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Abstract

We study random quotients of acylindrically hyperbolic groups and hierchically hy-
perbolic groups, whose (partial) hyperbolicity is captured by their actions on Gromov
hyperbolic spaces. We show that if an acylindrically hyperbolic group G acts on a
Gromov hyperbolic space X coarsely transitively with a WPD element, then the quo-
tient of X by the normal closure of a random element of G has linearly connected
boundary. If G is a group with a (relative) hierarchically hyperbolic group structure,
with a quasi-tree top domain X, then in fact the quotient of X by the normal closure
of a random element of G has boundary homeomorphic to the N6beling curve.

Our method relies on a careful study of the configuration of translates of typical
periodic geodesics in X.

1 Introduction

We consider few-relators random quotients of groups acting on hyperbolic spaces by isome-
tries. We are especially interested in the action G —~ X of a hierarchically hyperbolic
group (HHG) on the maximal domain of the corresponding hierarchically hyperbolic space
(HHS) structure, such as a mapping class group acting on its curve graph, or a right-
angled Artin group (RAAG) acting on its coned-off contact graph. Our model of random
quotients of HHGs is largely equivalent to the model defined by Abbott-Berlyne-Mangioni-
Ng-Rasmussen, for which the authors obtained the result that random quotients of HHGs
are hierarchically hyperbolic [Abb+26].

Specifically, let G —~ X be a cobounded, non-elementary, WPD, and action path-
connected (see Definition group action by isometries on a Gromov hyperbolic space;
WPD and action-path-connectedness are immediate in the HHG setting. Given admissible

random walks (w,(ll), - w,(lk))n>0 on GG, we draw the n-step elements, define

N = (), . wP)),



and consider the induced action G/N —~ X/N. By the aforementioned work, X /N is
Gromov hyperbolic, so we may consider the geometry of its boundary equipped with the
visual metric.

We prove the following results. All asymptotic probabilities are taken with respect to
the limit n — o0. Recall that a space is linearly connected if points may be joined by paths
with diameters coarsely bounded above by the distances between those points.

Theorem 1.1. Let G/N —~ X /N be as above. Then a.a.s. 0(X/N) with its intrinsic
visual metric is linearly connected.

While many known examples of HHGs have quasi-tree maximal domains (e.g. cubical
HHGs such as RAAGs) [BHS17], the canonical maximal domains for mapping class groups
— the curve graphs — are un-tree-like in the sense of possessing highly connected bound-
aries |Gab09]. We find this dichotomy striking, especially in light of the role of mapping
class groups as prototypical HHGs. For general acylindrically hyperbolic groups (a class
including all HHGs), the foundational work of Bestvina-Bromberg-Fujiwara on projection
complexes gives a general recipe for constructing cobounded WPD actions on quasi-trees
for any such group [BBF15]. In contrast, to the best of the authors’ knowledge, we lack
a general recipe to construct cobounded WPD actions on hyperbolic spaces that are not
quasi-trees.

Theorem shows that acylindrically hyperbolic groups acting on hyperbolic spaces
that are not quasi-trees are highly abundant. In fact, such actions may be obtained by
applying a quotient to any action of an HHG on its maximal domain, so long as the quotient
is sufficiently ‘generic’ or ‘random’. As a consequence, we obtain a recipe for constructing
many HHGs with maximal domains that are not quasi-trees.

In some cases, we can pin down the topology of the quotient boundary more precisely.
We first obtain a general result controlling the dimension of the boundary.

Theorem 1.2. Let G/N —~ X/N be as above. Then a.a.s.
1 < dim(0(X/N)) < dim(0X) + 1.

Note that the lower bound follows immediately from Theorem

For our next result, note that the dense unbounded domains property required below
(see Definition is expected to hold for most relatively hierarchically hyperbolic groups
(RHHGS). In particular, it holds for mapping class groups, for any right-angled Artin
group with a defining graph that is connected and not a join, and many right-angled
Coxeter groups. (Although note that Theorem does not itself apply to mapping class
groups due to the quasi-tree assumption.)

Theorem 1.3. Let G/N and X/N be as above. Additionally, assume that G —~ X s
the action of a relatively hierarchically hyperbolic group on its mazrimal domain, that the
RHHG structure for G satisfies the dense unbounded domains property, and that X is a
quasi-tree. Then a.a.s. (X /N) is homeomorphic to the Nébeling curve.



Recall that the Nébeling curve is a topological space of dimension 1 that may be con-
structed by deleting from R? all points with at least two rational coordinates. To give a
sense for this space, note that despite having topological dimension 1, it remains connected
after deleting any countable subset.

We believe Theorem [1.3]is particularly interesting in light of analogous results on curve
graph boundaries, discussed below.

1.1 Applications

We identify two classes of (relatively) hierarchically hyperbolic groups satisfying the hy-
potheses of Theorem [1.3

1. Graphs of groups with edges representing commutation, as defined in [BR22]|, satisfy-
ing certain simple conditions. This class includes all right-angled Artin groups G such
that the defining graph of G is connected and is not a join, and many right-angled
Coxeter groups.

2. Fundamental groups of non-geometric 3-dimensional graph manifolds, using the hi-
erarchical hyperbolicity structure developed in [Hag+25].

Two examples are illustrated in Figure|ll In both examples, we assign a group to each
vertex, take a free product of these groups, and then declare the relations that generators
of groups corresponding to adjacent vertices commute. For the left pentagon graph, we
assign Z to each vertex; this is a right-angled Artin group. For the right graph, we arrange
five pentagon graphs in a super-pentagon, and add edges between all pairs of vertices in
adjacent pentagons. We then assign the group Z/27Z to each vertex; this is a right-angled
Coxeter group.

1.2 Background

Many groups in geometric group theory exhibit hyperbolic behavior through actions on
metric spaces; hierarchical hyperbolicity is a way of axiomitizing a specific strong form of
hyperbolicity observed across many important groups |[BHS17; BHS19|, while acylindrical
hyperbolicity likewise axiomitizes a somewhat weaker form observed in groups such as
Out(F},) |Osil6]. The prototypical example of hierarchical hyperbolicity is the Masur-
Minsky machine for mapping class groups, in which mapping classes may be described
via coordinates on Gromov hyperbolic spaces, the curve graphs, obtained from subsurfaces
[MM99; MMO0O0]. Curve graphs have proved to be extremely useful tools in their own right
[MM99; Min06; Raf07; [BM08; Beh+12; BCM12; BBF15]. The HHG machinery has since
seen application to many other notable groups, including extra-large Artin groups [HMS22]
and (very recently) the fundamental group of the moduli space of smooth complex cubic
surfaces [AW26].
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Figure 1: Two defining graphs that provide examples of groups satisfying the hypotheses of
Theorem [1.3] The left graph is taken as the defining graph of a right-angled Artin group.
The right graph is constructed by taking five pentagon graphs, placing these graphs in a
pentagonal configuration, and adding edges between all pairs of vertices in adjacent graphs.
This graph is taken as the defining graph of a right-angled Coxeter group.

The Gromov boundary and its generalizations are central tools in the study of Gromov
hyperbolic spaces, and are key to applications such as rigidity [CT07; BM91} |[Bow98; KK11;
Kle07; CH17; [ DMS25]. The boundary of a curve graph is the corresponding space of ending
laminations [Kla22]; boundary path connectivity of curve graphs was proven for special
cases by Leininger-Schleimer and Leininger-Mj-Schleimer [LS09; LMS11], and in full gener-
ality by Gabai |Gab09]. Gabai further proved that curve graphs of punctured spheres have
Nobeling space boundaries |Gab09], generalizing prior work of Hensel-Przytycki [HP11].
In turn, Wright showed that all curve graphs have linearly connected boundaries [Wri24].

Gromov proposed random groups (specifically, random quotients of free groups) as
models for the expected properties of ‘typical’ hyperbolic groups |Gro93]. Our results
may be viewed as extensions of previous results on random hyperbolic groups to the HHG
setting; Champetier showed few-relator random quotients of free groups have boundaries
homeomorphic to the Menger curve [Cha95|, while Dahmani-Guirardel-Przytycki showed
the same for random quotients of free groups in the density model [DGP11]. We also note
recent work of Ioannou on hyperbolic groups with Menger curve boundaries [loa26]. One
may likewise study the statistical properties of random elements of groups; in our setting
of acylindrically hyperbolic group actions G —~ X, we rely substantially on deep results on
random walks due to Maher-Tiozzo [MT18; MT21].



1.3 Methods

Our methods have their earliest antecedents in the work of Champetier |[Cha95|, who
studied random quotients of free groups and showed that these quotients have boundaries
homeomorphic to the Menger curve (also called the Menger sponge). In order to adapt
this approach to general acylindrically hyperbolic groups and hierarchically hyperbolic
groups, one has to understand the structure of the normal closures of WPD elements.
This structure was first systematically understood by Dahmani-Guirardel-Osin [DGO16],
and further developed by Clay-Mangahas-Margalit [CMM21] and Clay-Mangahas [CM22].
These works introduce and develop the rotating/spinning families machinery, and while
this machinery does not appear directly in our work, the core ideas underlie many of
our arguments. Another important input is the projection complex machinery due to
Bestvina—Bromberg—Fujiwara [BBF15|, which was further refined by Bestvina—Bromberg—
Fujiwara—Sisto [Bes+19).

To illustrate our methods for Theorem we sketch the case of the free group. Let

2 <k <n,let G={ayaz,...,a,) be a free group of rank n, and let X be its standard
Cayley graph.
Let us now consider a probability measure p, the support of which is {ai—r, ... at}. Then

the random walk generated by p is admissible with bounded steps on X. By the work of
Maher-Tiozzo, there exists A > 0 such that the following property holds for asymptotic
probability 1: the element w obtained at step n of the random walk satisfies

0.9999\n < dx (e, w) < 1.0001An, (w™'-w). < logn.

Moreover, [e,w] and g[e, w] will overlap for length < 0.0001n for each g € G\{e}.

Now consider the quotient X /({w)). What is the geometry of this space? It is no longer
a tree, as each left coset of (w) gives rise to loops of length ~ n. However, X /{{w)) retains
Gromov hyperbolicity almost surely |Gro93|; this result in the general non-proper setting
is studied in [Abb+-26].

We now describe our proof of linear connectivity. The basic idea, as in [Cha95| and also
[Wri24], is that given a path lying in the n-sphere S,, centered at some basepoint xg, we
may ‘push it out’ to a finite-length path lying in Sy, 11 U Sp42U...U Syt k. Furthermore, we
may do this pushing in a well-controlled way. Specifically, given a path v, = (vo, ..., vk)
on the n-sphere S, for each 0 < ¢ < k there exists a “prong outward” at v;. Namely, there
exists a vertex w; at distance from v; such that the directed paths v;w;’s are all directed
away from the center xo and are repelling each other; in numeric terms, both (w;-xg),, and
(w; - wit1)y,; are at most, say, 4. As w is a generic word, it contains all w;l(v;10i+1)wi+1
(of length < 21) as subwords. Hence, in X /{({w)), we have loops attached at each of
{vo,...,vn}, where adjacent loops overlap for length 10. We assign the label u; to the
point at the apex of the ith loop, and join vy and v through a path ~,41 that ‘skips’ along
the loops, passing through each w;. This path is illustrated in Figure As the prongs
are directed away from xq, this path lies in S, 11 U Spi2 U ... U Spo k. We note that the



overlapping construction of the loops is essential to keep the path from re-entering .5,,; as a
particular consequence, the Gromov products between consecutive wy, ..., w,, are strictly
larger than the products between consecutive vy, ..., vg.

We think of 7,11 as a refined version of v, and by inductively pushing paths =, deeper
and deeper, we can draw limiting paths on 0X /((w)) connecting arbitrary boundary points.
While the pushing out procedure increases the length of the path at each step, we retain
sufficient geometric control that the visual-metric diameter of the resultant boundary path
is linearly bounded.

Our other results follow from further analysis of this basic scheme.

{ }
° 4
us
.uz
®
us
*u
.w2 .71/3 @ Wy 11,';).
w1y
Wo e
[
Sn+]
L g
e (N v -
/._’,,»—0;;’" v3 S
N vy

Figure 2: The heuristic idea for the inductive pushing out procedure. The pink curve
represents the pushed-out path, which skips over the attached loops.
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2 Preliminaries

2.1 Notation

Throughout the text, we will use the notation A =¢ B for real numbers A, B, C with C = 0
to denote |[A — B| < C.

2.2 Hyperbolic Spaces and Projections

We review some hyperbolic geometry and introduce the key hypotheses we will need.
All metric spaces we will consider in this paper are geodesic metric spaces, and in fact
are simplicial graphs. As a consequence, the distance function is integer-valued. This
assumption gives essentially no loss of generality, as whenever a group G acts on a metric
space X by isometries, X is G-equivariantly quasi-isometric to a simplicial graph Xg, such
that G also acts on Xg by isometries. We will further assume that G is finitely generated,
so that G may be equipped with a word metric.

Given two points z,y € X, we will use the notation [z,y]x to represent a geodesic
from z to y. Recall that a geodesic metric space X is d-hyperbolic (or Gromov hyperbolic
if for all geodesic triangles with sides [z,y]x, [y, z]x, and [z, x]x, each side is contained
in the é-neighborhood of the union of the other two sides. It is often useful to consider
quasi-geodesics instead of geodesics.

Throughout this section, we will assume a fixed d-hyperbolic simplicial graph X.

Definition 2.1. A (), ¢)-quasi-geodesic is a map ~ from a (possibly unbounded) subinterval
I of Z, such that for s,t € I,

%dz(s,t) —c<dx(v(s),7(t)) < Adz(s,t) + ¢

A c-coarse geodesic is a (1, c)-quasi-geodesic.
A c-coarse geodesic at speed L is map ~ from a subinterval I € Z to X such that for
s,tel,
Ldy(s,t) — ¢ < dx(v(s),7(t)) < Ldn(s,t) + ¢



Remark 2.2. We will often use v to refer interchangeably to a quasi-geodesic map and its
image.

Definition 2.3. A subset A € X is K-quasi-convex if for all z,y € A and all [x,y]x,

We need a few standard lemmas and definitions.

Lemma 2.4 (Morse Lemma). For all A = 0 and ¢ = 0, there is a constant ® > 0 dependent
only on &, A\, and ¢ satisfying the following property: for any two (), c)-quasigeodesics 1
and vo with the same endpoints in X, the Hausdorff distance between 1 and 7y is at most

.

Definition 2.5 (Closest Point Projections). Assume A € X is K-quasi-convex for some
K. Given x € X, we define

ma(@) = {y e A: d(z, A) = d(z,y)}.
For B < X, we define m4(B) = |J,cp ma(x). Lastly, for A, B < X, we define
da(B,C) = diam(ma(B) uma(B))

Remark 2.6. Note that there are two quite different forms of projection that will be denoted
with 7: we will use m4 to denote closest-point projection in X to a quasi-convex subset of
X, as well as mx/y to denote the quotient projection from X to X/N.

Lemma 2.7. Assume A < X is K-quasi-convex. Then there is a constant D dependent
only on ¢ and K so that for any x € X, diam(ma(x)) < D.

For the next lemma, the reader should note that the name ‘Bounded Geodesic Im-
age’ is also frequently applied to a conceptually related but somewhat different axiom for
hierarchically hyperbolic spaces.

Lemma 2.8 (Bounded Geodesic Image). Let A < X be K-quasi-convex, and fix \,c > 0.
Then there exists B, B' > 0 dependent only on 6, K, A, and ¢ so that if v is a (\, ¢)-quasi-
geodesic disjoint from Ng/(A), then diam(ma(vy)) < B.

Lemma 2.9 (Large Projection Fellow-Traveling). Let A € X be K-quasi-convex. Then
there exists Q dependent only on § and K so that for any points z,y € X and any x’ € wa(x),
y' € way), if da(z',y') = Q, then any concatenation [z,2']x v [2/,y']x U [V, y]x is a
(1, Q)-quasi-geodesic.

In particular, [z,2']x U [2/,¢]x U [V, y]x and any [z,y]x must fellow-travel.



2.3 Gromov Products and the Boundary
Definition 2.10. Given z,y, z € X, the Gromov product (z -y), is defined as

_ dX(.’B,Z) + dX(yv z) - dX(x?y)

(z-y)- 9 .

Note that this definition makes sense in any metric space, although it is typically most
useful in Gromov hyperbolic spaces.
The following observations are elementary.

Lemma 2.11. Let x,y, z,w be points in X. Then the following properties hold:

1. We have
d(z7 [‘T’y]) —20 < (x : y)z < d(zv [l‘,y])

2. We have
(x-y): + (2 Y)e = dx(2,y)

3. (Triangle inequality for Gromov products.) We have

(-y), = min((z - w),, (w-y),) — 106

Definition 2.12. Let (z9,z1,...,2,) be a sequence of points in X. We say these points
are C'-aligned for some constant C' > 0 if forall 1 <i<n—1,

(i—1 - Tig1)a; < C

Lemma 2.13 (|Gou22a, Lemma 3.7]). Let (zo,...,xn) be a sequence of C-aligned points
in X such that
dx($i,$i+1)>20+25+1 (’i=1,...,n—2).

Then any subsequence (;,, ..., ) of (zo,...,2y) is (C + d)-aligned. In particular, every
geodesic [xo, zn]|x passes through the (C + 30)-neighborhood of z; for eachi=1,...,n—1.

We now turn to the Gromov boundary. Note that this definition does not in fact depend
on the choice of basepoint.

Definition 2.14. Fixing a basepoint xg € X, the Gromov boundary 0X of X is the set of
all sequences of points (z;) such that liminf; ;(z;-2;)z, = 00, up to the equivalence relation
that (JZZ) ~ (yz) if limi_,oo(fl,’i . yi)zo = 0.

The Gromov boundary carries a natural topology defined via neighborhood bases of
points. Specifically, for all £ € X and r > 0, define U (&, r) to be the set of all x € 0.X such
that there exist sequences (z;), (y;) with (z;) in the equivalence class defining &, (y;) in the
equivalence class defining x, and liminf; j_o(2; - Yj)ae = 7. The collection of all U(§,r)
forms a neighborhood system at &.



Remark 2.15. Note that the sets U(,r) are not open in general under the neighborhood
basis topology.

Lemma 2.16. If X is proper, then for any £ € 0X, there exists a ray v : Nyg —> X
such that (y(i)) lies in the equivalence class of . For general X, there exists a (1,100)-
quasigeodesic ray vy with this property.

The boundary 0X is in fact metrizable via a visual metric.

Definition 2.17. For &, x € 0X and x¢ € X, we define

(€ X)eo = Inf Hminf@: - y;)e, (1)
(yi)elx]

Lemma 2.18. For &, x € 0X and any sequences (x;) € [£] and (y;) € [x], we have

lim inf(2; - Y;)zo =1008 (§ * X)zo-
2,] >0
Theorem 2.19. There exists a metric d, on 06X such that there are constants a > 0 and
C =1 depending only on § so that for all €, x € 0X,
1

aa—(ﬁ'x)xo < dy(€,x) < CaEX)=0

The visual metric topology agrees with the topology on 0.X presented earlier.

2.4 Group Actions

We briefly go over the needed assumptions on the action G —~ X. Recall that X is a
simplicial graph and is §-hyperbolic, and that G acts on X by isometries. We take a fixed
basepoint zy € X, although the definitions given are in fact basepoint-independent.

