be this element. We also choose for each ξi a p1, 20Lq-quasi-
geodesic ray ri originating from x0 representing ξi. By removing unnecessary ti, we may
also assume without loss of generality that

pξi ¨ ξi`1qx0 ď Hpξiq ` 10000B

We now focus on a specific ξi, Ii, and Vi.

Lemma 10.23. Given the sequences pξiq, pIiq, and pViq as above, there exists for each
1 ď i ď k a sequence U i,1, ..., U i,Ki of domains in D0ztX{Nu satisfying the following
properties:

1. The point ρ
U i,1

X
lies within 2E of ri, and the point ρ

U i,Ki

X
lies within 2E of ri`1.

2. For each U i,j, U i,j K U i,j`1.

3. Every U i,j lies within B of ri.

4. For each U i,j, we have

Hpξiq ` 100B “10B dX{N pρ
U i,j

X
, x0q

and
Hpξiq ` 100B “10B pξi ¨ ρ

U i,j

X
qx0

5. We have that U i,Ki “ U i`1,1.

Proof. By construction, there exists a point si on ri such that dX{N psi, x0q “0.1B
Hpξiq ` 100B. We choose s1

i analogously on ri`1. Let η “ rsi, s
1
is be a geodesic in X{N

between these two points, and let η “ rsi, s
1
is be an arbitrary lift of η to X.

Since pξi ¨ ξi`1qx0 ě Hpξiq ` 999B, ri and ri`1 must fellow-travel within the range
where si and s1

i are chosen, and we may conclude that η, and hence η, have length at
most 0.2B. In particular, every point of η lies within B of ri and ri`1, and has distance
Hpξiq ` 100B ˘ B from x0. Applying Hypothesis 9.7, there exists a sequence Ui,1, ..., Ui,Ji

of domains in D0 such that ρ
Ui,1

X lies within E of si, ρ
Ui,Ji
X lies within E of si`1, every ρ

Ui`1

X

lies within E of η, and for all 1 ď i ď Ji ´ 1, we have Ui K Ui`1 and dXpρUi
X , ρ

Ui`1

X q ď 10E.
It is now straightforward to verify that the projected sequence U i,1, ..., U i,Ji satisfies the
desired properties.

Given s1
i and si`1 for 1 ď i ď k ´ 1, we now build a new geodesic η between them.

As Hpξi`1q “0.1B Hpξiq, this geodesic has length at most B. We now build a sequence
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U i,Ji , U i,Ji`1, ..., U i,Ki as in the previous paragraph from η; verification of the desired coarse
equalities is likewise straightforward. ˝

Lemma 10.24. Each U i,j constructed in Lemma 10.23 has sufficient height, and its slack
ApU i,jq is at most 200B.

Proof. By construction, we have for each U i,j that

Hpξiq ` 100B “10B dX{N pρ
U i,j

X
, x0q

and
Hpξiq ` 100B “10B pξi ¨ ρ

U i,j

X
qx0

From Lemma 10.21, HpU i,jq “0.1B Hpξiq. From the control on dX{N pρ
U i,j

X
, x0q given above,

certainly U i,j has sufficient height. On the other hand,

dX{N px0, ρ
U i,j

X
q ´ HpU i,jq ď pHpξiq ` 110Bq ´ pHpξiq ´ Bq ď 200B.˝

We now build the paths we will concatenate to construct gn. Choose a constant
T ; the exact value will be chosen in a moment. Given U i,j , recall that U i,j contains a
quasi-embedded copy of R. As a result, there exists some point ui,j P U i,j such that

dU i,j
pui,j , ρ

X
U i,j

px0qq ě 100T m. Say that the maps in Lemma 10.11 are Ψ1-coarsely surjec-

tive for Ψ1 “ OpEq. Also let J be the constant in Lemma 10.6. Using this lemma, we may
construct λi,j P BpX{Nq so that λi,j T -coarsely projects to pui,j , ui,j`1q P U i,j ˆU i,j`1. We
may then apply Lemma 10.15 with Ψ1, letting Ψ2 be the resulting constant. This lemma
yields a path γi,j : r0, 1s Ñ BpX{Nq from λi,j to λi,j`1 such that for all t P r0, 1s,

dU i,j
pρ

BpX{Nq

U i,j
pγi,jptqq, ρ

BpX{Nq

U i,j
pλi,jqq ď Ψ2

We obtain finitely many such γi,j , and so may concatenate them together into a single
path gn : r0, 1s Ñ BpX{Nq so that gn|rti,ti`1s is equal to the concatenation of γi,1 through
γi,Ki´1.

We now require that T ě 100pΨ1 ` Ψ2 ` Jq.
It remains to verify that gm satisfies the two properties of Definition 9.2. Recall that

for t P rti, ti`1s, by definition fmptq P Ii Ď Vi.