Definition 2.20. An element a € G is lovodromic if (u'zg)iez is a (), ¢)-quasi-geodesic for
some A = 1 and ¢ = 0. Two loxodromics a,b € G are independent if there exists some
D > 0 so that for all 7,5 € Z,

(ulzg - vjxo)xo <D

We now define acylindrical and WPD (weak proper discontinuity) actions; the definition
of acylindricity is due to Osin [Osil6], while the definition of a WPD action is due to
Bestvina-Fujiwara [BF02]. The WPD condition is strictly weaker than acylindricity. We
will only assume that the actions we study are WPD, but we include the definition of
acylindricity as a useful point of comparison.
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Definition 2.21. Assume that G acts by isometries on a metric space X. The action
G —~ X is acylindrical if for all K > 0, there are constants R(K) and N(K) such that for
all z,y € X with d(z,y) > R(K), the coarse stabilizer

Stabg (z,y) :={g € G : dx(z,gx) < K and d(y, gy) < K}.

has cardinality at most N (K).

A specific element ¢ € G is WPD if for any x € X and any K > 0, there exists Ny > 0
such that for N > Ny, Stabg (z, 0" ) is finite.

The action G —~ X is WPD if G has at least one WPD element.

2.5 Probability Measures, Random Walks, and Axes

We will consider a finite set of probability distributions 1, ..., g on G.

Definition 2.22. Given a probability distribution p on G, (i, G) is permissible if u has
finite support that generates GG, the action of G is non-elementary, and the maximal finite
normal subgroup of G is trivial. We will usually refer to just a permissible p on G, with
the requirements on G being implied.

Definition 2.23. Given a permissible probability measure i on G, let us consider the p-
iid. (¢g:)i=0 € GZ>°. The random walk (wy,),=0 generated by p is the sequence of random
variables defined by

Wn 1= g192 " Gn-

It is straightforward to check that, for every loxodromic element g € GG, the translation
length ( )
. d(x,g"x
Lig.a) = lim S04
is well-defined, is independent of the choice x € X, and is strictly positive. Moreover, when
L(g) = 1006, the set
{re X :d(z,gz) < L(g) + 46}

is nonempty.

Definition 2.24. Let g € G be a loxodromic element with translation length greater than
1000. Picking a point z such that d(x, gx) < L(g) + 49, we define the axis Ax(g) as the

concatenation
o0

U [gix,giﬂx]x
i=—00
Definition 2.25. Fix D > 0 and M > 0, and let G —~ X be as above. Also fix a parameter
n. Given wi, ..., wy € G satisfying dg(e, w;) < n, we say that (wi,...,w) € Ep m(X), or
(w1, ..., wg) € Ep u if the space X is clear from context, if there exist respective conjugates
V1, .., U Of wy, ..., wy satisfying the following properties. In words, we say (wi, ..., wy) are
admissible.

11



1. For each i, (vFzq)kez is a (1,6)-coarse geodesic at speed at least D. In particular,
the v; are loxodromics on X, and each Ax(v;) is a 8d-convex (1, 4d)-quasi-geodesic.

2. For each v;i and for each u € G with dg(e,u) < M, there exists an element g € G such
that (z9, gwo, guzo, viwg) is 105-aligned, and such that dg(e,g) and dg(e,u=tg~tv;)
are bounded above by 2n.

3. (Non-overlapping azes.) For any i # j, there is no g € G such that a D/M-long
subsgement of [zg,v;x0] and a D/M-long subsegment of [zg,vjzg] are 505-fellow
travelling.

For any i, there is no g € G\{id} such that a D/M-long subsegment of [z¢, v;xo] and
a D/M-long subsegment of g[zg, v;zo]| are 500-fellow traveling.

4. For any v;, the stabilizer of Ax(v;) is (v;) x £(G), where £(G) is the maximal finite
normal subgroup of G.

Theorem 2.26. Let G, X, 1, ..., ug be as in the setup, and let (wg))n>0, ol (wq(f))n>o be
independent random walks generated by p1, ..., p, respectively. Then there exists A > 0
such that for the chosen n and for each M > 0,

nli_r)rolo]P’((wél), Cwye Ennm) = 1.

Proof. Among the three items that should be established, the first and the second
items are due to Maher and Tiozzo [MT18, Lemma 5.9, Proposition 5.4]. We note that
the claim for Ax(v;) follows from the coarse geodesic claim by [Coul6], Corollary 2.7 and
Lemma 3.2. We note that these items do not require the WPD property of the action, and
only requires that the action is non-elementary.

Item 3 follows from combining Proposition 9.12-9.14 of [MT21]. See also Proposition
5.13 of [Abb+26]. Lastly, Item 4 is a direct consequence of Item 3, and it is also recorded
in Proposition 5.1 of [MS19].

2.6 Action Path-Connectedness

Lastly, we will need the following assumption. While this assumption follows from the
Hierarchy Paths Theorem for hierarchically hyperbolic groups, we state it independently
of the full HHG machinery.

Definition 2.27. Let GG be a group acting on a geodesic metric space X by isometries, and
fix a basepoint xg. We say that the action is action path-connected with constants E and
W if for every pair of points x,y € X, there exists a sequence of group elements ag, a1, ..., ag
such that apxg = z, apro = y, such that dg(a;—1,a;) < W for all 1 < i < k, and so that
the path {apxo, a1x0, ..., axzo} is a (E, F)-quasi-geodesic under some reparameterization.

12



To obtain examples of actions with this property, we apply the following theorem.

Theorem 2.28 (Thm. 6.11, [BHS19]). Let X be a hierarchically hyperbolic space. There
exists a A =1 so that for any x,y € X, there exists a (\, \)-quasi-geodesic v joining x and
y in X so that for any coordinate space X of the hierarchically hyperbolic space structure
for X, the projection wx oy is a unparameterized (A, \)-quasi-geodesic in X .

Lemma 2.29. Let G be a hierarchically hyperbolic group, and let X be the top-level space of
a hierarchically hyperbolic space structure realizing G as a hierarchically hyperbolic group.
Assume that the action of G on X is transitive. Then the action G —~ X is action path-
connected for some E.

Proof. For G to be a hierarchically hyperbolic group, the hierarchically hyperbolic
space for which X is the top-level space is the Cayley graph X of G with respect to some
finite generating set. Furthermore, we may assume without loss of generality that there is
a projection map wx : X — X sending each a € X to axg.

Applying Theorem [2.28] there is a constant E so that for any z,y € X, we may find
ag, ai € X such that agzg = x and agzy = y, and a sequence ag, a1, ..., ar forming an (E, F)-
quasi-geodesic in X’ so that its projection = = agzg, a1z, ..., apTo = y is a unparameterized
(E, E)-quasi-geodesic. As ag,a, ..., a; form an E-quasi-geodesic in X', we conclude by the
definition of distances in X that dg(ai—1,a;) < W for some W dependent only on E. o

3 Hypotheses

In this brief section, we establish our standing hypotheses.

Hypothesis 3.1. Let G be a finitely generated group acting by isometries on a simplicial
graph X with basepoint xg, and let wy,...,wx € G. We assume the following for some
fized constants E and M > 10%°:

1. The space X is Gromov hyperbolic with hyperbolicity constant § > 1000.
The action G —~ X is vertez-transitive, WPD, and non-elementary.
The action G —~ X is action path-connected with constant E.

The mazimal finite normal subgroup of G is trivial.

A

We have
('U}l, ceny wk) € 81020M,M

as in Definition |2.25]
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Given these hypotheses, we set L = max; L(w;) and M := 50min; L(w;)/M. We also
let vy, ..., v be the respective conjugates of wi, ..., wy obtained from Definition|2.25, and set
the notation

A= {hAz(v): he G,ve {vi,...,v5}}.

Note that by Theorem there exists a constant M for which the last condition of
Hypothesis holds with probability approaching 1 as n goes to co.

Remark 3.2. We note that several of these hypotheses are more or less free. Specifically,
given the other properties and that the action G —~ X is cobounded, we may assume
without loss of generality that G — X is vertex-transitive, that X is a simplicial graph with
the simplicial metric, and that the maximal finite normal subgroup of G is trivial, perhaps
after adjusting constants. Crucially, these modifications do not affect the conclusions of our
theorems. The first two reductions are standard, while the third is explained in Appendix
A of |[Abb+26].

4 Tight conjugates and minimal representatives

Let wy, ..., w, € G be elements satisfying Hypothesis We will denote
1
L; = L(w;) := lim —d(zg, w}'z).
non

Recall the definition
M = min L(w;)/M

In the following, we will consider the normal closure of w;’s; in this discussion, we may
replace each w; with any of its conjugates. Hence, without loss of generality, we will assume
that the (w]'xo)nez are 10-aligned. What we want is the following.

Lemma 4.1. Let h be a nontrivial element of N := ((wy,...,wg)y. Then there exist
ge G, ie{l,...,k} and a conjugate v of w; such that (xg, gxo, gvro, hxo) is M-aligned.
In particular, for every x1,x9 € X with hxy = x9 for h € N\{e}, there exists an axis v € A
such that d(x1,22) = L(v) — 3M.

This lemma follows from Lemma 2.1(1) of Clay-Mangahas, but we prove it directly for
completeness. Before the proof, let us introduce some terminology.

For w € {wf—Ll, - ,wfl}, a conjugate n = gwg ! of w is called tight if dpAx(v) (To, nT0) <
0.6L(v) for all v e {wy,...,w;} and h € G, except when hAx(v) = gAx(w).

Lemma 4.2. Every conjugate n of w € {ws, ..., wx} is a finite product of tight conjugates.
Proof. We will prove the lemma by induction on | - ||x, where ||g|x := dx(xo, gzo). Let n

be a conjugate of an element of {wy,...,wx}, and let n = gwg~! be an effective product
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decomposition as defined above. Let h € G,v € {wf—rl, e ,w;—rl} be an arbitrary pair such
that djyax(v) (70, nw0) > 0.6L(v). We can further assume that 7,4 (7o) appears earlier
than mj,ax(v) (n2o) along hAx(v); we can invert the sign of v if not. If hAx(v) = gAx(w)
for all such pairs (h,v), then n is tight. So let us assume hAx(v) # gAx(w). Let

Dy =dx (xo, hAX(U)), Dy =dx (hAX(U), nfco).

The projection of [xg,nxo] onto hAx(v) has diameter at least 0.6L(v), so we can apply
Lemma and Lemma We obtain a subsegment ~y of [z, nxo] that lies in the 106-
neighborhood of hAx(v) such that d(zg,v) =105 D1 and d(nxg,7y) =105 D2. Note that
either D1 < Dy or D1 = Dy holds. Let us focus on the former case, as the latter can be
handled in a symmetric way.

Again by applying Lemma [2.9) and Lemma we obtain a subsegment ' of [zg, nxo]
lying in the 105-neighborhood of gAx(w). As v,w € & 205 and hAx(v) # gAx(w), we
know that « and 4/ cannot overlap for length > M. This fact plus D; < Dy implies that

1
Dy <g0s 3 (Inlx — L(w)) = L(v) + M.
In this case, the vast majority of v precedes 7' along [z¢, nzg], and so we have

diam(y N N5os([70, Tgax(w) (Z0)])) Z1006 1(7) — M = 0.59L(v).
In particular, djax(v)(Z0; Tgax(w)(®0)) = 0.58L(v). As n stabilizes gAx(w), this also implies
that
dnhAx(v) (’flIL‘(), TgAx(w) (nl'O)) = dhAx(v) ($07 TgAx(w) (:‘CO)) = 058L(U)
Now, let us consider the decomposition
n = gwg = (hvh ) - (hv *h tgwg thoh™1) - (ho™th71).
This decomposition is depicted in Figure |3| First, we have
|hvh ™Y < 2Dy + L(v) < ||n||x.

Second, we have
||hv_1h_1nhvh_1 lx <1005 dX(hv_lh_lmo, hAx(v)) + dhAX(v)(hU_lh_1$0, T gAx(w) (z0))

+dx (ﬂgAx(w) (1'0)7 TgAx(w) (n$0)) + dnhAx(v) (ﬂ—gAx(w) (nx0)7 nh’l)_lh_l.%'())

+ dx (nhAx(v), nhv ™ h ™ )

< dx (20, hAX(0)) + |dpax(v) (T0, Tgax(w) (o)) — L(v)| + dx (Tgax(w) (o), Tgax(w) (n@o))

+ ’dnhAx(v) (ﬂ'gAX(w) (nl'o), nx()) - L(U)’ +dx (nhAX(U)a nl'())

<1006 d(iL’o, n.TU()) — 0.16L(v).

So the three conjugates are of smaller |- | x-norm than n. Induction finishes the proof. [
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(hvh=Y) (hv=*h~tgwg~ hvh ™)z

Figure 3: The inductive tight conjugate decomposition used in the proof of Lemma [4.2
Explicitly, n = gwg™! is decomposed as (hvh™') - (hv~'h~tgwg=thvh=1) - (hv=th~1).
Due to the projection distance assumption of djax() (0, Tgaxw) (o)) = 0.58L(v),
the three geodesics [zq, (hvh™1)xzg], [(hvh™Yzo, (hvh™ 1) (hv~th~tgwg=thvh~1)z¢], and
[(hvh=Y)(hv~th~tgwg~'hvh~1)xzg, nxo] each have shorter length than [zg, nag].
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Lemma 4.3. Let n € N and let m be the minimum number of tight conjugates needed to
express n as a product of tight conjugates. Then there exist m tight conjugates

hlulhl_l, .. .,hmumh;1 (u; € {wz—r, . ,w,‘f}, h; € G)
whose product equals n, and a nonempty sequence 1 =1(1) < ... <I(T) such that for
nj = (huhy') -~ (hjuih;') (G =1,...,m),
Yi i= @1l Ax(wgy)  (@=1,....T),

the following holds.

1. For points
pi = Ty (N —1%0)s ¢ = T (yyzo) (i=1,....7),

we have that g; is 0.5M-close to [ny(i11)-1%0, pi+1] for eachi=1,...,T — 1.

2. We have dx (pi, i) = L(w@y), (¢i—1° Gi)p; <100 fori=1,...,T (with qo := x¢) and
(pi - Pi+1)g < 0.7L(wyq)) fori=1,...,T — 1. Moreover, (pr - nzo)qy < M.

Proof. Let us now prove the lemma by induction. For m = 1 we can take the sequence
{1 =1(1)}. Now, suppose that a product n of m tight conjugates satisfies the condition,
with conjugates

hiurhit, .o hapum bt

and an auxiliary sequence 1 = [(1) < ... < {(T) as in the lemma statement. Now let us
consider n’ = huh~! - n for some tight conjugate huh™'. Let pg := WhAz(u)(hu_lh_ljUg)
and qo = ThAz(u) (0)-

Case I. Some part of [qo,po] and [p;, g;] are 30d-fellow traveling for length > 0.1M
for some i. Then by the no-overlap condition of Definition we have hAx(u™1) =
ny(iy—1 My Ax(1y()), with the same orientation. Moreover, we have

hu™ W = )by - g - (1) 7

This forces that
n' = my_y - (hl(i)+1ul(z‘)+1h;(i1)+1) o (hmumhi),

and n’ becomes a product of at most m — 1 tight conjugates. Such an element satisfies the
conclusion of the lemma by induction.

Case II. The part of [go, po] that is 20d-fellow traveling with a subsegment of [z, nao|
has length < 0.8M. This forces that g, p.1(n@o) and mg po1(¥0) S Nios(qo) must have
distance at most 0.9M, and we get (pg - nzg)g, < M. Then n’ satisfies the conclusion of
the lemma with {I'(1),7(2),...} = {1}.

Case III. A part of [qo, po] is 200-fellow traveling with a subsegmemt of [gr, z¢]. Then
one can see that [zg, go] contains a subsegment that is 30d-fellow traveling with [pr, gr],
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of length > L(u;) —2.9M. Namely, we have an axis vz that is closer to z¢ than hAz(u) is,
whereas d., (o, huh™'z¢) > 0.6L(ur). This contradicts the fact that huh™! was a tight
conjugate.

Case IV. We are not in Case I, but some part of [qo, po] is 20d-fellow traveling with a
subsegmemt of [7y,, ¢.1(Pi+1), pi+1] for some 4, for length > 0.6.M.

In this case, we claim that (po - pi+1)g < 0.7L(w). This will conclude that n’ has the
desired decomposition with indices 0 < 1(z) < ... <(T).

To see this, remember that (xo-g;)p, < 206 and (p; - pi+1)q, < 0.7L(wy(;)). In particular,
there are points P, Q € [z, pi+1] with P coming before @ such that P € N3ps(pi), @ €
Noos (Tp, q,1(Piv1)) and such that d(P, Q) > 0.2L(u;).

Now, let [¢/,p'] S [qo,po] be the maximal subsegment that is 200-fellow traveling
with a subsegment of [7y,, o 1(Pit+1),Pi+1] S Nsos([7(i+1)-1%0, Mi@i+1)T0]). Then we have
d(q',p") < 0.6L(u) by the tightness of hl(i)ul(i)hl?il). Also, note that [qo, ¢'] (however short it
is) will be 500-fellow traveling with part of [p;, 7, 4,](Pi+1)]. Such fellow traveling should
be shorter than 0.1M as Case I is excluded. In short, we have d(qo,p’) < 0.65L(u). It
follows that (po - pit+1)g, < 0.7L(u) as desired. Also, note that d(qo, [1(i11)—170, Pit1]) <
d(qo, q') + 508 < 0.5M. N

Proof of Lemma Given n € N with the decomposition described in Lemma
one has that (wo, pr,qr,nro) is an M-aligned sequence with pr, qr € ny)—1 by Az (ur)
and d(pr,qr) = L(ur). o

As projections between axes have M-bounded diameters by the non-overlapping condi-
tion and é-hyperbolicity, Lemmal[4.T]also holds for axes, albeit with slightly worse constants.

Corollary 4.4. Let hyAz(v1) and haAx(v2) be distinct azes such that 7x/n(h1Az(v1)) =
mx/n(h2Ax(va)). Then there exists an axis hAz(v) such that dj g (h1 Az(v1), he Az(v2)) =
L(v) — 10M.

Lemma is useful to show that X = X /N is hyperbolic, with hyperbolicity constant
at most max;(L;) + 10000.

Lemma 4.5. The space X/N is Gromouv hyperbolic, with hyperbolicity constant at most

Proof. By Papasoglu’s theorem [Pap95, Theorem 1.4], it suffices to prove that all geodesic
bigons are d-coarsely max;(L;)-thin. In fact, we will prove that:

Let 7,7,z € X/N be such that dx,y(y,z) < 1005. Then [7,y] and [Z,Z] are
within Hausdorff distance < max; L; + 10000.

To show this, let us lift [Z, 7], [7,Z] and [Z,Z] to X. More precisely, denoting the projection
from X to X/N by nn, let [Z,7] = nn(z = xo, 21, ...,2,) for some X-path (zg,...,z,).
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(hu=th=1)z

Ny T
To ny(1)—1%0 (PO M@2)-1T0  nygyxe N

Figure 4: The decomposition defined in Lemma In the case depicted, T = 2, and
we have extended the construction by defining n’ = (huh™")n. As [qo, po] fellow-travels a
segment of [ﬂ'[pl’ql](pg), p2], we are in Case IV. We therefore adjust the auxiliary sequence
to 0 =1(0) < 1(2). In particular, we have that 7., ((hu=th™)xo, nzo) > L(uz) — 3M.
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Similarly, pick (2, ..., 2y ) and (2,7, ..., 2,) that respectively project to [7,z] and [z, Z].
Then zg and z,,» are identified under projection, so there exists n € IV such that nxg = x,».
Here, because [T,7] is a geodesic, (xo,...,2,) is also a geodesic from xy to x,. Similarly,
(@ny ooy xh), (@, ..., xyn) are also geodesics.