Lemma 10.25. For each γi,j, γi,jpr0, 1sq Ď Vi.

Proof. For each t P r0, 1s, we have

dU i,j
pρ

BpX{Nq

U i,j
pγi,jptqq, ρ

BpX{Nq

U i,j
pλi,jqq ď Ψ2
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as well as
dU i,j

pρ
BpX{Nq

U i,j
pλi,jq, ρ

BpX{Nq

U i,j
pui,jqq ď Ψ1.

But also
dU i,j

pui,j , ρ
X
U i,j

px0qq ě 100T m.

By choice of T and the triangle inequality, we obtain

dU i,j
pρ

BpX{Nq

U i,j
pγi,jptqq, ρX

U i,j
px0qq ě 10J.

Therefore, Lemma 10.3 implies that any p1, 20Lq-quasi-geodesic ray originating at x0 rep-

resenting γi,jptq passes within J of ρ
U i,j

X
. The fact that pξi ¨ ρ

U i,j

X
qx0 “10B Hpξiq ` 100B

implies that, for B ě 10J ` 1000L, we have

pξi ¨ γi,jptqqx0 ě Hpξiq ` 50B

By definition of Hpξiq, this inequality is sufficient to conclude that γi,jptq P Vi. ˝

Note for the following lemma that any bpχ,Rq with χ P BpX{Nq and R P Rą0 contains
some open neighborhood of ξ, essentially by definition of the visual metric topology.

Lemma 10.26. For each point ξ P BpX{Nq, there is some R0 and M0 so that for m ě M0,
gm does not intersect bpξ,R0q, where

bpξ,R0q “ tχ P BpX{Nq : pξ ¨ χqx0 ě R0u

Proof. Define
µ :“ max

UPD0p105Bq

dU pρ
BpX{Nq

X
pξq, ρX

U
px0qq

By Lemma 10.20, µ is finite. Choose M0 ě µ ` 10E, and R0 “ Hpξq ` 1010B.
For every t P r0, 1s and m ě M0, by construction there exists some U P D0p200Bq (one

of the U i,j for that gm, with slack at most 200B) such that

dU pρX
U

px0q, ρ
BpX{Nq

X
pgnptqqq ě 100T M0.

On the other hand, by definition of M0,

dU pρX
U

px0q, ρ
BpX{Nq

U
pξqq ď M0.

From the triangle inequality, we may conclude that

dU pρ
BpX{Nq

U
pξq, ρ

BpX{Nq

X
pgmptqqq ě T
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. As T was chosen sufficiently large, we may apply Lemma 10.6 and obtain

pgmptq ¨ ξq
ρU
X{N

ď E.

If gmptq P bpξ,R0q, we would have

pgmptq ¨ ξqx0 ě Hpξq ` 1010B

by definition. By standard properties of the Gromov product, we must therefore have that

dX{N px0, ρ
U
X

q ě Hpξq ` 109B

and that
pρU

X
¨ ξqx0 ě Hpξq ` 109B.

From Lemma 10.21, we have that HpUq ď Hpξq ` B, and so by definition the slack ApUq

of U is at least 108B. This slack bound contradicts the assumption that U P D0p200Bq, so
in fact gmptq cannot intersect bpξ,R0q. ˝

We conclude that the gm we have constructed satisfy the desired conditions, and so
BpX{Nq has the locally finite 1-disks property, thus proving Lemma 10.22. ˝

11 The Nöbeling Curve and Applications

Assembling the results of the last few sections, we have the following Theorem.

Theorem 11.1. Let G, X , X, and N be as in Hypothesis 9.7. Additionally assume that
dimpBXq “ 0. Then BpX{Nq is homeomorphic to the Nöbeling curve.

Note that all quasi-trees have zero-dimensional boundaries.
We now identify two examples of classes of groups and spaces satisfying these conditions.

11.1 Graphs of Groups

The first class comes from [BR22], although the reader should note that this work builds on
ideas developed around graphs of groups and around cube complexes by many researchers
(see, e.g., [BHS17]).

Definition 11.2. Let Γ be a finite simplicial graph with vertex set VΓ and edge set EΓ. For
each v P VΓ, let Gv be a nontrivial finitely generated group. We define the graph product
GΓ as the group

GΓ :“

ˆ

˚
vPVΓ

Gv

˙

{xxrgv, gws : gv P Gv, gw P Gw, tv, wu P EΓyy.

Given an induced subgraph Λ Ď Γ, we have that GΛ is a subgroup of GΓ; we call such
groups graph subgroups.

70



With this notation, right-angled Artin groups (RAAGs) are exactly the graph products
GΓ where Gv “ Z for all vertices v.