Now, by Lemma there exists g € G and a conjugate v of {wlil, e ,w%l} such that
(o, gx0, gvxo, nT0) is L(v)/50-aligned. Let v < [x0,nzo] be the subsegment of [zg, nxo]
contained in the 50§-neighborhood of [gxg, gvzg]. If N5os(7) intersects the geodesic (xo, . .., zy)
for length > 0.6L(v), then dx(gvg~'xo,z,) becomes shorter than dx (wg,x,). This gives

a contradiction, as then dx/n(7,7) = dx (w0, 7n) < dx(gvgzo, 2,) = dx/n(T,7). (Note

that 7(xg) = m(gvg~'zo).) Likewise, Nsos(y) cannot intersect the geodesic (2, ..., Ty»)
for length more than 0.6L(v).

It follows that the beginning point of 7 is 50-close to a point z; on (xg,...,z,) and
the ending point of 7 is 500-close to a point x; on (x,...,2z,). Clearly, 7(z;) and

m(z;) = m(gv~tglx;) are 1004-close. Now, for the quadrangle with vertices z;, Z,,, T, 2,

we know that d(zy,, z,/) < 1008 and d(z;, ;) < L(v)+1004. For such quadrangles, [z;, 2, ]
and [z,,, z;] are L(v) +10000-close in the Hausdorff distance (even at the level of X'). Now
we can apply our inductive hypothesis to ' = 7(x;) and 2’ = 7 (z;). O

5 Strut Sequences

For this section, it will be important to sometimes replace projections with the modi-
fied projections defined by Bestvina-Bromberg-Fujiwara—Sisto in |[Bes+19], and measure
projection distances with respect to these modified projections. These modified projec-
tion distances capture a ‘stability’ property of closest point projections with respect to
translation along axes, and thus make certain inductive arguments cleaner.

Recall the following definition:

Definition 5.1. Given wy, ..., wy, as in Hypothesis[3.1] let vy, ..., v be as in Definition [2.25
We define the set A of azes by

A= {hAx(v): he G, ve{v,..,v}}.
Note that hAx(v) = Ax(hvh™1).

Note that distinct axes in A have mutual projections with diameter < 0.02M, by the
5th condition in Hypothesis This also gives the Behrstock inequality (given that L(v;)’s
are all long enough so that M > 10000):

dy(7',7") 2 0.06M = dy(7,7") S 0.05M  (¥7,7,7" € A).
These facts lead to the following consequence.

Lemma 5.2 ([Bes+19, Theorem 4.1)). There exist modified projection functions II and
modified distance functions D such that, for any axes o and 8 and x,y,z € X U A:
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1. We have I1,(z) € Na(ma(2)) and diam(I1,(z)) < M.

2. We have
Do(z,y) =6 da(z, 2)

3. We have
Dy (z,y) = diam(Ily(x) U Iy (y))

4. For any g € G, Hya(g9z) = glly(x), so as a consequence Dy (gz, gy) = Do(z,y).
5. We have Dy (x,2) < Do(z,y) + Doy, 2).
6. (Behrstock Inequality) We have

min(Dy(z, 8), Da(z, o)) < M.

7. The set {ne A: Dy(x,y) = M} is finite.

8. (Strong Behrstock Inequality / ‘Forcing’) If dg(z, ) > 0, then I, (x) = I, (58). As a
consequence,
dg(z,a) > M implies Do(x,w) = Do(B,w)

This last item is generally called the Strong Behrstock Inequality, although we will use
the term ‘forcing’ to describe its conclusion.

Remark 5.3. From here onwards, we increase d so that for all « € A and z € X u A,
Nios(ma()) S Ia(z).

We would like to be able to lift geodesic triangles from X /N to X; unfortunately, this
is usually not possible. Instead, we will lift triangles that are near-geodesic in the following
sense.

Definition 5.4. Let x,y € X U A, with projections T = 7x/y(z) and ¥ = 7x/5(y). We
say that T and y are minimal if dx(z,y) = dx/n(T,y). Furthermore, we say that = and y
are T-near-minimal for 0 < 7 < 0.99 if for all axes hAx(v), Dpax()(7,y) < 7L(v). If no 7
is stated, we assume 7 = 0.8.

Lemma 5.5. If x and y are minimal, then for all azes hAx(v), dp ) (z,y) < 0.51L(v),
so in particular x and y are near-minimal. Furthermore, if x and y are T-near-minimal,
then for all azes hAx(v), dpaxw)(z,y) < (7 +0.01)L(v).

Proof. For any axis hAx(v), there exists some integer m so that dpax)(z,9y) <
0.51L(v) for ¢ = hv™h~!. In fact, this upper bound may be sharpened to 0.505L(v).
If x and y are minimal but djax()(7,y) > 0.51L(v) for some axis hAx(v), then it is
straightforward to check from the Bounded Geodesic Image Theorem that dx(z,gy) <
dx(x,y), contradicting minimality. The second claim is immediate from Lemma o
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Lemma 5.6. Fizz,j€ X/NUA/N, along with respective lifts x and y in X v A. Assume
that for all aves hAz(v), djaz)(T,y) < 0.45L(v). Then x and y are minimal.

Proof. Let 2’ be a minimal lift of T with respect to y. If x = 2/, we’re done. Otherwise,
by Lemma there exists an axis hAx(v) such that dpax)(z,2’) = 0.99L(v). We have
dpax(v)(T,y) < 0.45L(v) by assumption, and dpax(v) (2, %) < 0.51L(v) by minimality, so by
the triangle inequality djax(w) (7, 2") < 0.96L(v). This is a contradiction. o

X/N X
z y
Y z
hAx(v)
hvh ™t
I To
— _ Y z
z ’ v
hAx(v)
hAx(v)
€
T

Figure 5: A representative illustration of Lemma [5.10, The left pane shows the quotient
space X /N, while the right pane shows X. While lifting the geodesic triangle between 7,
7, and Z from X /N to X is not possible, we may ‘close it up’ by succesive ‘rotations’ along
axes. In the quotient, these rotations correspond to ‘rerouting’ paths around axes.

We will now define strut sequences, which will be a primary technical tool for the rest
of the paper. This machinery captures the necessary small-cancellation properties of axes
that we need.
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Definition 5.7 (Strut Sequences). Let z,y € X UA, and assume z and y are near-minimal.
For 0 < 6 < 1, the 6-strut sequence for x and y is

So(x,y) = {hAx(v) € A2 Dpa(o)(z,y) = 0L(v)} v {z,y}.

We define a finite total order <gs on Sy(x,y) by defining = to be the minimal element and
then setting a <g f if do(z, 8) > 10M. If no 0 is stated, then it is implied that 6 = 0.1.

For an illustration of strut sequences in X and in X /N, see Figure @ Note that the
visual representation in this figure assumes several facts that have not yet been proven.
We now set up some basic facts about strut sequences.

Lemma 5.8. We have the following properties for any x,y € X UA and any 0.01 < 0 < 0.4.
Assume that Sp(x,y) is enumerated as

x <s h1Az(v) <s ... <s htAz(v) <s y

1. For any x,y € X U A, the total order <s defined in Definition 15 well-defined,
and Syp(x,y) is finite.

2. For any h;Az(v;) and any j1 < i < ja,
Wy, Ax(o)) (2) = Iy, aa(o;) (R A2(051)), Th, Aa(os) (R AT(v)2)) = Tk, au(u;) (¥)

3. We have that <g-consecutive elements are minimal. If x and y are near-minimal,
then any two elements in Sp(x,y) are near-minimal.

4. If w,z € Sy(x,y) with w <s z, then Sp(w,z) is equal to the suborder of Sp(x,y)
bounded by w and z.

Proof. Finiteness follows immediately from Lemma Now, for any hAx(v) €
Sp(r,y), there must be some maximal segment yjax(y) Of v such that v, 105-fellow-
travels hAx(v). By the Bounded Geodesic Image Theorem, these segments each have length
at least 0.09L(v), and by the no-overlap hypothesis for axes (item 3 in Definition ,
may only overlap for distance 10M. Their order on v gives a finite total order, and items
6 and 8 of Lemma [5.2] implies this order is equal to the order <g.

The second item now follows immediately from the forcing property in Lemma The
proofs of the third and fourth claim are omitted. o

The following useful lemma follows near-immediately from the definitions and the for-
warding property for projections.

Lemma 5.9. Fiz 0.01 < 0 <04, 055 <7 <0.95, 2,y € X U A and hAz(v) € A such
that 0 < Dy, gq(0) (7, y)/L(v) < 7. Then Sy(z,y) is obtained by concatenating Sg(z, hAx(v)),
{hAz(v)}, and Sp(hAx(v),y) in that order. Furthermore, if hAxz(v) is near-minimal with
respect to both x and y, then x and y are near-minimal.
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hsAx(vs) hiy Ax(vh)
hoAx(vg) hbyAx(vh)
—
7 Y2
h1Ax(vy)

[ ]
T

Figure 6: A depiction of strut sequences in X and under projection to X /N, and how these
sequences control routing of geodesics between near-minimal pairs. The lower pane shows
a point x € X and two points y;,y2 in a common orbit, such that y; and x are minimal
and yo and z are near-minimal. In X, the strut sequences S(z,y;) represent sequences of
axes on which the [z, y;] make ‘large turns’. In X /N, we see that the paths project to two
paths between T and 7, which 509-fellow-travel except when routing around the quotient
axes obtained by projecting either strut sequence. A heuristic to keep in mind is that while
X/N is not é-hyperbolic, the failure of d-hyperbolicity only comes from looping around
quotient axes. In particular, the two geodesics 7; and 7, must approximately J-fellow-
travel between the struts, allowing us to recover some features of §-hyperbolicity in X /N.
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The primary reason to study near-minimal representatives is the following lemma. This
result is conceptually analogous to Prop. 3.12 in [Abb-+26].

Lemma 5.10. Let 7,5,z € X/N. Also let 0.78 < 7 < 0.95. Then there exist respective
liftsx,y,z€ X of T, Y, and Z such that y and z are minimal, x and y are T-near-minimal,
and x and z are T-near-minimal.

Proof. Choose lifts x1, y, 2, and z2 so that 1 and ¥y, ¥ and 2, and z and x5 are all
minimal. We induct on dyx(z1,22), maintaining at each step that y and x; are 7-near-
minimal and that z and x9 are T-near-minimal. If dx(z1,z2) is ever equal to 0, we finish
immediately.

Otherwise, by Lemma there exists an axis hAx(v) such that djax()(?1,22) =
0.99L(v). We consider the projections of x1, y, z, and z2 to hAx(v). By assumption, we
have djax(v)(1,y) < (T + 0.01)L(v), dpax(w)(2;22) < (7 4+ 0.01)L(v), and dpax(v)(y,2) <
0.51L(v). We may also assume that v is oriented so that the projection order on hAx(v)
is 1 — 9.

From the distance bounds, either djax(y)(71,¥) = 0.24L(v) and we have the projection
order 11 — y — T2, or dyax(w)(2,72) = 0.24L(v) and we have the projection order z; —
2 — 9. Assume without loss of generality that we are in the first case. Then if ¢ = hvh ™!,
by the distance bounds and the translation length of g we have

(0.99 — 7)L(v) < dhAx(v) (gz1,y) < 0.77L(v).

By the inductive hypothesis plus Lemma we have that gx; and ghAx(v) = hAx(v)
are T-near-minimal, and that y and hAx(v) are T-near-minimal. We may therefore ap-
ply Lemma [5.9 and conclude gzq and y are near-minimal. Furthermore, by the Bounded
Geodesic Image Theorem, dx(gx1,x2) < dx(z1,22), so we may apply induction and con-
clude. o

This ‘rotation’ action is depicted in Figure |5}, although with g applied to xs.
We may now prove a crucial result about how struts sequences behave under quotients.
See Figure [6] for an illustration of this property.

Lemma 5.11. Fiz 0.55 < 7 < 0.95 and 0.01 < 8 < 0.4, and assume 6 + 17 < 0.98. Fix
T,y € X/N, and consider lifts x1,xo € W)_(}N(T) and y1,y2 € W;(}N@) Assume that x1 and
y1 are T-near-minimal, and that xo and yo are T-near-minimal. Enumerate strut sequences

Sop(x1,y1) = 1 <s h1Az(v1) <s ... <s htAa(vy) <s 1

Sg(l‘g,yg) = T2 <§ hlle(Ui) <s ...<s h;le(vtl:l) <S Y2

Thent =t" and mx /N (hiAx(vi)) = 7x/n (b A2(v])) for all hi Ax(v;).
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Furthermore, fizx i < j, and consider h;Ax(v;), hjAx(vj), i Ax(v;), b Ax(v}) with the
assumption that for all i < k < j,

thAx(yk)(hiAm('Uz'); thZ‘(’Uj)) < 0.48L(Q}k).
Then there is a single h € N such that

WTth, Aafwr) (hit1 AD(Vi41)) = Thr aaer) (Ri1 A2(vi41))

and
hﬁhi+1Az(vi+1) (hle(Ul)) = 7Th;+1Ax(v;+1) (h;AZII(’U;))

Proof. We consider the first claim, assuming without loss of generality that y; =
y2 =: y. The strategy is induction on max(dx(x1,y1),dx(x2,y2)); if both are less than,
say, 0.01 min, L(v), then by Lemma and the triangle inequality we must have z; =
o, and are done. If z; # xo, by Lemma there exists an axis hAx(v) such that
dpax(w)(T1,72) = 0.99L(v). By assumption, djax)(zi,y) < 7 for i € {1,2}, so by the
triangle inequality djax(v)(7i,y) = 0.98 — 7. Therefore hAx(v) € Sp(zi,y). Furthermore,
certainly dx(x;, hAx(v)) < dx(x;,y), so we have the claim for Sp(x;, hAx(v)). Applying
Lemma [5.9| with hAx(v), Sp(zi, hAx(v)), and Sp(hAx(v),y) finishes the argument.

For the second claim, we may assume without loss of generality that h;Ax(v;)
hiAx(v}). Certainly there exists some n = h;v[™h; ! such that dp; Ax(vy) (MR AX(v5), W Ax(v])) <
0.52L(v;). The assumed bounds and the triangle inequality now imply that for all hAx(v)
dpax(w) (MhjAx(vj), K;Ax(v})) < 0.98L(v), and so by Lemma we have nhjAx(v;) =

/ / :
h;Ax(v}). The claim follows. o

Y

6 Routing Geodesics in the Quotient

We now establish consequences of the results we have obtained so far. The following claim
is illustrated in Figure [6]

Lemma 6.1. Fiz 0.55 < 7 < 0.95 and 0.01 < 6 < 0.4, and assume 6 + 7 < 0.98. Fiz

T,y € X/N, and consider lifts x1,x9 € WX}N(E) and y1,y2 € FX}N(@). Assume that x;
and y1 are T-near-minimal, and that xo and yo are T-near-minimal, and choose geodesics
[z1,91] and [x2,y2]. Then the Hausdorff distance of mx /n([z1,y1]) and mx N ([z2,y2]) is
at most max, L(v) + 1000M. Furthermore,

’
d(l‘lu yl) < ].0156[(1'2, ?/2)
Proof. Enumerate struts as follows:

SQ(xl,yl) =T <8 hlAX(Ul) <§ ... <8 htAX(Ut> <s W1
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So(x2,y2) = 12 <s hjAx(v]) <s ... <s hpAx(v;) <s y

By the Bounded Geodesic Image Theorem, the geodesic [z1,y1] may be decomposed into
segments ; that each 10d-fellow-travel h;Ax(v;) and interstitial segments 7; that each
originate in N1os(7h, Ax(v;) (hi+1A%(vit1))) and terminate in Nios(7h,, , Ax(vs, 1) (RiAX(v;))).
We construct analogous segments 7, and 7] for [x2,y2]. Note that this notation breaks
slightly at the endpoints; these cases follow from essentially the same argument.

We now apply Lemma Under projection to X /N, any ~; and 4} both lie in
Nips(hiAx(v;)); this set has diameter at most L(v;) + 100d. Furthermore, both ~; and ~;
have length at least § — 100M and at most 7 + 100M.

From the projection complex bounds and the second claim of Lemma [5.11] we obtain
that any n; and n} 10 M-fellow-travel, and have lengths that differ by no more than 10M.

We may now assemble these results to obtain the claims. If in fact there are no struts
between z1 and yp, then [x1,y1] and [z2,y2] in fact 100-fellow-travel after projection to
X/N. o

For our main construction, we will need to build our own strut sequences, and obtain
fairly precise control over those sequences. We do so as follows.

Lemma 6.2. Fix T,y € X/N. Given any fized lift x € 71']:,1 (T), there exist two (possibly
non-distinct) points p1 = p1(x,7), p2 = p2(x,7y) in X with the following properties:

1. The distances dx (xz,p1) and dx(x,p2) are bounded above by /1\/1—0 +1 and bounded below
M

by mln(T() - 17 dX(x7 y))
2. For any y € 7r;,1 (¥) such that x and y are near-minimal, either (z -y)p, < 1005 or
(2 Y)pe < 1000

Proof. Choose y € W)_(} ~ () so that z and y are minimal. Enumerate the strut sequence
for x and y as
S(z,y) = x <s hiAx(v1) <s ... <s Ax(v) <s ¥y

If there are no struts between x and y (i.e. t = 0), then we choose p; = p2 to be a point
on [z,y] satisfying the distance bounds. Otherwise, we take a geodesic [z, ¢] to a point ¢
on hiAx(vy) realizing dx(x, h1Ax(v1)), and then ‘branch’ this geodesic along h1Ax(v1) in
both possible directions for distance 0.01L(v1) to obtain points ¢; and ga. We then choose
p1 and ps to be points along [z, ¢1] and [z, g2] satisfying the appropriate length conditions.

For any 3/’ € W;(} ~(7) such that 2 and 3’ are near-minimal, then the last claim of Lemma

implies that both [z, y] and [z, y'] have hiAx(v1) as a initial strut. So [z,y] must pass
within 100 of 7, Ax(»,) (%) and then follow h1Ax(vq) for at least distance 0.09L(v;) in one
of the two possible directions, and the claim follows. o
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Definition 6.3. Given 7, 3, and € 7' (%) as in Lemma we call the p; = p1(z,7)
and py = po(x,7y) constructed in this lemma enemy prongs for z relative to 7.

Corollary 6.4. Fix 7,5 € X/N, choose a fized lift x € W&I(E), and construct enemy
prongs p1 and pa as in Lemma . Assume that dx /N (Z,y) = 1000L, and let z € X/N be
a point satisfying dx N (7,Z) < 200L. Let y and z be respective lifts of 7 and Z such that
x and y are near-minimal and y and z are near-minimal. Then either (z - z),, < 1100 or
(- 2)p, < 1100.

Proof. By the assumed distance bounds and Lemma dx(z,y) = 1000L while
dx (y,z) < 200L. Furthermore, by Lemma [6.2] either (z - y),, < 2000 or (z - y)p, < 10008,
and dx(x,p1), dx(x,p2) are bounded above by, say, L. The claim now follows from a
standard J-thinness argument applied to a triangle with vertices x, y, and z. o

We apply the enemy prongs construction as follows. See Figure [7] for an illustration of
the following lemma.

Lemma 6.5. Let B be a large enough constant determined only in terms of the action
G —~ X. Let n be a sufficiently large number, let wgl), e ,wT(lk) be the n-step elements of
independent permissible random walks on G and let N = <<w,(11), e ,wflk)>>.

Fiz Z,5,Z € X/N and fix respective lifts x € 7r;,1 (Z) and z € 7TX,1 (Z), and let p1,ps be

constructed from x and y as in Lemma[6.3. Make the following assumptions:
1. We have (p1-2)s < B, (p2-2)z < B.
2. We have that x and z are near-minimal.

3. Further assume that any axis hAz(v) that 505-fellow-travels [x, z]x for at least 0.0001L(v)
does not 10B-fellow-travel [x,p1]x or [x,p2]x for distance more than 100B.

Then [z,7y] passes within 1000B of T, and in fact for any near-minimal respective lifts 2’
of Z and iy of § and any [7, 1], this geodesic passes within 1000B of some lift ' of T.

Furthermore, if dX/N(T, y) > 1000B and w is some point within distance 200B of 7,
then [Z,w] passes within 2000B of T.

Proof. We note that Figure [7] illustrates many components of the construction used
in this proof.
Let y be a minimal lift of § with respect to x. We then label the strut sequences

S(z,x) = {x <s h1Ax(v1) <s ... <s hsAx(vs) <s a:},
S(z,y) == {z <s f1Ax(w1) <s ... <s jiAx(wy) <s z}.

We may assume without loss of generality that dx,n(Z,y) > 5008, and so p; and py
are both at least distance 400B from x. Also assume that n is sufficiently large so that
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min; L(v;) > 10°B. By Lemma as x and y are near-minimal, we have that either
(- y)p, < 1008 or (z -y)p, < 1000; assume we are in the first case. Recall that by
assumption we have (p; - z), < B. Taking arbitrary geodesics [z, z], [z,y], and [z,y], we
have that p; lies within 1000 of [z,y], and that z lies within B of [z,p1]. Recall that
dx(z,p1) = 400B. Applying the second and third properties of Lemma we obtain
that (z-y), < 2B and (z-y)p, < 1504.

Applying hyperbolicity, we obtain that v := [z, y] may be subdivided into an arc -y, that
100-fellow-travels [z, z] outside of N3p({z}), and a disjoint arc v, that 100-fellow-travels
[z, y] outside of N3p({z}). Furthermore, -, passes within 2008 of p;.

We note that any axis hAx(v) that 500-fellow-travels v, for distance at least 0.0002L(v)
must 500-fellow-travel [z, z]x for distance at least 0.0001L(v). But then such a geodesic
can only 500-fellow-travel +, for distance at most 1058. As a consequence, any strut
hAx(v) € S(z,2) satisfies Djax(v)(7,y) < 0.01L(v), and vice-versa. As a consequence, 2
and y must be 0.81-near-minimal.

Next, from properties of 7, and v, and a axis-fellow-traveling argument, we see that
for any h;Ax(vi), Dp,ax(u)(2:y) = 0.099L(v;), while for any jiAx(w;), Djax(w,)(2,y) =
0.099L(w). So every strut in S(z,z) and S(z,y) lies in Sp.o99(z,y). Furthermore, as 7,
precedes 7,, we must have hsAx(vs) <s j1Ax(wi), and as a consequence the strut sequence
S0.099(#, y) contains (as a subsequence) all struts in S(z, z) followed by all struts of S(z,y).
By Lemma[5.11] we have the second claim. If any strut hAx(v) lies between hsAx(ve) and
Jj1Ax(wq), then as it did not appear in S(z,z) or S(z,y), and cannot 10J-fellow-travel both
7. and 1y, for distance at least 0.01L(v), we must have that Djax(w) (hsAx(vs), j1Ax(w1)) <
0.12L(v).

Now, recall the procedure for constructing p; and p2: we construct a geodesic from z to
Jj1Ax(w;), branch this geodesic in both directions along j; Ax(w;) to produce two geodesics,
and then take p; and ps as points along this geodesic with (in this case) distance at least
400B from z.

Assume now that hsAx(vs) and j;Ax(w;) 200-fellow-travel for distance 4008, and let
n be the segment of jiAx(w;) where this fellow-traveling occurs. As hsAx(vs) may only
106-fellow-travel the first 1058 units of 7,, there must be a point 7 on 7 within 110B of
x. Furthermore, © must lie within 1108 of 7, ax(w;)(). We then have that a segment of
either [z, p1] or [z, p2] must 100-fellow-travel n of length at least 1508, contradicting our
assumptions on hAx(v;). As a consequence, we obtain the bounds

diam (7, Ax(v,) (71 AX(w1))), diam(7 ), Ax(wy) (hsAx(vw))) < 4508

Furthermore, from the fact that hsAx(vs) 100-fellow-travels «, and j; Ax(w;) 105-fellow-
travels y,, we must have that any geodesic from 7, (v, ) (71AX(w1))) 0 7}, Ax(wy) (RsAx (V)
passes within 9008 of x. We apply Lemma, to conclude.

To obtain the first conclusion for w, we note that we may find respective lifts 2/, 1/,
and w’ of z, ¥, and W so that w’ and 2’ are minimal, 2z’ and w’ are near-minimal, and 3’
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and w’ are near-minimal. From Lemma dx(y',w’") < 50008, while from the analysis
above we have that any [2/,y'] passes within 1000B of some lift 2’ of . From d-thinness
of triangles in X, [w’, 2’] must pass within 1200B of 2’. The proof of the second condition
is similar. o

In order to make use of this lemma, we must demonstrate that we can find axes that
are sufficiently ‘repulsing’ from a given set of enemy prongs. To do so, we use the notion of
a Schottky set. These sets were first defined in [Bou+23|, although the formulation we use
is slightly modified from the formulation used by Gouézel in [Gou22b|. Intuitively, given
two independent loxodromic isometries in GG, the construction gives a method for building
a large number of distinct loxodromic isometries, all pointing in ‘different directions’ from
a basepoint xg.

Definition 6.6. Let 1, Eq, Ep, Ep, Epr = 0. A finite set £ € G of isometries is a
(n, Eq, Ep, El,, Enr)-Schottky set if the following conditions are satisfied:

1. For all z,y € X, we have |[{s € £ : (z - sy)z, < Eg}| = (1 —n)|€] and |{s € S :
(@, 57 'Y)ay < Eg}l = (1 —n)|€].

2. For all s € &, we have Ep < dx (o, sz9) < E, and dg(e,s) < Epy.

The following lemma is a straightforward consequence of the proof of Prop. 3.12 in
[Gou22b]. It will be used to build axes in the main construction so that Lemma can
be applied.

Lemma 6.7 (Prop. 3.12, [Gou22b|). For alln > 0 and E,F > 0, there exists Eq, Ep,
E}, and Ey and a set € such that € is o (n, Eq, Ep, E},, Enr)-Schottky set, and such that
Ep = 10Eg + F and Eg > 1000(0 + E). Furthermore, Eq, Ep,, E}, and Ey depend only
on n and the action G —~ X, and in particular are independent of n.

7 Main construction

In this section, we aim to prove the following result. Once this result is proven, linear
connectivity of the boundary will follow from standard arguments.

(1)

As usual, let n be a sufficiently large number, let wy, /. .. ,wék) be the n-step elements
of independent permissible random walks on G and let N = <<w7(11) yee ,w%k)>>. We assume
we are in the setup of Hypothesis with M as in this hypothesis. Note that we may
take M to be as large as needed by taking n sufficiently large.

We will fix a uniform basepoint Zp € X /N throughout these arguments. Before we
begin, we note that by Lemma all boundary points in 0(X/N) may be represented
by (1,20L)-quasi-geodesic rays, and furthermore, when calculating Gromov products for
boundary points as in Equation [l it suffices to take the infimum over all representative

sequences derived from (1,20L)-quasi-geodesic rays.
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Yy

Figure 7: The construction used in Lemma in the case where S(y, x) and S(z, z) each
contain only one strut. The key point is that our assumptions force j; Ax(wj) to ‘repulse’
from [Z,p;] and [Z,P,]. As aresult j;Ax(v1) and hsAx(vs) may only overlap on the scale of
B (which does not grow with n), not on the scale of M. This overlap bound plus properties
of strut sequences forces the desired routing.
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Our goal is to prove the following lemma, which will be broken up over several subsec-
tions and sublemmas.

Lemma 7.1. Fiz 1,8 € 0(X/N) with (§1-&2)z, = D, along with a constant F'. Then for all
n sufficiently large in terms of F', the following property holds: there exists a finite sequence
of boundary points & = X1, X2, -, XQ = &2 such that for 1 <i < Q —1, (Xi - Xi+1)zo =
D+ %F, and for all2 <i<Q —1 and j e {1,Q}, (xi - Xj)z, = D — 100L.

7.1 Building the Construction

Figure 8: A schematic of the construction used to prove Lemma [7.1] showing the relevant
objects under projection to X/N. Note that the axes A; are constructed using the points
u; as guides, and in particular must be repulsed from the points y; ;.

We will first set up the construction. Note that most relevant features of the construc-
tion will appear in Figure[8} keeping this figure in hand throughout the construction and its
verification may be useful. We will also need several constants with a somewhat complex
relationship; see Figure [J] as a guide.

Let 71,72 : Z=o — X /N be (1,20L)-quasi-geodesic rays originating at Tp and respec-
tively representing &£; and &;. Recalling that

L:= max L(v),
hAx(v)eA
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Figure 9: A dependence chart of constants used in the main construction. An arrow from
a to b indicates that b must depend on the value of a. An arrow from G —~ X indicates
constants that depend only on the action of G on X, including constants intrinsic to X.
This graph must contain no cycles. We note that while F' is an input to Lemma we
may need to replace it with a larger constant, and it is sufficient to verify the lemma for
this new constant.



we let Z be a large constant, on the order of 1000L or larger, that will be chosen later.
This constant is uniform with respect to &1, &, and D. We may choose 71 and 79, and
respective points T; and To on these rays satisfying the following conditions:

1. We have dX/N(fQ,fi) = Z.
2. We have (fl,TQ)EO =10 D.

Let xq, 1, T2 be respective lifts of Ty, 71, T2 to X, chosen via Lemmal[5.10]so that z; and
o are minimal, g and x; are near-minimal, and zg and x92 are near-minimal. Let v be a
geodesic from z; to x2; setting ¥ = mx/n(7), 7 is a geodesic from 71 to Tz. As X is action
path-connected (see Definition , there exist a sequence of group elements aq, ..., ax
such that ajzy = x1, agzrg = x2, such that dg(a;,a;41) < W for all 1 < i < k—1, and
so that z1 = a1zg, agxo, ..., ag_1T0, apTo = T2 is a unparameterized (F, E)-quasi-geodesic.
Here, E and W are independent of n and L. We will fix the notation w; = a;x¢, and define
w; = Wx/N(wi). Of course, a;Tg = W;.

Now, there exists some constant E’ depending only on E and 0 so that every w; lies
within distance E’ of v, and hence every w; lies within distance E’ of 7. Furthermore, for
all w; and j € {1,2}, we have (W; - Tj)z, = D — 10E’. Note that this particular Gromov-
product bound follows from the triangle inequality, and so holds in any geodesic metric
space.

We now construct enemy prongs. Let B be the constant appearing in Lemma [6.5} we
will need to assume this constant is sufficiently large in terms of several other constants,
but not that it will not need to depend on n. For each w; with 2 < i < k—1, define y; 1, yi 2
via Lemma so that, in the notation of that lemma, y; = p1(w;, To) and yo = pa2(w;, To).

Lemma 7.2. There exist constants Eq, Ep, E}, and Ey satisfying

Ep > 10(Eg + F + B), Eg = 10000(6 + F + E')

where E’ is as in the preceding discussion, such that the following statement is true.

There exist group elements s; € G, points u; = w;s;xo in X, and azxes A; = h; Ax(v;)
(stretching notation so that here the v; index is different from the index used in our hy-
potheses) such that for all 2 <i <k —1 and j € {1,2}, the following properties hold, with
appropriate modifications fori =2 and i =k — 1:

1. We have
(Wi - wi)w; < Ea, Wim1,j - wi)w, < Eg, and (Yiz1; - ui)w, < Eq.

2. We have
(wi—1 - ui)wi < Eg and (ui+1 . ui)wi < FEq.

3. We have
Ep < dx(wi,w;) < Ep.
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4. We have
dg(e, Si) < Eyy.

5. The points w; and u; are minimal. In particular,
dx/n(mn(wi), 7N (u;)) = Ep.

6. The azis A; passes within distance 108 of both u; and ;1.

Proof. We apply Lemma Consider wq. Set n = ﬁ, and let Eq, Ep, E},, Ea be
as in the aforementioned lemma, so that there exists a (1, Eq, Ep, ET,, Epr)-Schottky set
& with respect to basepoint ws, and so that Ep = 10Eg + F and Eg > 1000(6 + F + E'),
where E’ is the constant from the action path-connectedness construction. Note that
the dependence of these constants is somewhat tricky; see [0} However, note that these

constants are independent of n and L. For j € {1,2}, by definition of &,

999

I{s € & : (y2, - a280)w, < Eg}| = 1000 |

By a union bound, there exists at least one (in fact, many) sg € £ such that if ug = agsaxy,
then (y2,; - u2)w, < Eg and (y3j - u2)w, < Eg for j € {1,2}. Furthermore, we have
dx(wa,u2) = Ep, and dg(e, s2) < E.

For sufficiently large n, E7, < 0.01min,(L(v)), and we obtain as a result that for all
hAx(v) € A, dpax(v)(wa, u2) < 0.01L(v). So we and ug have trivial strut sequence, and by
Lemma [5.8 are minimal.

For each w; up to wi_1, we construct u; and s; analogously, except we also require that

(w;i * wi—1)w, < Eg and (u; - yi—1,)w; < Eg-

These additional conditions pose no obstacle to the union bound argument. Notice the
two Gromov products in the second item of the lemma statementare coarsely equal with
coarseness only depending on the action G —~ X, so, up to allowing a slightly larger Fg,
it suffices to prove only one of the two.

We now construct sequence of partially overlapping axes. Consider some u; and ;1.
Recalling u; = a;s;x¢, we have

dg(aisi, aiv18i+1) < dg(e, si) + da(ai, aiv1) + da(e, siv1) < 2Ep + W

Notice that the bound 2FEj; + W does not depend on n or L. We may therefore apply
Theorem and conclude that, for sufficiently large n, there exists an axis 4; = h;Ax(v;)
such that A; passes within 100 of both uy and wus (the word-length bound is not needed
here). o
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Set L; = L(v;). For each A;, we choose two points z; 1, 2; 2 on A; such that d, (w;, 2i,1) =1005
0.4L(A;), da,(wi, zi2) =1005 0.4L(A;), and da,(2i1, 2i2) =1005 0.2L(A;). Necessarily dx (u;, zi1) <
O.45L(Ai), and dX(qu, Zi72) < 0.45L(Ai).

For each z; ;, say z;j = h; jxo.

Lemma 7.3. For each point z;; and axis A; = h;Az(v;) as above, there exists a group
element c¢; j € G with the following properties:

1. There exists a group element c; ; so that [z, c; j70] S ./\/'205((0;73-)*%@-1436(%)).

2. We have dx(zo, ¢i jx0) =1006 %Li.

3. No (c;-,j)_lhivih;10;7j—translate of (c;j)_lzi,j lies within distance %Li of [zo, ¢i jxo].

Proof. Note that the (cgvj)_1hivihjlc;7j—translates of (cgd)_lzi,j are spaced at distance

at least 0.99L; along (C;J)_IAX(’L)i). Therefore, we may construct the desired ¢; ; by choos-

ing a segment of (cg’ j)*le(vi) with length approximately % of a fully translation such that
the segment is appropriately far away from any of these translates. o

We now define a sequence z; j, = hi,jcfij:zo for ¢ € Z=o, and consider projections
Zijq = Tx/N(2ij,q) of thse points. We will define x;; to be the boundary point derived
from the sequence (Z; j4)q. (Clearly we must check that this sequence defines a boundary
point; we will do so shortly.) Our claim will be that the sequence of boundary points

§1 = X1, X2,15 X2,2, X3,1» +++» Xk—1,1s Xk—1,2 Xk = &2

satisfies the conclusion of Lemma [7.1] after the appropriate reindexing.

7.2 Verifying the Construction

We have several claims to verify, which we split into a sequence of lemmas. As before, most
relevant objects are depicted in Figure

Lemma 7.4. For all2 < i <k—1, 1< j <2 the sequence (Zijq)q defines a boundary
point in (X /N), and in fact there exists a (1,1000M)-quasi-geodesic ray originating at
Zij,0 and passing through each Z; j 4.

Proof. For ease of notation, fix ¢ and j and set z, = 2; ;4 and Z, = Z; j 4. Also, we
may assume without loss of generality that h; ; = e. We must show that

q,lv“linoo(zq 'ZT)EO -

Consider the concatenation

-1
[0, ¢ jz0] U [ci,jazo,c?’jzro] U...U [c;-{j xo, cgja:o]

36



Each geodesic segment has length at least 0.31L;. On the other hand, observe that by
construction

[CijO’ CZ;-HLU()] < N20§ (CZj (C;’j)ilhiAX(Ui)).

Therefore, if [czjxo,c%rlxo] and [cZ}rlxo,ch%o] 500-fellow-travel for more than distance
100M, then by the no-overlap condition, ¢; ; must fix the axis (c;7j)_1hiAx(vi). But then,
as the length of [z, ¢; jzo] is approximately %Li, we would find that the no-self-overlap
condition is violated. In particular, ¢; ; does not fix (cg’j)_lhiAX(vi).

As 100M is far smaller than %Li, we conclude that the z, are 200 M-aligned, and that
any geodesic [2o,z,] must decompose into segments that 500-fellow-travel translates of
Ax(v;) for length at least 0.3L; and at most 0.35L;, and ‘hops’ in between these segments
having length at most 200 M. It is straightforward to verify from these conditions that the
resulting path is a (1, 1000M )-quasi-geodesic.

We claim that all z, are minimal with respect to zp. If not, there is some distinct zfz that
is minimal with respect to 29, with z; = hz, for h € N\{e} and dx (2, 20) < dx (24, 20). By
Lemma there is some axis hAx(v) such that djax(w) (2, 2¢) = 0.99L(v). As 2 and 2
are minimal, djax(w) (g, 20) < 0.51L(v), so we must have djax(w)(2¢, 20) = 0.4L(v) by the
triangle inequality. Therefore, there is a segment ~y of [ 2o, 2,] that 500-fellow-travels hAx(v)
for length at least 0.36L(v), and this segment must overlap a segment on which [z, 24|
500-fellow-travels a translate of Ax(v;), with the overlap having length at least 1000 M. We
have that hAx(v) cannot be equal to this translate, as the axis-fellow-traveling segments
of [z, z4] have length uniformly bounded above by 0.35L;. Therefore, we obtain a match
between hAx(v) and some translate of Ax(v;), which is a contradiction by the no-overlap
condition.