Berlyne and Russell prove that graph products are relative HHGs, with explicitly con-
structed HHS spaces realizing the HHG actions.

Theorem 11.3 (Berlyne-Russell [BR22], Theorem A). Let GΓ be a graph product of groups.
Then GΓ is relatively hierarchically hyperbolic relative to its vertex groups, with explicit
maximal domain XG. In particular, if all vertex groups of GΓ are hyperbolic or hierarchi-
cally hyperbolic, then GΓ is hierarchically hyperbolic.

We will now identify the class of graph products to which the Nöbeling curve result
will apply.

Definition 11.4. Let Γ be a finite simplicial graph, and let Λ1, ..,Λk be nonempty induced
subgraphs satisfying Λi ‰ Γ. Set pΛ “ tΛ1, ...,Λku Recall that the link lkpΛq of an induced
subgraph Λ Ď Γ is the set of all vertices of Γ that are adjacent or equal to every vertex of
Λ. The collapse graph Γ

pΛ
of Γ relative to pΛ is the graph with vertex set Λ and Λi and Λj

connected by an edge if Λi Ď lkpΛjq.

Definition 11.5. Let GΓ be a graph product of groups. We say that GΓ is admissible
if there exists a collection pΛ “ tΛ1, ...,Λku of induced proper subgraphs such that the
following conditions are satisfied:

1. Γ is not a nontrivial join.

2. Each Λi P pΛ is either a single vertex v such that Gv possesses some finitely generated
Cayley graph containing a quasi-isometrically embedded copy of R, or is a subgraph
with at least two vertices that is not a join.

3. Every vertex of Γ lies in some Λi.

4. The collapse graph Γ
pΛ
is connected.

Remark 11.6. Note that in Definition 11.5, if all Gv satisfy the embedded-R condition,
then it suffices for GΓ to be connected and to not be a join, as pΛ can be set to be the
vertex set of Γ.

Lemma 11.7. Let GΓ be a graph product of groups with vertex set VΓ. Let N be as in
hypothesis 3.1, and let XG be the top-level domain obtained in Theorem 11.3. Assume that
GΓ is admissible.

Then BpXG{Nq is homeomorphic to the Nöbeling curve.

To prove this lemma, we need to prove that the setup satisfies Hypotheses 9.7 and 9.8,
which require digging into how the relative HHG structure for GΓ is constructed. For each
v P Γ, let Sv be a finite generating set of Gv, and define S “

Ť

vPΓ Sv.
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Definition 11.8 ([BR22], Defs. 3.1 and 3.3.). Let GΓ be a graph product. The domains
of GΓ are indexed by cosets of the form gGΛ, where g P GΓ and GΛ is a graph subgroup, up
to the equivalence relation that rgGΛs “ rg1GΛ1s if Λ “ Λ1 and g´1g1 P xGv : v P ΛY lkpΛqy.
Inclusion is defined such that Γ is the unique maximal domain.

For each induced subgraph Λ Ď Γ, define its domain CpΛq to be the graph with vertex set
GΛ and edges between vertices g, h P GΛ exactly when either g´1h P

Ť

vPΛ Sv or there exists
a proper induced subgraph Λ1 Ĺ Λ such that g´1h P GΛ1 . Then define CprgΛsq “ gCpΛq.

Definition 11.9 ([BR22], Def. 3.17). Given a non-maximal domain gΛ, we define

ρgΛΓ “
ď

rhΛs“rgΛs

hGΛ

We will often somewhat cheat on notation and use rgΛs as a standin for ρ
rgΛs

Γ when it is

clear from context that we are discussing the image ρ
rgΛs

Γ .

Definition 11.10 ([BR22], Def. 3.19). Given two domains rg1Λ1s, rg2Λ2s, we define
rg1Λ1s K rg2Λ2s if there exists h P GΓ with rhΛ1s “ rg1Λ1s, rhΛ2s “ rg2Λ2s, and Λ2 P lkpΛ1q.

We now prove Lemma 11.7.

Proof of Lemma 11.7. We need to establish Hypotheses 9.7 and 9.8. Recall that
the top-level domain for GΓ is CpΓq. From Theorems 4.4 and 4.10 in [BR22], CpΓq is an
infinite-diameter quasi-tree, establishing Hypothesis 9.8.

We now turn to 9.7. From 11.3 and standard facts about relative HHGs, it suffices
to verify the large dense domains property. Let pΛ “ tΛ1, ...,Λku be a set verifying the
assumption that GΓ is admissible. We define

D0 “ trgΛis : g P GΓ,Λi P pΛu.