By translation, we obtain that all elements of the sequence (z;), are pairwise minimal.
Therefore (Z4-Z)z, = (24 2r)z, for all ¢, 7. Furthermore, by the quasi-geodesic claim made
above, it is more or less immediate that limg ;o (24 - 27)2 = . ©

Lemma 7.5. For all 2 j4 and all hAx(v) € A, we have
dp a(v)(Zij,q, wi) < 0.41L(v).

In particular, z; ;4 and w; are minimal.

Furthermore, there exists a constant B independent of n and F with the following prop-
erty. For M sufficiently large in terms of B, and for all Z; j 4 and any geodesic [Zo, Zi jq),
this geodesic passes within 10008 of w; and within 150 M of Z; ;0.

Proof. It essentially suffices to verify the hypotheses of Lemma Let w; and z; 4
be as in the construction, and recall that ;1 and y;2 are constructed as enemy prongs
relative to Tp. Assume that j = 1; the case for j = 2 is analogous.

First, we check that w; and z; 1 4 are minimal. Consider the path [w;, 2;.1,0]U[2i1,0, 2i1,4]-
The axis A; passes within 109 of u; and w;41, and by construction (u;, ui11)w, < Eq. Fur-
thermore, both u; and w;,1 have distance at least 9F¢ from w;, and so we may conclude
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that A; must pass within 2Eq of w;. Furthermore, z; 1 o lies on A;, and da, (w;, zi.1,0) =1006
0.4L(A;). We conclude by the Bounded Geodesic Image Theorem that [wj, z;1,0] has length
at least 0.39L(A;) and at most 0.41L(A4;), and 50d-fellow-travels A; except for a segment
of length at most 4F¢.

We verified in the proof of Lemma that there is a (1, 1000.M)-quasi-geodesic path
from z; 1,0 to 21,4, which 509-fellow-travels a sequence of distinct translates of A; for lengths
between 0.3L; and 0.35L;, with segments in between of length at most 200 M. We also
know that [z 1,0,2i1,1] D0d-fellow-travels some translate A, of Ax(v;) for length at least
0.32L; and at most 0.34L;, and that [w;, 2;1,0] bEq-fellow-travels A; for length at least
0.39L; and at most 0.41L;.

We claim that A # A;, using Lemma If not, then as

[Ria@o, hiieiimo] = (21,0, 2i1,1] S Naos(hia (¢ 1)~ hiAx(v;))

we must have that A} = hi1(cj ;)" hiAx(v;), and as hi1(cj ;)™ therefore fixes A = A; =
hiAx(v;), we must have that I”LZ-7]~(c'i,1)_1 e (hyvih;'y. As a consequence of Lemma [7.3
no hi,l(0271)_1hivihlflc§71(hi,l)_l—translate of hi,l(cgyl)_lzm,g lies within distance iLi of
[2i,1,0, zi,1,1]. Using hi,j(cal)_l € <hivih;1> and the fact that z ;0 lies on A;, we have
that no hivihi_l—translate of 71,0 lies within distance %Li of [2i1,0,2i1,1], which is clearly
contradictory.

As such, [w;, z;.1,0] and [2;.1,0, 2i,1,1] cannot 506-fellow-travel for length more than 100M
without inducing a failure of the no-overlap condition. Arguing as in Lemma [7.4] we may
patch axis-following segments together and conclude that for any hAx(v) € A,

dpax(w) (Wi, Zi1,q) < 0.41L ().

Therefore w; is minimal relative to all z;1,. As a further consequence, any geodesic
[w;, 2i,1,4] must 509-fellow-travel [w;, z;.1,0] until it has passed within 1000M of z; 1 9. Since
w; lies within 4E¢q of h;Ax(v;) and z; 10 lies on h;Ax(v;), we must have that h;Ax(v;) is
the first strut appearing in S(w;, 25,1,4). By analogous analysis, the axis that 500-fellow-
travels [z 1,0, 2i,1,1] is the second strut appearing in S(wj, 21 4), and if this axis is labeled
hiAx(v}), 2i1,0 € N120m(Th ax(vy) (RiAX(v])). We aim to apply this analysis together with
Lemma to conclude that for any near-minimal respective lifts x( of zg and z;; | of Z;1 4,
any [xg, 2] 1 ] passes within 150M of some lift of Z; 10

Next, it follows from the geometric analysis performed above, the fact that dx (w;, u;) =
9E¢g, and a standard thin-quadrilaterals argument that any geodesic [wj, 2 14| passes
within 500 of u;. Recall that for j € {1,2}, (vi; - ui)w; < Eg. Therefore, for B suffi-
ciently large in terms of Eq, we have that (y;1-2ijq)w, and (Yi2-2i jq)w; are both bounded
above by B. Lastly, assume we have some axis hAx(v) such that hAx(v) 500-fellow-travels
[wi, 2 j q] for length at least 0.0001L(v), and that this axis 10B-fellow-travels, say, [w;, yi1]
for distance at least 200B. By taking M and L sufficiently large, we may assume that
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M = 10° « B, and so hAx(v) must pass within 10M of w;. From the structure of the
(1,1000M)-quasi-geodesic constructed above between w; and z; j4, we have that hAx(v)
must 505-fellow-travel one of the axes tracked by this quasi-geodesic for length at least
0.00001L(v), and thus be equal to one of these axes (as otherwise the no-overlap condition
would be violated). But then its proximity to w; forces hAx(v) = A;. Lastly, A; passes
within 108 of both u; and w41, while (y;,1 - ;)w;, and (i1 - %i+1)w,,, are bounded above by
E¢. Recall that dx(w;, wi+1) < 10E (where E is the action path-connectedness constant),
so for E¢ taken suitably large relative to E, (y;1-wit1)w;, < 2Eg as well. For B sufficiently
large in terms of F¢, a straightforward d-hyperbolicity argument now shows that A; cannot
10B-fellow-travel [w;, y; 1] for distance more than 200B.
Lemma [6.5| now yields both results. o

We now turn to the Gromov-product claims.
Lemma 7.6. Foralll < i < Q—1, we have (&1-Xi)z, = D—100L and (&2, xi)z, = D—100L.

Proof. We prove the case of &;; the case of & follows by identical argument. Let T}
be a point on 71; we may assume by taking 7 sufficiently far from Ty that dx /N (Zo, ) =
2d x /N (To,71). Applying the triangle inequality for Gromov products together with Lemma

for any z; ; 4,

(T - Zijqg)zo = min((T}, Wi)z,, (Wi, Zijq)7) — 10L

By Lemma and the previous observation on dxn (W, To),
(Wi, Zijq)zo = dx/n (Wi, To) — 2000B = D — 10E" — 30008
On the other hand,
(T}, Wi)z, = min((T] - T1)z,, (T1 - Wi)z,) — 10L

By setting Z (which controls dx,n(To,71)) sufficiently large in terms of L and D, we can
ensure (T} - T1)z, = 10D, as T} and Z; lie on the same quasi-geodesic ray 71. On the
other hand, (71 - w;)z, is at least D — 10008 by Lemma and the triangle inequality.
After unwinding the minima, we obtain that for the particular representatives of &1 and y;
chosen, the limiting Gromov product is at least D — 25L. We may now apply Lemma [2.1§]
to conclude. o

Lemma 7.7. For all x;, 1<i<Q—1, (Xi* Xi+1)z = D + 3F.

Proof. Without loss of generality, we assume that F' > 10°B, as B does not depend
on F. We then require that Z > D + F + 10% # L Recalling the reindexing required to
construct x1, ..., XQ, there are a few cases to handle.

39



The first case is §; and x2,1. For this case, Lemma @ implies that any geodesic from
Z2,1,4 10 Tp passes within 10008 of W, and by construction (Z1, Wa)z, = £ — 10L. Arguing
as in Lemma [7.6] then yields that (&1, x2,1)z, = £ — 100L.

The case of {3 and xj—12 is analogous.

Next, we consider ;1 and x;2. Let p; be a (1,20L)-quasi-geodesic ray representing
Xi1, and let py be a (1,20L)-quasi-geodesic ray representing x;2, such that both rays
originate from Zo. Recall the existing (1, 1000.M )-quasi-geodesic rays representing y; 1 and
Xi,2 constructed from the z; ; , points.

Applying the Morse Lemma, every point 31 sufficiently far along on p; satisfies dxn(Zo,51) =
10% % L, dx/n(wi, 51) = 10% % L, dx/n(Zi,1,0,51) = 10% % L, and dx/n(51,%i,1,4) < 200L for
some Z;1,4. Applying Lemma there exists s lifting 57 and af, lifting Ty such that
s1 and xo are minimal, 2; 1, and z¢ are near-minimal, and z; 1, and s; are near-minimal.
Lemma then implies dx (s1, zi,1,4) < 2000L.

By Lemma [2i,1,4, %y] passes within 1000B of some lift w; of w;, and within 150 M
of some lift 2, o of Z;10. As 21,4 and s1 both have distance at least 10°L from w} and
2{1 0, we may conclude by d-thinness of the triangle with sides [s1, xg], [22717(1,.%6], and
[s1, Zz(,l,q]’ along with minimality of s; and xj,, that [Zo,5;] passes within 1100B of w; at
some point 5 and within 160M of z; 1 o at some point 57. Let s{’ be the unique lift of 57
that lies within 1100B of w;, and let s7 be the unique lift of z; 1 o that lies within 160.M
of z;10. Essentially by the same argument used to prove that w; and z; 10 are minimal
in Lemma s7 and si are minimal. By a standard thin-quadrilaterals argument, any
geodesic [sY, s7] passes through some point ¢; lying within distance 500 of A; and within
distance 40000M of z; 1. Let 1 be the projection of such a point on [Zo, 51].

By identical argument, [Z¢,S2] passes through some point t9 lying within distance 500
of A; and within distance 40000M of Zi1,0-

From here, we observe the following inequality, which follows solely from the triangle
inequality and does not require hyperbolicity:

(51-352)z, = (t1 - t2)z, -

Using the lifts ¢1 of #; and t2 of {2 constructed above, we have that da, (tj,w;) both lie in
[0.39L(A;),0.41L(A;)] for j € {1,2}. As a consequence, dx/n(t1,t2) < 0.25L(4;). Now,
it is straightforward to verify as in Lemma that t; and ¢y satisfy the hypotheses of
Lemma (by the same argument used for z;10), and so [t1,To] and [t2,To] both pass
within 10008 of w;, say at points #; and 7. By taking the (unique) lifts of these points
that lie within distance 1000B close to w;, we may check minimality as above and so verify
that dX/N(fl,fll) and dX/N(fg,f/Q) are both at least 0.38L(A;). Therefore, for j € {1,2},

dx/n(tj,To) = 0.37L(A;) + D

and so e (1, 70) + dy (o, To) — (o)
o - x/N(T1,%0) + dx/n(t2,To) — dx/n(T1,t2
(51,52)z0 = (t1,t2)z, = / / 5 / :
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- 0.74L(A;) + 2D — 0.25L(A4;)
- 2

as long as M (and hence min; L;) is chosen to be sufficiently large with respect to F'. As 5;

and Sy were chosen arbitrarily, we obtain the conclusion that (xi1 - Xi2)z, = D + F (and

in fact obtain a significantly larger increment).

The last remaining case is ;2 and x;+1,1. Copying the argument used in the previous
case, we obtain ¢; and ts respectively lying close to Z; 1o and Z; 2. Furthermore, [¢1,Zo]
must pass within 1000B of w;, 1, say at some point f’l, and [t2, To] must pass within 1000B
of Wi, 1, say at some point Zy. Let ¢} and t} be respective lifts of these points lying within
1000B of w;y1. Now, t1, ¢}, wiy1, and u;+1 all lie within 200M of a subsegment of A;
with length at most 0.41L;, and it is straightforward to check from this fact that these four
points are pairwise minimal. Recall that u;,1 lies within 106 of A;, and its projection to A;
lies between the projection of w; and the projection of z; 20, with an analogous statement
for u; 1 and A;1. As dx/n(Wit1,Ui+1) = 10Eg + F and F be chosen to be sufficiently
large with respect to B, we may assert that any [t1,Zo] passes within 1006 of w;41, say at
some point ;. Likewise, [t2, To] passes within 100§ of ;1 1, say at 7, - here it is important
that both A; and A;,1 were constructed with u; 1 as a ‘guide’. Lastly, we may check as in
Lemma [7.5| that any geodesic [u;+1,To] or [¥;, To] passes within 1000B of w;. As a result,

2D+ F

dx /N (Wi+1,T0) = dx/n(Wi+1, Wit1) + dx/n(Wit1,To) — 100008

We already know that dx/n (Wit1,To) = D — B for B sufficiently large in terms of E and
E', as well as dx /N (Wi+1,Ui+1) = 10Eg + F by the minimality claim of Lemma We
conclude that

(51 82)z = (t1 - t2)zmy = (Wir1 * Wit1)z, — 10000

= dx/n(Ui+1,To) — 10006 > F + D — 200008
Choosing F' sufficiently large in terms of B produces the desired bound (xi2 - Xi+1,1)z =
D+ 3F. o

We have completed the proof of Lemma,[7.1

7.3 Linear Connectivity
We obtain linear connectivity of the boundary as a result of Lemma [7.1]

Theorem 7.8. Assume that G —~ X and random elements wy,...,wy chosen as the n-
step element of independent permissible random walks satisfy Hypothesis [3.1], where n is
sufficiently large in terms of G —~ X. Then there exists a constant C' such that for all
€0,&1 € O(X/N), there exists a path y(t) : [0,1] — (X /N) with v(0) = &, (1) = &1, and
for all0 <t <1 and je{0,1},

(& -7z = (€0 &)z —C.
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As an immediate consequence, 0(X /N) is linearly connected.

Proof. Given Lemma the remainder of the proof is essentially standard, and we
will follow the proof of Prop. 2.2 in [Wri24]. We present the details for clarity.

Recall that the visual metric d,, on d(X/N) satisfies the property that there exists a > 1
and C' > 1 so that for all £, x € 0(X/N),

éa—(é-x)fo < dy(€,x) < Ca= &m0,

Given points &y and & on (X /N), we will iteratively define functions ~, : I, —
0(X/N), for r € Zx¢, where I, < [0,1] and I, < I,1; for all r. We further require that for
all 7 < 7/, y|1, = v.We will set the convention that & := ~,(¢) for any ¢ € [0,1] and any
r such that ¢ € I,. The base case is Iy = {0, 1} and (0) = &, (1) = &1.

Define (fo . 51)50 = A.

We make the following inductive hypotheses:

1. We have I, € I,41, and Yr41[1, = -

2. If t; and to are adjacent points of I, with t; < o, then
1
(€61 &oo)mo = A+ S Fr

3. If t; and t3 are adjacent points of I, with ¢1 < t3, and to € I, 1 satisfies t1 < {9 < t3,
then

1
(& &ty)zo = A+ 5 F'r = 100L

Assuming these hypotheses are satisfied, the inductive procedure consists of applying
Lemma [7.1] to each pair of adjacent points of I,.. Specifically, say ¢; and ¢ are adjacent in
I, with t1 < ta, so (&, &)z = A+ %Fr. Lemma gives a list &, = X0, X15--» XQ = &ts
such that for 1 <i < Q —1, (xi - Xi+1)zo = A+ 5F(r + 1), while for all 1 <i < Q — 1,
(X0 Xi)zy = A+ %Fr — 100L. We may therefore set

to —1
Ir+1(\[t1,t2]={t1—|—i Qn ! :iEZﬁ[O,Q]}

and define 7,11 (tl + z%) = x;. Performing this construction for all pairs of consecutive

points in I, yields I, satisfying the inductive hypotheses.
We set I = U:O:o I, and may by the consistency assumption define v : I — X by
extending the ~,. Next, we observe the formula

0

diam(y(I)) < diam(vy(lp)) + 2 » , max mind,(y(s),y(t))

—0 s€lyy1 tel,
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From our inductive hypotheses, for every s € I,;q, there is a t € I, with (& - &)z, =
A+ Fr —100L. Translating to the visual metric,

du(7(s),7(t) < CaA7FrH10L

so we obtain

o0
diam(y(I)) < Ca™* + 2C Z q~AFr+100L,
r=0
This expression is certainly bounded by a=4 > édv (€0,&1) times a constant £ depending
only on C' and L. We conclude that there exists some constant C’ such that for that every
tel,
(6 vz = (&1 &)z — C

Essentially the same estimate yields that if t; and to are consecutive points of I,., then
the diameter of v(I N [t1,%2]) is at most a=AL times a~F". Given any ¢ > 0, we may
therefore find R such that if ¢; and ty are consecutive points on Ig, then diam(y(I N
[t1,t2])) < /2. Choosing ¢ to be, say, 1—10 of the length of the smallest distance between
consecutive points of I, then for any s1, s3 on I with |s; — s3] < §, there is a z € Ir within
0 of both = and y. From the triangle inequality between 7(s1), v(s2), and y(z), we have
d(v(s1),7(s2)) <e.

Therefore, ~y is uniformly continuous on I, and must extend to a continuous function on
the closure I. From the iterative construction, it is straightforward to check that I must
equal [0, 1], and so ([0, 1]) is connected. Lastly, we have that the diameter of v(T) = (I)
is equal to the diameter of ~(I).

We conclude that 0(X/N) is linearly connected. o

Proof of Theorem With the setup of Theorem [I.T} we have that Theorem [2.20]
implies that Hypothesis [3.1] holds with probability approaching 1 as n — c0. Theorem
now supplies the desired result. o

8 Dimension of the Boundary

Remark 8.1. In this section, all topological spaces will be assumed to be separable metric
spaces. This condition holds for all spaces relevant to us, and avoids some edge cases
related to the definition of topological dimension.

8.1 Goal and Setup

Recall the following definition.

Definition 8.2. A separable metric space S has topological dimension dim(S) = k if k is
the minimum nonnegative integer such that every open cover U of S admits a refinement
U’ such that every s € S lies in at most k + 1 elements of I/’.
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We note that for all " < S with the subspace topology, dim(7") < dim(S). Furthermore,
if S is path-connected, then dim(S) > 1.
Our goal is to prove the following lemma.

Lemma 8.3. Let G, X, and N be as in Hypothesis[3.1. Then
1 <dim(d(X/N)) < dim(0X) + 1.
Before going on, we state two topological results. Both results are classical.
Lemma 8.4. Let X be a separable metric space, and let T, T5, ... be a countable collection

of closed subsets. Then
e}
dim (U TZ> < max dim(7;)

i=1

where all subsets carry the subspace topology.

Lemma 8.5 (Urysohn-Menger Sum Formula). Let X be a separable metric space, and let
Y1 and Ys be arbitrary subspaces of X such that X =Y uYs. Then

dim(X) < dim(Y7) + dim(Y2) + 1
where Y1 and Yo carry the subspace topology.

We now cover a few elementary results concerning boundary sets of hyperbolic spaces.

Definition 8.6. Let X be a geodesic metric space and let A and B be two subsets of X
with A € B. We define the star of B relative to A, B*(A), as

B*(A)={rxe X :3ac A,be B such that x € [a, b]}.

Definition 8.7. Let X be a Gromov hyperbolic metric space, and let A be a subset of M.

We define the limit set A(A) as the subset of 0M definable via sequences lying entirely in
A.

The following two lemmas are elementary.

Lemma 8.8. Let X be a Gromov hyperbolic geodesic metric space, and let A < B € X
with A # & and diam(A) < 0. Then B*(A) is quasi-convez.

Lemma 8.9. Let X be a Gromov hyperbolic simplicial graph, and let A be a connected
quasi-conver subsgraph of X. Equip A with the induced subgraph metric. Then A(A) is
naturally indentified with 0A. Furthermore, A(A) is closed in the visual-metric topology
on 0X, and the intrinsic visual-metric topology on 0A agrees with the subspace topology on

A(A).
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8.2 Strut Prefixes and Decomposition

Throughout, we fix an arbitrary basepoint Top € X. Recall that A is the set of all axes
hAx(v) in X, and A/N is the set of all images of axes hAx(v) in X /N.

Definition 8.10. Given 7,7 € X /N, choose near-minimal respective lifts = and y of T and
7, and enumerate S(x,y) as

r <s hiAx(v1) <s ... <s hpAx(v) <s ¥y

We then define the quotient strut sequence S(T,%) to be the ordered sequence
T <z hiAx(v1) <z ... <z hiAx(vy) <5 7.

By Lemma S(z,7) is well-defined, regardless of the lifts chosen.

Definition 8.11. We define the non-turning locus based at Z S% as the set of all points
T € X /N such that there exist minimal respective lifts z and z of T and z such that for all
axes hAx(v) € A,

D ax(w) (7, 2) < 0.39L(v).

We then define the set Sz by
Sz = (529)"({=}).

Lemma 8.12. Let = € Sgz,. Then there exists minimal respective lifts x and xo of T and
To such that for all azes hAz(v) € A,

DhAa:('U) ($, .1'()) < O4L(U)

Proof. For any § € Sz,, there exists some T € X/N and a geodesic [Ty, Z] such that
7 lies on this geodesic and Z € S; . Let x be defined so that [z, ] lifts [To,7], and
let y be the unique lift of ¥ on this geodesic. By minimality, for all axes hAx(v) € A,
Dpax(v)(o,z) < 0.51L(v). As T € Si , there exists some lift 2’ of T such that z¢ and 2’
are minimal, and such that for all hAx(v) € A, Dpax(v)(20,2") < 0.39L(v).

From the triangle inequality, we conclude that for all hAx(v) € A, Dpaxw)(®,2") <
0.95L(v). From Lemma we must have © = 2/. Now, let hAx(v) € A, so that
Dipaxw)(zo,z) < 0.39L(v). From the Bounded Geodesic Image Theorem, the diameter
of Thax(w)([To, 7]) is at most 0.395L(v). As y € [wo, z], we conclude that Dy (70,y) <
0.4L(1)). m]

Lemma 8.13. There exists a well-defined bi-Lipschitz map v : Sz, — X.
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Proof. Given T € Sz, define +(Z) to be a lift z of T such that x and z( are minimal.
For any two such minimal lifts x1, 22, we have by Lemma that for any hAx(v) € A,
Dpax(v)(o, zi) < 0.4L(v) for i € {1,2}, so by the triangle inequality Djax()(1,72) <
0.8L(v). But then Lemma forces x1 = x2, and we conclude that ¢ is well-defined.

An analogous argument shows that for Z,7 € Sz,,  := «(Z) and y := «(y) are near-
minimal. As a result, by Lemma [6.1

On the other hand, certainly dx/n(7,7) < dx(z,y). We obtain the desired result. o

We note that for any Z = ¢gzy, we have by equivariance of projections that ¢Sz, = Sz.
We therefore obtain the following corollary.

Corollary 8.14. For any Z € X/N, the set Sz is connected, quasi-convex, and quasi-
isometric to a subset of X. As a result, 0S5 := A(Sz) is closed in O(X/N) and satisfies

dim(0Sz) < dim(0X).
We now introduce the main machinery. To do so, we first must define stable struts.

Definition 8.15. Let £ € d(X/N), and let 7 be a (1,20L)-quasi-geodesic ray originating
from Ty representing £. Let hAx(v) € A/N. We say that hAx(v) is a stable strut for 7 if
there exists a quantity tg > 0 satisfying the following two conditions.

1. For all t > tg, hAx(v) € S(To, 7(t))

2. For all t > to, dx/n(7(t), hAx(v)) = 1000L.
Definition 8.16. Define

S = U Sz, 08 = U 0S=.

zeX/N zeX/N

Also define 0T = 0S°. For each hAx(v) € A/N, define 0Ty ax(y to be the set of all & € 0T

for which hAx(v) is a stable strut.

An illustration of the construction used in the following lemma is provided as Figure

Ia

Lemma 8.17. Let £ € (X /N), and assume that £ is represented by some (1,20L)-quasi-
geodesic ray T originating from To such that T has finitely many stable struts. Then there
exists some zZ € X /N such that £ € 055.
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Proof. Note that key objects in this proof are illustrated in Figure [I0}
By assumption, there exists some finite list hiAx(v1), ..., hx Ax(vk) of stable struts
for 7, and some ¢ such that for all ¢ > ¢, we have dx/n(hiAx(v;),7(t)) = 1000L and

hiAx(v;) € S(To,7(t)) for i € {1,..., K}. As a consequence of the fact that any h;Ax(v;)
must lie within 500 of [Zo, 7(to)] and each h;Ax(v;) has diameter at most 2L, we have that

dx/n(Zo, hiAx(vi)) < dx/n(To,T(to)) + 100L. (2)

Now, let § = T(tp + 10000L), and construct a geodesic [Zo,7]. Let Z be a point on this
geodesic such that dx/n(Z,7) = 4000L; certainly such a point exists. We will claim that
£€055.

Let t = to + 10000L, and let 5, = 7(¢t). Construct a geodesic [To,¥,], and let Z; be a
point on this geodesic such that dx/n(Zt,7;) = 2000L. Our goal is to show that z; € Sz,
and in fact Z; € SZ. Assume not, so there exist minimal respective lifts z; and z of Z;
and Z and some axis hAx(v) € A with Dyax(y)(2,2) > 0.39L(v). As 7 is a (1,20L)-quasi-
geodesic, we may apply a standard thin-quadrilaterals argument and the fact that hAx(v)
has diameter at most 2L to obtain

dX/N(va ]’LAX(U)) = dx/N(fo,?(to)) + 2000L (3)

We may now apply Lemma to find a lift zg of Ty such that zy is near-minimal
with respect to both z and z;. From the triangle inequality, we must have that either
Diax(v) (0, 2) o Dpax(v)(T0, 2¢) is at least 0.19L(v). Assume for now that Dpax (w0, 2) =

0.19L(v), so hAx(v) € 8(Tp,z). In particular, hAx(v) must lie within 50 of [Zo,z], and
hence
dX/N(To,hAX('U)) < dX/N(TQ,y) — 1500L

As a consequence of Lemma with @ = 0.15, if 2’ is a separate lift of Z such that
[0, 2'] lifts [To,Z] S [To,7], then there exists some lift h'Ax(v') with Dp/ax()(20,2") =
0.15L(v"). Note that zg and 2z’ are necessarily minimal; we may furthermore extend [z, ']
to [zo,y'] for some lift ¥ of 7 such that xy and y are minimal. The Bounded Geodesic Image
Theorem plus [To,Z] S [To, 7] then implies Dy ax(wy(w0,y’) = 0.14L(v"). So h'Ax(v') €
S0.14(T0, 7)

Now, consider some y* = 7(t*) with t* > ¢y + 10000L. As 7 is a (1,20L)-quasi-
geodesic based at T, we have that [7,7*] does not pass within dx/n(%o,7) — 200L of

To. In particular, this geodesic does not pass within 1200L of hAx(v). We may now find
respective lifts y*, x{, and y” of ¥*, Tp, and 7 such that y* and y” are minimal, y* and
x( are near-minimal, and y” and ] are near-minimal. From Lemma there is some

lift 7" Ax(v") of hAx(v) such that Dpaxry(2g,y”) = 0.14L(v). But as [y, y*] can be
chosen to not pass within 1200L of A" Ax(v") by the construction above, we may apply the
Bounded Geodesic Image Theorem and conclude after projection that hAx(v) € S(Zo,7*).
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As t* was chosen arbitrarily, we conclude that hAx(v) is a stable strut for 7. Combining
Equations [2] and [3] now yields a contradiction.

We conclude that z; € Sz for all t > tg+10000L. As the sequence z; 5000 L-fellow-travels
7, it must serve as a defining sequence for £. We conclude that £ € A(Sz). o

Corollary 8.18. If £ € 0T, then & has infinitely many stable struts.

We now investigate the 6TM sets. An illustration of the construction used in the
following lemma is provided as Figure

Lemma 8.19. For all hAz(v) € A/N, the set 8Tm is clopen in the subspace topology on

0T < (X /N). Furthermore, for any & € 0T, there exists a collection of 8Tm forming

Az
a basis at & in the subspace topology on (X /N).

Proof. Note that key objects in the following construction are depicted in Figure

If £ € 0T, then there exists a (1,20L)-quasi-geodesic ray T representing & such that 7
has infinitely many distinct stable struts. Furthermore, let h’Ax(v") be a stable strut for
7, and consider some ¢ such that for all s > ¢, dx/n(7(s), hAx(v')) = 1000L. Certainly
such a t exists. Then for all minimal respective lifts z¢ and r(t), of Tp and 7(¢), there
exists some lift h'Ax(v") of h’Ax(v’) such that, by Lemma and the proof of Lemma
D ax(vy (o, 7(t)) = 0.099L(v"). Therefore [z, r(t)] must 1000-fellow-travel h'Ax(v')
for distance at least 0.099L(v"), and the same must hold after projection to the quotient.
By the non-overlapping condition on axes, if 7 possesses infinitely many stable struts, then
it must possess stable struts with arbitrary distance from .

Now, fix hAx(v) € A/N, and let £ € Ty axtoy From the preceding paragraph, we may

find some h/Ax(v") such that h'Ax(v’) is a stable strut for &, and such that

10dX/N(EO, hAX(U)) + 10000L < dX/N(an ]’L/AX(U/))

There exists some to such that hAx(v), W’ Ax(v') € S(To,7(to)), and such that both hAx(v)
and h/Ax(v') have distance at least 1000L from 7(¢y). Applying the distance bound and
Lemmas and . to [Zo,7(to)], we must have that hAx(v) comes before h’Ax(v') in
S(Zo,7(tp)), and so hAx(v) € S(To, W Ax(v")).

Choose a constant

L= dX/N(fDa h’AX(U/)) + 10000L

and consider the neighborhood

{xeadl: (x &z = L}

For any such x, let 7 be a (1,20L)-quasi-geodesic ray originating from T, representing .
Let y, be a point on 7' such that dX/N(fo,yg) > L + 1000L; note that there is certainly

48



Figure 10: A schematic of the construction used to prove Lemma [8.17] showing the relevant
objects under projection to X /N. Note that the strut hAx(v) is proved to in fact not exist
over the course of the proof.
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some tg so that for all ¢ > tg, 7'() satisfies this condition. Furthermore, 7, must satisfy

dx/n (W Ax(v'),7,) = 1000L. Likewise, choose a point g, on 7 such that
dx /N (To,Ye) =100L £ + 1000L

From (x-§)z, = L, the definition of £, and a standard thin-triangles argument, any geodesic

[4y Ue] does not pass within 1000L of h/Ax(v’).
We may then choose pairwise near-minimal respective lifts yy, y¢, and zg of ,, J¢, and
Zo, so that y, and y¢ are in fact minimal. Necessarily there exists some lift A'Ax(v') of

W Ax(v') in S(zo,ye), and Dy ax(wr) (20, y¢) = 0.1L(v"). There also exists some lift hAx(v)

of hAx(v) in S(zo,ye), and this axis satisfies

DhAx(v)(x07y§) = OIL(U)v Dh/AX(U’)(hAX(v)vyf) = OIL(U)

Here, the second inequality comes from the fact established above that hAx(v) € S(Zo, W Ax(v')).
As W Ax(v') has distance at least 1000L from any geodesic from y¢ to y, by construction,
the Bounded Geodesic Image Theorem implies that

Dy ax(vy (RAX(v), yy) = 0.099L(v")
By forwarding, we therefore have
Dpax(w) (0, yx) = 0.1L(v)

and as o and y, are near-minimal, hAx(v) € S(To,7,). From this analysis, we may

conclude that hAx(v) is a stable strut for x, and hence x € 8Tm. So

{xedT: (x &z > L} € T 5507

Next, assume instead that & ¢ Tm. We choose I/Ax(v’) and L as before. Let g, be a

point on 7 such that h/Ax(v') € S(To, 7) and dy,n (h'Ax(v'),7¢) = 10000L. Without loss of

generality, we may also assume that dx/n(Zo, ) = L£+1000L. If hAx(v) € S(To, M Ax(v")),
we would have hAx(v) € S(Eo,gé). Then setting xy = £ and rerunning the preceding

argument would yield that hAx(v) is a stable strut for £, contradicting £ ¢ 0Tm. We

conclude that for any pairwise minimal lifts zg and h'Ax(v") of Ty and W' Ax(v’) and any
lift hAx(v) of hAx(v), we have Dy (20, h'Ax(v")) < 0.1L(v).
Consider the neighborhood

{xedl: (x &z = L}

and assume there exists some y lying in this neighborhood so that x € anVT(v)' We may
choose a (1,20L)-quasi-geodesic ray 7 representing x; for all y, on 7 sufficiently far from
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T, we have that hAx(v) € S(Zo,7,) and dx/n(To,T¢) = £ + 1000L. As before, by choice
of £ and (x - §)z, = £, any geodesic in X/N from 7, to ¥, must not pass within 1000L of

h' Ax(v")
By essentially the same forwarding argument as in the previous case, plus the upper
bound on Djax() (w0, K’ Ax(v")) given above, we conclude that

{xedX/N): (x-&=z =L} < aTth(v)

As sets of the form
{x e dX/N): (x &= = R}
for R > 0 form a basis neighborhood for ¢ in the visual topology on d(X/N), we conclude

that 8Tm is both closed and open.

Lastly, for any hAx(v) € A/N and for any & x € 8TM, it is straightforward to
verify from Lemma and the stable strut condition that any (1,20L)-quasi-geodesic rays
representing & or x must both pass within, say, 100L of hAx(v). As hAx(v) has diameter
at most 2L, we may conclude that

(€ Xz = dx/n(To, hAx(v)) — 1000L

For any &, we may find stable struts for ¢ with arbitrary distance from xy. Constructing

sets 0Tm from these stable struts therefore gives a neighborhood basis for . o

As every point of 0T has a neighborhood basis of clopen sets of the form 6Tm.

Corollary 8.20. The space 0T < 0(X/N) equipped with the subspace topology has topo-
logical dimension 0.

At last, we may prove our main result.

Proof of Lemma [8.3] Recall the definitions
oS = A(Sz), oT = a5,

zeX/N

As the action of G on X /N is transitive and G is finitely generated, the union is countable.
From Lemma and Corollary we obtain dim(0S) < dim(0X), with the subspace
topology on 0S. As dim(07T") = 0 by Corollary we may apply Lemma to conclude
that as (X /N) =05 v dT,

dim(0(X/N)) < dim(0S) + dim(0T) + 1 = dim(0S) + 1.
Lastly, by Theorem 0(X/N) is linearly connected, and hence has dimension at least 1.

m]
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& X2 X1 &

{FeX/NUIT: (z-&)r, 2 L}

{FEX/NUIT: (x-&)ny > L}

Figure 11: A schematic of the construction used to prove Lemma [8.19] showing the relevant

objects under projection to X /N. The key idea is that the struts hjAx(v]) and hy,Ax(v})
‘lock in’ projection angles for (respectively) boundary points near & and & to hAx(v).

Here, & € 0Tm, whereas & ¢ aTW(U)
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9 Boundary Quotients and the Nobeling Curve

9.1 The Nobeling Curve

We now begin the proof of Theorem [1.3| motivated largely by the results of [HP11]. First,
we provide a brief introduction to the Nobeling Curve.

Definition 9.1. The Nobeling Curve is the topological space defined by removing from
R3 all points with at least two rational coordinates and taking the subspace topology.

It is reasonable to think of the Nobeling curve as a non-compact analogue of the Menger
curve (also known as the Menger sponge).

The Nobeling curve admits a characterization theorem. It may also be defined via a
universal property, although we will not state this definition. Before stating the theorem,
we must define a somewhat peculiar property.

Definition 9.2. A topological space X satisfies the locally finite 1-disks property if the
following conditions are satsfied. For any family of continuous maps fy, : [0,1] — X and
any open cover U of X, there is a family of continuous maps g, : [0,1] — X such that:

1. For each x € X, there is an open neighborhood U of x (not necessarily in &) such
that the image of g, does not intersect U for all sufficiently large n.

2. For each t € [0,1] and n € N, there is an open set U € U such that f,(¢) and gn(t)
both lie in U.

For an exposition on why the Nobeling curve possesses the locally finite 1-disks property,
see Prop. 6.1 in [HP11]. The following result was proven by Andrej Andrzej Nagérko based
on results in [KLT97|, but is stated in [HP11].

Theorem 9.3. A topological space U is homeomorphic to the Nébeling curve if and only
if the following properties are satisfied.

1. U is Polish (separable and complete metrizable).
2. U is connected and locally path-connected.

3. U has topological dimension 1.

4. U possesses the locally finite 1-disks property.

Theorem will require additional hypotheses, which we now cover. The first hypoth-
esis is a strengthening of Hypothesis 3.1

93



9.2 Hypotheses

We now introduce our main hypothesis for the Nobeling curve result. Note that relative
hierarchical hyperbolicity is a strictly weaker condition than hierarchical hyperbolicity.

Note that any HHG G comes with an action G —~ X on a hierarchically hyperbolic space
X, a set D of domains with a unique maximal domain X, and an action G —~ D. For any
U € D\{X}, we have a projection map pf]( : X — U and a coarse point p§ < X. There is
also an orthogonality relationship L on elements of D. Furthermore, for any U € D, there
is a projection map wy : X — U; these maps satisfy a coarse functoriality property.

Hypothesis 9.4. Let G be a finitely generated relatively hierarchically hyperbolic group
(RHHG) such that the RHHG structure of G is realized by an action G —~ X, where X
is a relatively hierarchically hyperbolic space. Let D be the collection of domains for X,
and recall that by definition there is an action G —~ D. Let E be the maximum across
all constants appearing in the RHHS/RHHG axioms for G and X. Let X be the top level
domain of X. By definition, X is a Gromov hyperbolic space, and there is an action G —~ X
of G on X by hyperbolic isometries. We let wy, ..., wy be elements of G. We fix an arbitrary
basepoint xo € X, and consider the normal subgroup N = (wy,...,wi)). We assume the
following:

1. The space X is the Cayley graph of G with respect to some finite generating set, and
1s equipped with the simplicial metric.

2. The space X is a simplicial graph, and its Gromov hyperbolicity constant § is at least
1000.

3. The action of G on X is vertex-transitive and non-elementary.
4. The mazimal finite normal subgroup of G is trivial.

5. For each non-maximal U € D, p)U( is a point in X. Furthermore, for g € G, if
U' = gU, then p_g]{l = gp%.

6. There exists M = 1020 such that

(wi,...,wi) € 51020M,M

where Eyg20pp 0y 05 defined as in Definition [2.23,

Given these hypotheses, we set L = max; L(w;) and M := 50min; L(w;)/M.