As the GΛ-action on domains satisfies grhΛs “ rghΛs, certainly D0 is closed under this
action. Furthermore, for every CprgΛisq, either Λi “ tvu and CprgΛisq is isometric to the
Cayley graph CaypGv, Svq, or Λi is not a join. In the first case, CaypGv, Svq contains a
quasi-isometrically embedded copy of R by assumption, and in the second case, we may
apply Theorems 4.4 and 4.10 in [BR22] to conclude that CprgΛisq is an infinite-diameter
quasi-tree, which necessarily contains a quasi-isometrically embedded copy of R.

Next, for any g P CpΓq, g lies within gGv for any v P Γ, and hence g lies within rgΛis

for any rgΛis.
Lastly, it suffices to show that there is some constant R with the following property:

for any adjacent vertices g, h P CpΓq and any rg1Λj1s containing g, there exists a sequence
rg1Λj1s, ..., rgqΛjq s so that rgiΛjis K rgi`1Λji`1s for all rgiΛjis, all rgiΛjis have distance at
most R from g, and rgqΛjq s contains h.
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One possibility is that g´1h “ sv for some sv P Sv, where Sv is the generating set of
some vertex group Gv. Assume without loss of generality that v P Λ1. Then h P rgΛ1s,
as in fact h P gGΛ1 . On the other hand, g P rg1Λj1s by assumption, so by definition there
exists g1

1 such that rg1
1Λj1s “ rg1Λj1s and g P g1

1GΛj1
. So in fact rg1Λj1s “ rgΛj1s.

Now let γ be a path in the collapse graph Γ
pΛ
from Λj1 to Λ1; here we need the as-

sumption that the collapse graph Γ
pΛ
is connected. Enumerate γ as γ “ tΛj1 ,Λj2 , ...,Λjqu

with Λjq “ Λ1. Considering the sequence rgΛj1 , gΛj2 , ..., gΛjq s, by definition of the collapse
graph, we have rgΛjis K rgΛji`1s for all rgΛjis. Furthermore, all these domains clearly have
distance 0 from g, while the last domain has distance 0 from h by choice of Λjq “ Λ1.

The other case we must consider is when g´1h P GΛ1 for some Λ1 Ĺ Γ. Say g´1h “ s,
and write s as a product of generators s1s2...sp, where each si P GΛ1 . Then gs1s2...sp1 is
adjacent to h for all 1 ď p1 ď p, and we may rerun the previous argument for each si and
then concatenate the resulting sequences of domains. ˝

11.2 Non-Geometric Three-Manifold Groups

The second class comes from [Hag+25], which concerns 3-manifold groups. Our starting
point is the following theorem:

Theorem 11.11 (Hagen-Russell-Sisto-Spriano, Corollary 1.3). If M is a 3-dimensional
non-geometric graph manifold, then π1pMq is a hierarchically hyperbolic group, with explicit
top-level domain XM .

We have the following result.

Lemma 11.12. Let M be a 3-dimensional non-geometric graph manifold, and let XM be
the top-level domain obtained in Theorem 11.11. Let N be as in Hypothesis 3.1.

Then BpXM{Nq is homeomorphic to the Nöbeling Curve.

As before, we need to check Hypotheses 9.7 and 9.8. We note the following facts.

Lemma 11.13. Let M be a 3-dimensional non-geometric graph manifold, and let XM be
the top-level domain obtained in Theorem 11.11. Then the following properties hold.

1. There exists a natural quasi-isometry σ : T Ñ XM , where T is an infinite-diameter
tree (the Bass-Serre tree for π1pMq).

2. There exists a subcollection of non-maximal domains corresponding to vertices v of
T , and for each such vertex v, the corresponding hyperbolic space is a quasi-line Lv.

3. Furthermore, the projection of the domain corresponding to v P T to XM contains
the point σpvq.

4. For vertices v, s P T , the domains corresponding to v and s are orthogonal if and only
if v and s are adjacent in T .
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Proof. The first three results follow from Lemma 6.8 in [Hag+25], although the reader
should note that the authors use a combinatorial definition of hierarchical hyperbolicity
derived from the combinatorial HHGmachinery developed in [Beh+24], and some care must
be taken to unravel the relevant definitions. The fourth result follows from the definition
of orthogonality in [Beh+24] and Lemma 6.2 in [Hag+25]. ˝

Lemma 11.12 now follows directly from Lemma 11.13.
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five-punctured sphere is the Nöbeling curve”. In: J. London Math. Soc. 84.2
(2011), pp. 103–119.

[Ioa26] Rafaela Ioannou. Menger Curve and Non-Planar Boundaries in Quotients of
Hyperbolic Groups. 2026. arXiv: 2610 . 03411 [math.GR]. url: https : / /

arxiv.org/abs/2610.03411.

[KK11] Michael Kapovich and Bruce Kleiner. “Hyperbolic groups with low-dimensional
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