Remark 9.5. It is straightforward to extend the reductions applied to Hypothesis to
this expanded setup; see Appendix A of [Abb+426] for the needed facts about quotients of
X by finite normal subgroups of G. As before, the other claims are standard.
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We note that the action of G on X is acylindrical, and hence WPD, by Theorem K of
[BHS17| (the proof is only for HHGs, but the argument works for RHHGs as well), and the
action is likewise action path-connected by Lemmal[2.29] Vertex-transitivity and conditions
four and five may likewise be assumed without loss of generality. Possibly replacing E
with a larger constant, we can assume that E also serves as the action path-connectedness
constant.

We will use ‘subdomain’ to refer to non-maximal domains of X’; note that this is not
standard terminology.

We make the following definition, which is the main requirement for showing that
0(X/N) has the locally finite 1-disks property.

Definition 9.6. Let G and X be as in Hypothesis Recall We say that X has the
large dense domains property if there exists a subset Dy € D\{X} such that the following
conditions are satisfied for some constant H:

1. The subset Dy is closed under the G-action on D.
2. Every U € Dy contains an quasi-isometrically embedded copy of R.
3. Every point z € X lies within distance H of some U € Dy.

4. For every geodesic [z,y] in X, there is a sequence Uy, ..., U of domains in Dy so that
p)U(1 lies within H of =, pg](’“ lies within H of y, every p)Ug' lies within H of [z,y], and

Ui L U1 and dx (p%, p5+") < 10H for all U; with 1 <i <k — 1.
We make the following hypothesis.

Hypothesis 9.7. Let G, X, and X be as in Hypothesis[9.f We additionally assume that
G, X, and X satisfy the large dense domains property.

If needed, we may replace F with a larger constant so that £ > H.
Lastly, we make the following hypothesis on X. Note that quasi-trees necessarily have
boundaries with dimension 0.

Hypothesis 9.8. Let G, X, and X be as in Hypothesis[9.f We additionally assume that
X is a quasi-tree.
10 Locally Finite 1-Disks

In this section, we prove that under Hypotheses and 0(X/N) satisfies the locally
finite 1-disks property. Before we begin, recall the triangle inequality for Gromov products:
for any &1,&2, &3 that are individually either points in X /N or points in (X /N) and any
T € X/N, we by Lemma [4.5] that

(&1-&3)zo = min((&1 - &2)z (&2 - €3)zy) — 20L
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10.1 Subdomain Projections in the Quotient

Following Abbott-Berlyne-Mangioni-Ng-Rasmussen in |[Abb+26], we could define a full
RHHS structure on X'/N, and obtain subdomain projections accordingly. However, this is
more work than is necessary in our case, and we will instead define and prove only what is
needed to show the locally finite 1-disks property.

Recall that for reach

Definition 10.1. Define D as the set-theoretic quotient D/N under the action G — D,
except that X is replaced by X/N. Define Dy := Dy/N < D/N accordingly. For each
U € D\{X/N}, we define U as an isometric copy of any U € D lifting U. Given U € D,
define p% as the projection of p)U( to X for any lift U of U. Note that this point is well-
defined by Hypothesis

Recall that by definition, if U’ = gU for distinct U, U’ € D, then the map from U to
U’ induced by g is an isometry. Furthermore, pg(U = gpgj(, and as all g € N have minimal
translation length at least 0.98 min; L(v;) by Lemma we may conclude N acts freely
on D\{X}. Therefore, if U’ = gU for g € N, the induced isometry between U’ and U is
unique. As a result, we may define a projection map

TN : |_| U->U
U lifts U

by identifying U with a fixed lift Uy of U, mapping all other lifts U to Uy via the unique
maps described above, and taking a union of images.
Recall that for each U € D\{X}, there exists a ‘projection’ map pi : X — U.

Definition 10.2. Given T € X/N and U € D\{X/N}, define

z,U:
z lifts T
U lifts U
x,U are 0.85-near-minimal

where the quotient by N is defined via the projection map 7y described in Definition [10.1]
Before we go on, recall the Bounded Geodesic Image Axiom for RHHSes.

Lemma 10.3. Let G, X, and X be as in Hypothesis [9.4. Let x and y be points of
X such that [x,y] does not intersect Ng(p%) for some subdomain U € D\{X}. Then

du(py (), py (y)) < E.

We now show projections have bounded diameter. A helper lemma is required; this
lemma is essential Remark 4.17 in [Abb+-26].
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Lemma 10.4. There exists a constant E' depending only on E and the action G —~ X
with the following property. Let hAz(v) be an axis, let g = hvh™', and let x be a point
lying on hAz(v). Then for any U € D, dy(pis (z), pis (92)) < E'.

Proof. The existence of Z follows from transitivity of the action of G on X. We
note that (hvh™') acts geometrically on the quasi-convex subset hAx(v), which implies
the existence of constants (A, c¢) such that the restriction of the map mx : X — X (which
is the orbit map for G) to (hvh™!) is a (), c)-quasi-isometry. It now follows from the
Bounded Geodesic Image Axiom that the image p;s (hAx(v)) has diameter bounded by
some function D(A,c¢) of A and ¢. As G acts on the set A of axes with finitely many
orbits, A and c¢ are uniformly bounded across all axes. We therefore obtain a bound on the
diameter of pi¥ (hAx(v)) independent of hAx(v) € A. o

We will assume without loss of generality that £’ < E, which may require replacing E
with a larger constant.

Lemma 10.5. With the notation in Definition 10.2, the set pg(f) has diameter at most
O(E).

Proof. Consider pairs z1,U; and xg, U, both lifting the pair Z,U, and such that xy
and U; are 0.85-near-minimal and x5 and U are 0.85-near-minimal. By definition of ,0% (7),
we may translate by N and thus assume without loss of generality that Uy = Usy. Call this
subdomain U. If 1 = x9, we are done. Otherwise, we may apply Lemma [4.1]and conclude
that there is some axis hAx(v) such that dj,ax() (71, 22) = 0.99L(v).

Now, if dhAX(,U)(xi,p)U() < 0.13L(v) for i € {1,2}, we may conclude by the triangle
inequality that either z1 or xo is not 0.85-near-minimal with U. As a consequence, defining
Y1 as an arbitrary point in 7,4 (71), any geodesic from z; to p% must first pass within
O(9) of y; and then travel along hAx(v) for distance at least 0.1L(v). We may define yo
analogously. By Lemma as long as L(v) is sufficiently large relative to E (which we
may assume), dy(pp (z;), pp (i) < E for i € {1,2}.

It is now straightforward to verify that there exists an element g = hv™h ™! with m €
{—1,0, 1} such that [gy1, y2] does not pass within E of p¥, and so dy (o (gy1), pis (y2)) < E.
Furthermore, by Lemma dU(p)U( (y1), P)U( (9y1)) < E. We may now apply the Bounded
Geodesic Image axiom a final time and conclude by the triangle inequality that

du (pi) (1), pi) (22)) < O(E).0

Lemma 10.6. Let 7,5 € X/N, and consider U € D. Assume that [Z,7] does not pass
within E of ,0%. Then dﬁ(pg(f),pg@)) < O(E).

o7



Proof. Let x,U; be near-minimal lifts of #,U, and let y,Us be near-minimal lifts
of 77,U. By equivariance and a minor modification of Lemma we may assume that
Uy = U (call this subdomain U) and that z and y are minimal. By Lemma it suffices
to prove that dy (pis (), pis (y)) < E. But this bound now holds from our construction and
the Bounded Geodesic Image axiom for X. o

Definition 10.7. Given a quasi-geodesic ray 7 in X /N and a point ¥ on 7, define 7y to
be the ‘tail’ of 7 obtained by removing all points of ¥ before 7.

Definition 10.8. Fix £ € d(X/N) and U € D\{X/N}. Let R be the set of all (1,20L)-
quasi-geodesic rays 7 in X /N originating from Ty and representing . Then

Moo= U e
TER yer

dx /N (Tg,p%)>10"L

The following lemma follows directly from Lemmas [10.5] and [10.6]

Lemma 10.9. For any £ € d(X/N) and any U € D/{X/N}, the set pﬁ(X/N) (&) has diam-

U
eter at most O(E).

Definition 10.10. Given U,V € D\{X/N}, we write U L V if there exist near-minimal
respective lifts U and V of U and V with U L V.

We record a useful consequence of partial realization.

Lemma 10.11. Fiz U € D\{X/N}. Then the map p%(X/N) — U is O(E)-coarsely surjec-
tive.

Proof. Fix w e U, and let U be an arbitrary lift of U. By partial realization, there
exists a point 4 € X and a point u’ € U projecting to @’ € U such that « is contained in
the projection of @ to U and dy(@',u) < E. Let x, be a point in the projection of @ to
X, and let T, be its image in X /N. Possibly after adjusting @ and «’ in a way that moves
u' by distance at most E, we may assume without loss of generality that dx (7., %) < E,
and that as a consequence xz,, and U are near-minimal.

Say x, = hxo. As in the proof of Lemma [7.3] we will choose a group element ¢ € G
with the following properties:

1. There exists a ¢/ € G and a v; so that [zg,crg] S Nogs((¢) L Ax(vy)).
2. We have dx(l‘[), Cl‘o) =100 %Ll

3. We have dg(e, c) = O(n).
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We then take the sequence z; = hclxg, so zg = =,. By essentially the same proof
as in Lemma, the sequence Z; defines a boundary point £ € 0(X/N), and all z; are
near-minimal with respect to U. Furthermore, we may concatenate geodesic segments
[Zj,Zj4+1] to obtain a (1,1000M)-quasi-geodesic ray 5. We may subdivide this ray into at
most three sections 51, 52, and 53, each section made of some number [z, zj 41| segments,
and satisfying the following properties. We require that 5; and 53 do not pass within 10L
of p%, and that 5y consists of at most 40 segments. Let z; be the terminal point of 51,
let z;, be the terminal point of 55, and let Z;, be some arbitrary point on 53 with distance

at least 102°L from p¥. By the word-length bound above, the coarse Lipschitz projections
property, and Lemma we have

dg (%20, $%(Z3,)) < O(E), dir(p%(Z5). p%(Z)) < O(E),
A7 (0%(Z)), P5%(Z35)) < O(E)
Let 7 be a (1,20L)-quasi-geodesic ray in X /N originating from Ty and representing &.
By the Morse Lemma, 7 fellow-travels the sequence z; for sufficiently large j. We may now
choose a sufficiently large j3 and conclude by the triangle inequality. o

We now recall a specific case of the Partial Realization Axiom for HHSes.

Lemma 10.12. Let U,V € D\{X} with U L V. Then the map
Ty X Ty - X ->UxV
1s E-coarsely surjective.

The following lemma now follows immediately from the proof of Lemma and the
Partial Realization Axiom.

Lemma 10.13. Fiz U,V € D\{X/N}, and assume that U L V. Then the map

p%(X/N) X paV(X/N) :0(X/N)—->UxV

is O(n)-coarsely surjective.

We now state an extension of the Bounded Geodesic Image Axiom that applies to
boundary points in the quotient. This lemma follows directly from unraveling definitions
and applying Lemma [10.6

Lemma 10.14. There erists a constant J = O(L) with the following property. Let U €

D\(X/N} and &,& € d(X/N). If dg (o™ (&1), pX (o)) is at least J, then any (1,20L)-
quasi-geodesic ray originating at To representing & passes within J of pg. Furthermore, if

dﬁ(ﬂ%(X/N) (§1), P%(X/N) (€2)) is at least J, then (§1- &) v < E.
X
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We now reach the most technical claim, which will require that we rerun the construc-
tion from Lemma [7.1] with a few modifications.

Lemma 10.15. For any constant W1 > 0, there exists a constant Vo > 0 with the following
property. Let&y,& € d(X/N) andU € D\{X/N}, and assume that dﬁ(p%(X/N) (&), p%(X/N) (&2)) <

U,. Then there exists a path vy : [0,1] — (X /N) from & to & such that for all t € [0, 1],

dip (p2 ™M (1 (1)), 2N (81)) < W

In order to prove this lemma, we make the following claim:

Lemma 10.16. Assume Hypothesis[9.4] Fiz &1,& € 0(X/N) with (&1 &)z, = D and (& -
52),@ = D', and a constant F. Also fitU € D\{X/N}, and assume that dU(p%(X/N) (&), p%(X/N) (&2)) <

\Ifl.XThen for M sufficiently large in terms of F', the following property holds: there exists

a finite sequence of boundary points §&1 = X1, X2, .-, XQ = &2 such that for 1 < i < Q — 1,

(Xi * Xi+1)zo = D+ 3F, and for all2<i < Q —1, and j € {1,Q}, (xi - X;j)z = D — 100L.

Furthermore, for all x; with 1 <1 < Q—1 and all x; with j € {1,Q}, we have (Xi‘Xi+1)pg >
I(X/N)

D'+ 1F as well as dU(p%(X/N) (X’i)apﬁ (X)) < ¥+ O(L).

Proof. The proof of this lemma will be substantially derived from the proof of Lemma
[T so we will gloss over the aspects that remain unchanged. We will also borrow key
notation from this proof. As before, we let 71,79 : Z>9 — X /N be (1,20L)-quasi-geodesic
rays originating at Ty and respectively representing &; and &;. We choose points ; and
To on these rays such that dx/n(To,71) > Z and (T1,72)z, =10 D. We now also require
that dX/N(Ei,p%) > Z 4+ 10L. Here, Z is some large multiple of L, say 10'2L; it is
straightforward that T; exist satisfying this additional bound.

We let xg, x1, 2 be pairwise near-minimal respective lifts of Tg, %1, %2 to X, chosen so
that x1 and 2 are minimal. Let v be a gedoesic from z; to x2, and set ¥ = 7x/n (7).
‘We now use Theorem to construct a hierarchy path from z; to xe (this construction
replaces the use of action path-connectedness). We obtain a sequence of group elements
ai,...,ax € G such that a1z9 = x1, axxo = xe, such that dg(a;—1,a;) < W for all 2 < i < k,
and such that =1 = a1x0, agxy, ..., axxo = T2 is an unparameterized (F, E')-quasigeodesic.
As before, we define w; := a;Tg. By Theorem the Bounded Geodesic Image Axiom,
and our choice of Z, the assumption that

dr (0 (€1), p M () < 0y
implies that
A (pE(@1), pE () < Wy + O(ED).

Recall that in Lemma we constructed points u; := a;s;xg avoiding certain ‘en-
emy prongs’; using the notation of Lemma two of these prongs were pj(w;, To) and
p2(w;, Tp). We add p;(w;, p%) and po(w;, p%) to the list of enemy prongs we wish to avoid
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with u;. Recall that dg(e, s;) < Ep by the Schottky set construction. As a consequence
of the coarse Lipschitz property of projections from X and the functoriality axiom for
projections, - -
dr (03 (w;), (W) < O(EEw) + O(E) = O(B)

Here, B is the constant used in Lemma

While the statement was not needed before, it may be derived from the proof of the
second case of Lemma that for any (1, 20L)-quasi-geodesic ray p representing some x; ;
and any point 5 sufficiently far along on p, any geodesic [3, T passes through some point
y lying within distance 1009 of either w; or @11, and furthermore the subgeodsic [y, Zo]
passes within 12008 of w;. We apply essentially the same argument in our new setup,
using both the enemy prongs constructed from p% and the enemy prongs constructed from

Tp. We obtain that any geodesic [3, p%] passes through some point 3 lying with distance

1004 of either @w; or w;+1, and likewise [7, p%] passes within 12008 of w;.
Recall that dx(w;,u;) = Ep = 10000B, while dg(e, s;) < Fnr, where Ep and E)y are
independent of n. Therefore, the construction of g above is sufficient to conclude that [7,5]

and [@;,y] do not pass within E of p%. From Lemma [10.6

d(pX (@), pX (@) < O(E), dy(pX (@), pX()) < O(E).
We may now apply the triangle inequality and conclude that

dir (02 (xi.3), pE (w1)) < O(B). (4)

The rest of the argument follows as in Lemma At its close, we use the new enemy
prongs that were used to construct the u; to argue as in Lemma and obtain that, after
relabeing to x1, x2, ..., XQ, we have

1
(Xi - Xi+1) g = D'+ - F.
g 2
Lastly, recall Equation[d Applying the triangle equality a final time with w; and either 7;

or T, and recalling the construction of these points, yields for all x; and x; that

dir (P2 ™ (i), N (1) < W1 + O(B).

We replace O(B) with O(L), which is suboptimal but harmless for later arguments. The
proof is now complete. o

Proof of Lemma Let J be the constant in Lemma and let C’ be the
constant in the proof of Theorem By repeatedly applying Lemma[10.16] approximately
w times, we arrive at a sequence &; = x1, ..., xQ = &2 of points in (X /N) with the
following properties:
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1. For 1<i<Q—1, (xi-Xi+1) o = 10C" + 10L.

2. For all 2 <i< Q@ and j € {1,2}, we have

10B(C' + L
dir (02 (i), N () < 0y + 0 <(F)> .

We now repeat the argument of Theorem for each pair x;, x;41, substituting Lemma

10.16[ for Lemma The result is a sequence of paths 71,72, ..., 7g—1 in 0(X/N) with
domain [0, 1], each satisfying the property that for each 7; and each ¢ € [0, 1],

(v(#) - xa) x = (X~ Xiv1) o — C' > 10L
U X

Applying Lemma [10.6] we conclude that

diam(p ™™ (7)) < O(E)

for each ; Concatenating these paths together and using the second property above, we
may take Wg = O (%) and obtain the desired result. o

10.2 Height, Slack, and Finiteness

From now on, assume we have a fixed open cover U of d(X/N). Recall that the topology
on 0(X/N) is induced by the visual metric.

Definition 10.17. Given a point & € d(X/N), we define the height H(&) of £ to be the
smallest nonnegative integer so that the set

{x e dAX/N): (& X)z = H(E)}

is contained in an element of U.
Given U € D\{X/N}, we say U is sufficiently high if there exists a minimal integer
H(U) satistying 0 < H(U) < dxn(To, ,0%) — 100L so that the set

{xeX/N): (xp%)z, = H(U)}

is contained in an element of U. If U is sufficiently high, we define its height to be this
quantity H(U), and its slack A(U) to be the difference A(U) := dxn(To, p%) — H(U).

Remark 10.18. Given any finite-diameter set K < X, one can define the shadow of K from
T as the set of all boundary points £ with at least one (1, 20L)-quasi-geodesic representative
ray T originating from Ty and passing through K. (This definition is roughly equivalent to
the usual definition.) Then the slack A(U) of U is coarsely the radius of the largest ball
we can draw around p% such that the shadow of this ball is contained inside some element

of U.
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Note that by definition of the visual metric topology, all points in d(X/N) have well-
defined heights.

It will be easier to work with ‘balls’ defined in terms of Gromov products, rather than
balls defined in terms of the visual metric.

Definition 10.19. Given £ € d(X/N) and D € Ry, define

b(§, D) ={x€dX :({ X)z = D}
Why is the height/slack terminology needed? Given £ € 0(X/N), the maximum

max  dg(pX (T), p2 )
e 7 (o7 (o), o (E))

may be unbounded, which would block a key ‘large rotations’ step in a later argument.
Slack lets us get around this problem.

Lemma 10.20. Fiz a quantity Ayr, and let Do(Any) be the set of all U € Dy such that the
slack A(U) of U satisfies A(U) < Apr. Then for any € € 0X,

_ max dg(Zo,§) < 0.
UED()(AM)

Proof. By Lemma and the Morse Lemma, the domains ¢ such that some (1,20L)-
quasi-geodesic ray 7 does not pass within distance, say, 1000L of ,o% may be excluded.

Fixing a specific 7 defining a boundary point £, and assume p% does lie within 1000L of 7.
Let V € U be such that

{xe d(X/N):(§ Xz = H(E)} = V.
For x € d(X/N), we have by analysis above that
(X - )70 = min((x - P)70, (€ - p)7,) — 201
> min((x - p5 )70, dx/n (o, P5)) — 2000L

Therefore, as long as dX/N(p%, To) = H(&) + 2000L, we have the implication

(X P70 = H(E) +2000L ~~ (x - &)zy = H(S).
By definition of H (&), we therefore obtain

H(U) < H(¢) +2000L.
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With the additional assumption that U € Dy(Ays), we have by definition that
dy v (To, pL) < Ang + H(T) < Ay + H(E) + 2000L.

Furthermore, this bound holds uniformly for all U € Dy(Ayy).
Now, let 7 be a point on 7 such that dx/n(To,7) = Ay + H(E) + 10" L, so that by
definition

dir (pX (T0), p2 ™™ (€)) < dr(p%(T0). p2(7)) + O(m).

Note that we may choose 7 indepenently of U. Now, by our hypotheses, there exist points Z
and 7 in X projecting respectively to Tp and 3. From functoriality and coarse Lipschitzness
of projections, dx(Zo,y) provides a coarse upper bound for dU(pg(fo), pg(y))

To conclude, we note that dx(Zo,7) is fully independent of the U € Dy(Aps) chosen,
and so coarsely upper bounds dﬁ(pg(fo), pg(y)) for all such U. This bound completes the
proof. o

10.3 Constructing Suitable Paths

We now move on to verifying the locally finite 1-disks property. Throughout the proof, we
will use a constant 3. This constant will not depend on f,, or U; B := 1000L should suffice.

The following lemma is a straightforward consequence of the triangle inequality for
Gromov products.

Lemma 10.21. Fiz £ € d(X/N), and let x be either another point in d(X/N) or a point
in X/N. Assume x € b(§, H(§) + B). Then

H(x) =100z H(§)

We now prove the following lemma, which will be broken down into several subclaims.
The lemma will rely on a running construction; this construction is depicted in Figures
and [I3} note that Figure [13]is a close-up of part of

Lemma 10.22. Assume G, X, X, and X/N satisfying Hypotheses and . Then
O(X/N) satisfies the locally finite 1-disks property.

Proof. We will describe the construction of the paths g,,, performing verification as
we go. We begin with a path f,, : [0,1] — d(X/N) and our fixed open cover U.

The first step is a variation of the standard Lebesgue number construction. Specifically,
we choose a subdivision 0 = tg,t1,...,tx = 1 of [0,1] and define & = f,(t;) and Z; =
fn([ti, tix1]) so that for all Z;, we have

T, < b(&:, H(&) + 10008)
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Figure 12: A schematic of the construction used to prove Lemma showing the
relevant objects under projection to X /N, along with windows showing relevant objects
in the domains Ui,j and Ui’]q»l. The chains of projection points of domains are such that
sequential domains are pairwise orthogonal.
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Figure 13: A close-up of part of Figure [10.22

66



The existence of such a subdivision follows from compactness of f,, ([0, 1]) and the definition
of the H(-), plus an elementary topological argument. Notice the consequence that for all
1<i<k-—1, HE&+1) =100r H(&). Since each b(&;, H(&;)) is contained in some element
of U by construction, let V; be this element. We also choose for each & a (1,20L)-quasi-
geodesic ray T; originating from Ty representing &. By removing unnecessary t;, we may
also assume without loss of generality that

(& - &ir1)mo < H(&) + 100008
We now focus on a specific &;, Z;, and V;.

Lemma 10.23. Given the sequences (&), (Z;), and (V;) as above, there exists for each
1 < i < k a sequence Ujpa,...,U; i, of domains in Do\{X/N} satisfying the following
properties:

Ui oy . Uik, . o _
1. The point p%’l lies within 2E of 7;, and the point pY’Kl lies within 2E of T4 1.
2. For each Uz"j, Ui,j L Ui,j+1~
3. Every U, j lies within B of T;.

4. For each U, j, we have

Uiy —
H (&) + 1008 =108 dx /N (p5" s o)

and >
H (&) + 1008 =108 (& - p5 7 )70

5. We have that Ui,Ki = Uz‘ﬂ,l-

Proof. By construction, there exists a point 5; on 7; such that dx, n(3i,Z0) =018
H(&) + 1008. We choose 3, analogously on 7;1;. Let 7 = [5;,5;] be a geodesic in X /N
between these two points, and let n = [s;, s;] be an arbitrary lift of 77 to X.

Since (& - &it1)z, = H(&) + 9998, 7; and 741 must fellow-travel within the range
where 5; and ) are chosen, and we may conclude that 77, and hence 7, have length at
most 0.2B. In particular, every point of n lies within B of 7; and 7;;1, and has distance
H(&;) + 1008 + B from zy. Applying Hypothesis , there exists a sequence U 1, ..., U; g,
of domains in Dy such that pgjg’l lies within F of s;, p)U(i’Ji lies within F of s;,1, every p)U(i+1
lies within F of n, and for all 1 < i < J; — 1, we have U; 1 U;;1 and dX(p%i,pgg+l) < 10FE.
It is now straightforward to verify that the projected sequence U;1,...,U; j, satisfies the
desired properties.

Given s, and 5,41 for 1 <4 < k — 1, we now build a new geodesic 77 between them.
As H(&+1) =018 H(&), this geodesic has length at most B. We now build a sequence
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Ui.j; Ui gi+1,---, Uj Kk, as in the previous paragraph from 7; verification of the desired coarse
equalities is likewise straightforward. o

Lemma 10.24. Each U, constructed in Lemma has sufficient height, and its slack
A(U,; ;) is at most 200B.

Proof. By construction, we have for each U; ; that

Tij —
H(&) + 1008 =108 dx /N (p5 To)

and 7
H (&) + 1008 =108 (& - p5 ' )70

From Lemma (10.21}, H(U; ;) =0.18 H(&;). From the control on dX/N(p%’j , o) given above,
certainly Uiyj has sufficient height. On the other hand,

dX/N(To,P%’j) —H(Ui;) < (H(&) +1108) — (H(&) — B) < 200B.0

We now build the paths we will concatenate to construct g,. Choose a constant
T the exact value will be chosen in a moment. Given U; j, recall that U;; contains a
quasi-embedded copy of R. As a result, there exists some point w;; € U;; such that

dyy, | (Wi, 5, p%(ij (ZTo)) = 1007 m. Say that the maps in Lemma |10.11{ are W;-coarsely surjec-
tive for ¥y = O(E). Also let J be the constant in Lemma [10.6, Using this lemma, we may
construct \; ; € d(X/N) so that \; ; T-coarsely projects to (U j, Ui j+1) € U;j x Uj jr1. We
may then apply Lemma with Wy, letting U5 be the resulting constant. This lemma
yields a path ~; ; : [0,1] — 0(X/N) from A; ; to A; j+1 such that for all ¢ € [0, 1],

(X/N) A(X/N)

dg, ,(pg " (i), pp 7 (Aig)) < W

¥
We obtain finitely many such ; ;, and so may concatenate them together into a single
path g : [0,1] — (X /N) so that gl ] is equal to the concatenation of ;1 through
Vi, K;—1-

We now require that 7 > 100(U; + Uy + J).

It remains to verify that g,, satisfies the two properties of Definition [9.2] Recall that
for t € [t;, ti+1], by definition f,,(t) € Z; < V;.

z‘+1]

Lemma 10.25. For each v; ;, 7i;([0,1]) € V;.

Proof. For each t € [0,1], we have

O(X/N O(X/N
dg, (g™ g (). g i) < W
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as well as XN XN
dg, (o i) o (@) < .

2%

But also B
dy, (Tij, py, (T0)) = 100Tm.

By choice of T and the triangle inequality, we obtain

o(X/N X -
dg, (g™ (g (1)), o3, () = 10

Therefore, Lemma implies that any (1, 20L)—quasi—ge0desiciray originating at Xy rep-

resenting ; ;j(t) passes within J of p%’j. The fact that (&; - p%’j)go =108 H(&) + 1008

implies that, for B > 10J 4+ 1000L, we have

(& - vij(t)z, = H(&) + 508

By definition of H(&;), this inequality is sufficient to conclude that ~; ;(t) € V;. o

Note for the following lemma that any b(x, R) with x € (X /N) and R € R~ contains
some open neighborhood of £, essentially by definition of the visual metric topology.

Lemma 10.26. For each point £ € (X /N), there is some Ry and My so that for m = My,
gm does not intersect b(&, Ry), where
b(§, Ro) = {x € AX/N) : (£ X)z = Ro}
Proof. Define -
pi= (e (), p¥(@0))

By Lemma [10.20} 1 is finite. Choose My > p + 10E, and Ry = H(§) + 10'°B.
For every t € [0,1] and m > My, by construction there exists some U € Dy(2008) (one
of the U; ; for that gy,, with slack at most 2008) such that

dir (0% (T0), P ™ (gu())) = 100T M.

On the other hand, by definition of My,

dir(pX (7o), p2 ™ (€)) < Mo

From the triangle inequality, we may conclude that

dg (o™, 05 (g (1)) > T

69



. As T was chosen sufficiently large, we may apply Lemma [10.6] and obtain
(gm(t) 'é)pﬁ < E.
X/N
If g (t) € b(&, Ro), we would have
(gm(t) - )z = H(€) +10'°B

by definition. By standard properties of the Gromov product, we must therefore have that

dx/n(To, p%) = H(€) +10°B

and that -
(Y - a0 = H(E) + 10°B.

From Lemma [10.21}, we have that H(U) < H(§) + B, and so by definition the slack A(T)
of U is at least 10°B. This slack bound contradicts the assumption that U € Dg(2008), so
in fact g, (t) cannot intersect b(¢, Ro). o

We conclude that the g,, we have constructed satisfy the desired conditions, and so
0(X/N) has the locally finite 1-disks property, thus proving Lemma [10.22| o

11 The Nobeling Curve and Applications

Assembling the results of the last few sections, we have the following Theorem.

Theorem 11.1. Let G, X, X, and N be as in Hypothesis[9.7. Additionally assume that
dim(0X) = 0. Then o(X/N) is homeomorphic to the Nébeling curve.

Note that all quasi-trees have zero-dimensional boundaries.
We now identify two examples of classes of groups and spaces satisfying these conditions.

11.1 Graphs of Groups

The first class comes from [BR22], although the reader should note that this work builds on
ideas developed around graphs of groups and around cube complexes by many researchers
(see, e.g., [BHS17]).

Definition 11.2. Let I' be a finite simplicial graph with vertex set Vr and edge set Fr. For
each v € Vp, let G, be a nontrivial finitely generated group. We define the graph product
Gr as the group

Gr = <ve>l\</p Gv> [L9v, guw] : gv € Gu, guw € Gu, {v,w} € Er)).

Given an induced subgraph A < I', we have that G, is a subgroup of Gr; we call such
groups graph subgroups.
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With this notation, right-angled Artin groups (RAAGs) are exactly the graph products
Gr where G, = Z for all vertices v.

Berlyne and Russell prove that graph products are relative HHGs, with explicitly con-
structed HHS spaces realizing the HHG actions.

Theorem 11.3 (Berlyne-Russell [BR22|, Theorem A). Let Gt be a graph product of groups.
Then Gr is relatively hierarchically hyperbolic relative to its vertex groups, with explicit
mazimal domain Xq. In particular, if all vertex groups of Gr are hyperbolic or hierarchi-
cally hyperbolic, then Gr is hierarchically hyperbolic.

We will now identify the class of graph products to which the Nobeling curve result
will apply.

Definition 11.4. Let I' be a finite simplicial graph, and let Ay, .., Ax be nonempty induced
subgraphs satisfying A; # I'. Set A = {A1, ..., Ax} Recall that the link lk(A) of an induced
subgraph A € I is the set of all vertices of I" that are adjacent or equal to every vertex of
A. The collapse graph T'; of ' relative to A is the graph with vertex set A and A; and A;
connected by an edge if A; < lk(A;).

Definition 11.5. Let Gr be a graph product of groups. We say that Gr is admissible
if there exists a collection A = {Aq,..., A} of induced proper subgraphs such that the
following conditions are satisfied:

1. T is not a nontrivial join.

2. Each A; € A is either a single vertex v such that GG, possesses some finitely generated
Cayley graph containing a quasi-isometrically embedded copy of R, or is a subgraph
with at least two vertices that is not a join.

3. Every vertex of I lies in some A;.
4. The collapse graph I'; is connected.

Remark 11.6. Note that in Definition if all G, satisfy the embedded-R condition,
then it suffices for Gr to be connected and to not be a join, as A can be set to be the
vertex set of I'.

Lemma 11.7. Let Gr be a graph product of groups with vertex set Vr. Let N be as in
hypothesis[3.1], and let X be the top-level domain obtained in Theorem[11.3. Assume that
Gr is admissible.

Then d(X¢/N) is homeomorphic to the Nébeling curve.

To prove this lemma, we need to prove that the setup satisfies Hypotheses[9.7 and
which require digging into how the relative HHG structure for Gr is constructed. For each
vel, let S, be a finite generating set of G, and define S = J, . Sv-
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Definition 11.8 ([BR22|, Defs. 3.1 and 3.3.). Let Gr be a graph product. The domains
of Gr are indexed by cosets of the form gG 5, where g € Gr and G is a graph subgroup, up
to the equivalence relation that [gGA] = [¢’Gp/] if A = A and g~1¢' € (G, : v € AUTK(A)).
Inclusion is defined such that I" is the unique maximal domain.

For each induced subgraph A < T, define its domain C(A) to be the graph with vertex set
Gx and edges between vertices g, h € G exactly when either g~'h e Upen Sv or there exists
a proper induced subgraph A’ < A such that g~'h € Gs. Then define C([gA]) = gC(A).

Definition 11.9 ([BR22|, Def. 3.17). Given a non-maximal domain gA, we define

it = ) nGa
[PA]=[gA]

We will often somewhat cheat on notation and use [gA] as a standin for p%gA] when it is

clear from context that we are discussing the image p%gA].
Definition 11.10 ([BR22], Def. 3.19). Given two domains [gi1A1],[g2A2], we define
[g1A1] 1 [gQAQ] if there exists h € Gr with [hAl] = [91A1]7 [hAQ] = [92A2]7 and As € 1k(A1>

We now prove Lemma [I1.7]

Proof of Lemma We need to establish Hypotheses and Recall that
the top-level domain for Gr is C(I'). From Theorems 4.4 and 4.10 in [BR22|, C(T") is an
infinite-diameter quasi-tree, establishing Hypothesis

We now turn to [9.7, From and standard facts about relative HHGs, it suffices
to verify the large dense domains property. Let A= {A1,...,Ar} be a set verifying the
assumption that Gr is admissible. We define

Dy = {[gA\i] : g € Gr, A; € A}

As the Gp-action on domains satisfies g[hA] = [ghA], certainly Dy is closed under this
action. Furthermore, for every C([gA;]), either A; = {v} and C([gA;]) is isometric to the
Cayley graph Cay(Gy,S,), or A; is not a join. In the first case, Cay(Gy,S,) contains a
quasi-isometrically embedded copy of R by assumption, and in the second case, we may
apply Theorems 4.4 and 4.10 in [BR22] to conclude that C([gA;]) is an infinite-diameter
quasi-tree, which necessarily contains a quasi-isometrically embedded copy of R.

Next, for any g € C(T'), g lies within ¢G, for any v € ', and hence g lies within [gA;]
for any [gA;].

Lastly, it suffices to show that there is some constant R with the following property:
for any adjacent vertices g,h € C(I') and any [g1Aj, | containing g, there exists a sequence
[91Aj,], -, [944;,] so that [giA;] L [giv1Aj,,,] for all [g;Aj;], all [giAj;] have distance at
most R from g, and [g4A;,] contains h.

72



One possibility is that ¢g~'h = s, for some s, € S,, where S, is the generating set of
some vertex group G,. Assume without loss of generality that v € A;. Then h € [gA4],
as in fact h € gGp,. On the other hand, g € [g1Aj,] by assumption, so by definition there
exists gy such that [g1Aj, ] = [g1A),] and g € ¢G4, - So in fact [g1Aj, ] = [gA;].

Now let v be a path in the collapse graph I'; from Aj, to Ay; here we need the as-
sumption that the collapse graph I'; is connected. Enumerate v as v = {Aj,, Aj,, ..., Aj, }
with Aj, = A;. Considering the sequence [gA;,, gAj,, ..., gAj, ], by definition of the collapse
graph, we have [gA;,] L [gA;,, ] for all [gAj,]. Furthermore, all these domains clearly have
distance 0 from g, while the last domain has distance 0 from h by choice of A;, = A;.

The other case we must consider is when g~'h € G/ for some A’ ¢ I'. Say g~ 'h = s,
and write s as a product of generators s1sz...s,, where each s; € Gx/. Then gs1sz...5, is
adjacent to h for all 1 < p’ < p, and we may rerun the previous argument for each s; and
then concatenate the resulting sequences of domains. o

11.2 Non-Geometric Three-Manifold Groups

The second class comes from [Hag+25|, which concerns 3-manifold groups. Our starting
point is the following theorem:

Theorem 11.11 (Hagen-Russell-Sisto-Spriano, Corollary 1.3). If M is a 3-dimensional
non-geometric graph manifold, then mi (M) is a hierarchically hyperbolic group, with explicit
top-level domain X .

We have the following result.

Lemma 11.12. Let M be a 3-dimensional non-geometric graph manifold, and let Xp; be
the top-level domain obtained in Theorem[11.11l Let N be as in Hypothesis[3.1}
Then 0(Xn/N) is homeomorphic to the Nobeling Curve.

As before, we need to check Hypotheses and We note the following facts.

Lemma 11.13. Let M be a 3-dimensional non-geometric graph manifold, and let Xp; be
the top-level domain obtained in Theorem|11.11. Then the following properties hold.

1. There exists a natural quasi-isometry o : T — Xys, where T is an infinite-diameter
tree (the Bass-Serre tree for wi(M)).

2. There exists a subcollection of non-mazimal domains corresponding to vertices v of
T, and for each such vertex v, the corresponding hyperbolic space is a quasi-line Ly,.

3. Furthermore, the projection of the domain corresponding to v € T to Xps contains
the point o(v).

4. For vertices v,s € T, the domains corresponding to v and s are orthogonal if and only
if v and s are adjacent in T.
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Proof. The first three results follow from Lemma 6.8 in [Hag+25|, although the reader
should note that the authors use a combinatorial definition of hierarchical hyperbolicity
derived from the combinatorial HHG machinery developed in [Beh+24], and some care must
be taken to unravel the relevant definitions. The fourth result follows from the definition
of orthogonality in [Beh+24] and Lemma 6.2 in [Hag+25|. o

Lemma [11.12] now follows directly from Lemma [11.13
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